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1.1. Interaction-Free Bose Gas

Free Energy:
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Order Parameter:

fluctuation around background field W™, W:
Y(x,7) = W4 dPp(x, 1)
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—> condensate density ng = ¥*W

Effective Potential:
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Extremization:
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Thermodynamic Consequences:
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1.2. Robinson Formula

Definitions:

polylogarithmic function: (. (z) = _V
— k

Ri ta functi ¢(v) i 1

iemann zeta function: V) = —
— kv

Naive Calculation:
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——> summation order not exchangeable

Correct Calculation:
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Proofs:

e Mellin transformation (Robinson, 1951)

e Poisson formula



1.3. Overview
Model:

Bose gas with local repulsive 2-particle interaction
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Goal: as-T-phase diagram
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Methods:

e I' > T.: perturbation theory with respect to a,

o ' < T.: loop expansion

——> resummation via variational perturbation theory



2.1. Basic Principle

N
weak-coupling series: fn(g) = Z an g"
n=0

strong-coupling limit

M
strong-coupling series: fav(g) = gp/q Z b, g—2m/q

m=0

Example:
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2.2. Quantum Mechanical Example
Anharmonic Oscillator:

1
Vix) = §w2x2 + gz’

Weak-Coupling Series of Ground-State Energy:
W 3 5 21 2 333

Identity:
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perturbation

(2: variational parameter

Substitution:
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First Order:
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Principle of Minimal Sensitivity:
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Exponential Convergence:
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3. High-Temperature Perturbation Theory

Leading Critical Temperature Shift:
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no interaction: T = 7T [ n ]
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interaction: pint) _ XTI @s T
M kg

limit a, — 0: T « 70

High-Temperature Approximation:

Bose fields require periodicity:

Y(x,0) = ¥(x, hB)

Matsubara decomposition:
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Lagrangian:
2

0 h g
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\U/ limit 8 — O

1 1 u
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vy ... Matsubara zero mode
m? - mass term
U X Ay . .. Interaction term

Leading Critical Temperature Shift:

e Baym, Blaizot, Holzmann, Lalog, Vautherin (1999):
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e high-order perturbative calculation:
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® ci: nonperturbative result
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VPT Results for c;:

Kleinert, 5 loops cond-mat/0210162 | 1.23 £+ 0.17
Kastening, 6 loops | cond-mat/0303486 | 1.25 + 0.13
Kastening, 7 loops | cond-mat/0309060 | 1.27 £ 0.11

renormalized chemical potential as variational parameter

Monte Carlo Results for c;:

Arnold, Moore | PRL 87, 120401 (2001) | 1.32 £ 0.02
Svistunov et al. | PRL 87, 120402 (2001) | 1.29 £ 0.05
Phase Diagram:
a/S
> T

—> global structure?
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4. Finite-Temperature Perturbation Theory
Lagrangian:

L= I " A w+2ﬁh2%lwl
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Feynman Rules:
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Grand-Canonical Potential:
1
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Self-Energy:
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Technical Procedure:

1 0F
e particle density: n(p) = YV ou = nO4n®4 .
I

e renormalized chemical potential:

e renormalization: n(p,) =n (p(pr))

Problems:

e UV divergencies: D = 3 — 2e¢

e |R divergencies: Robinson formula

Critical Temperature Shift:

Arnold, Moore, Tomagik (2002):  co = 19.75, ¢, ~ 75.7
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5. Loop Expansion
Lagrangian:
i, O .
£= " |hgm e (inV) — | v+ &
ot 2
e(k) ... one-particle energies

1-Loop Result: Effective Potential

Fw) = v (-uly+ o)

+n) {@ + kpT In [1 - e—E<k>/kBT] }
k

B = /[e() -+ 29|72 — g2 ]!

n ... loop counter

Extremization in &, U™:

condensate density: ng(u,T) = YU
: : Ext %
grand-canonical potential: F'(u,T) = R F(U,w)
1 OF (p, T)

particle density: n(u,T) = v 5
L4
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Elimination of u:
e(k) + gng
V (k)2 + 2gnoe(k)
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—> Popov approximation

VPT Resummation:

chemical potential as variational parameter:

u— M
u (I+7rn), r Y,
VPT Result:
k
ey = Lyl +gn
V4 Ve(k)? + 2gne(k)

1 1
X | =+
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—> self-consistent Popov approximation

—> quantum phase transition: ng=0, n=1
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|
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6. Homogeneous BEC

Dispersion:

A3k
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W=g X =V[g

Quantum Phase Transition:
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Expansion For 1" > 0:

N
a;, n'/3 = Z akak + O(ozNH)
k=0

97 1/3
ag = (&) ~ 0.762, a3~ —0.313, a2~ 0.200

Expansion For T' =~ TC(O):
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VPT Resummation:

T 2
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ac n
s ac
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\U/ limit a;, - 0 <— a —

AT
— =cC1a n1/3+...

H. Kleinert, S. Schmidt, A. Pelster:
cond-mat/0307412 , cond-mat/0308561

Calculated Phase Diagram:

M 1 ‘_‘-"h\\_ [ ] °
¢(T'=0 TN~ .
a5(T=0) ‘\\\\\‘\\ . Bose gas
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27N
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Bose-Einstein \\ L v Arnold et al.
0o | condensate N7 0 (2002)
| | | | | | T
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¢  Griiter, Ceperley, Laloé (1997)
e Pollock, Runge (1992)
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7. Optical Bose Lattice

BEC in Optical Lattice: —-d =
3 ]
V(X) = Vo Z sin2 (71'33@) Vo
: d
1=1 1 h #
Dispersion:

w/d Clkz

; 3
e(k)zzjiz::l(l—coskz‘d)a zk::VZ_l_Il/W/dQﬂ'

Quantum Phase Transition:

e remaining integral:

w/d dk’z

3
" Z.1_[1/7r/d 27

® expansion with respect to hopping parameter

f (e(k))

3
e(k) = ZJZ (1 — x cosk;d),
i=1

e transition line:
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Calculated Phase Diagram:

Mott insulator (T" = 0)

U/J(T) */ """""""" -
u/J(r=o) 2.~ T
1 ?:::::::::::::—— - ~-<
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A \1
NERN order
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H. Kleinert, S. Schmidt, A. Pelster: cond-mat/0307412
Critical U/ J|r—o:
Convergence of hopping expansion:

38/

36|

critical U/J

hopping order

hopping expansion: U/J(T =0) =~ 31

Greiner et al. (2002): U/J(T =0) =~ 33 — 36
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8.1. Arbitrary 2-Particle Interaction

Model:
" o R
A= [ [ievin g -n) s

8 .
+ ; /Oh dr / d’z / &z’ V) (x — x') o (x, ) (x, ) (x, ) (x, 7)

Particle Number:

1 I} ” s
n=3 C3/2 (6’6’“’) + G Ci/2 (eﬁ“'”) > =0 /d3x Vi (x) exp (_W X2)

k=1

B & & el 3 int m(k+1) _,
B Z RYETEIE /d z V! )<X> exp |— 27 X

k=11=1

Long-Range Magnetic Dipole-Dipole Interaction:

S. Giovanazzi, A. Gorlitz, and T. Pfau,
Phys. Rev. Lett. 89, 130401 (2002)

pom? 3cos* 9 — 1
41 r3

V(int)(fra 197 QD) -
m ... magnetic dipole moment
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Short-Range Interaction:

Al Mn'/? o [ _n2/3 1F
O 3xR2C43(3/2) kz::l IW]

=1

Example:
in Arh?ag =
vin(x) = - <1+EA> 5(x)
AT, 47 9
70 = ——asrn
Cv /N
2%
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____‘__‘___3\________/_:E_
. | s #0  Dulong-Petit
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8.2. Canonical Ensemble Without Interaction

Cycles:

n ... length of a cycle Cn ... number of cycles
Rekursion:
N
(0) _ v L)
WO = 5y X an L0)

z9B) = 1
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Heat Capacity:

_ T/TY)
5 T/T

Condensate:

N Kond / N
1

— T/T

canonical ensemble: N=20 (— —), N=100 (———), N=500 (____)

grand-canonical ensemble:
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