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Introduction: Optical Lattice

I. Bloch et al., Nature 415, 25 (2002)
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Spinor Interaction
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Bose-Hubbard Model for Spin-1

Second quantized Hamiltonian for spin-1 Bose gas

Ĥ =
∑
α

∫
d3xΨ̂†α(x)

[
− ~2

2M∇
2 + V0

3∑
ν=1

sin2
(π

a xν
)
− µ

]
Ψ̂α(x)

− η
∑
α,β

∫
d3xΨ̂†α(x)F z

αβΨ̂β(x)

+
c0
2
∑
α,β

∫
d3xΨ̂†α(x)Ψ†β(x)Ψ̂β(x)Ψ̂α(x)

+
c2
2
∑

α,β,γ,δ

∫
d3xΨ̂†α(x)Ψ†γ(x)Fαβ · FγδΨ̂δ(x)Ψ̂β(x)

η is magneto-chemical potential to keep magnetization fixed
Ψ̂α(x) and Ψ̂†α(x) are field operators for an atom in hyperfine state
|F = 1,mF = α〉 (α = 1, 0, −1)
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Scattering Properties

Spin-independent interaction

c0 =
4π~2(a0 + 2a2)

3M

Spin-dependent interaction

c2 =
4π~2(a2 − a0)

3M

Anti-ferromagnetic
example 23Na

Ferromagnetic
example 87Rb

c2 > 0 i.e. a2 > a0 c2 < 0 i.e. a2 < a0
a0 (46± 5)aB (110± 4)aB
a2 (52± 5)aB (107± 4)aB

aB is Bohr radius
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Wannier Decomposition
Expanding field operator
with respect to Wannier
functions

Ψ̂α(x) =
∑

i
âiαw(x− xi )

Ψ̂†α(x) =
∑

i
â†iαw∗(x− xi )

-2 Π -

3 Π

2
-Π -

Π

2

Π

2
Π

3 Π

2
2 Π

kLx

0.2

0.4

0.6

0.8

1.0

wHxL

Hopping matrix element

J = Jij = −
∫

d3xw∗0 (x− xi )

[
− ~2

2M∇
2 + V (x)− µ

]
w(x− xj)

On-site interaction (F = 0, 2)

UF = cF

∫
d3x
∣∣w(x− xi )

∣∣4
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Bose-Hubbard Model for Spin-1 Boson

ĤBH = Ĥ(0) + Ĥ(1)

Ĥ(0) =
∑

i

[
U0
2 n̂i (n̂i − 1) +

U2
2 (Ŝ2

i − 2n̂i )− µn̂i − ηŜiz

]
Ĥ(1) = −J

∑
<i,j>

∑
α

â†iαâjα

Ŝi =
∑
α,β

â†iα Fαβ âiβ : spin operator on site i

with
[
Fα,Fβ

]
= i
∑
γ εαβγFγ and

[
Ŝiν , Ŝiρ

]
= i
∑

k ενρk Ŝik

n̂i =
∑
α n̂iα =

∑
α â†iαâiα: total atom number operator on site i

Hamiltonian Ĥ(0) =
∑

i ĥ(0)
i is site-diagonal:

ĥ(0) | S,m, n 〉 = E (0)
S,m,n |S,m, n〉

E (0)
S,m,n = −µn +

U0
2 n(n − 1) +

U2
2
[
S(S + 1)− 2n

]
− ηm
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Hamiltonian with inhomogeneous sources

Ĥ(τ) [j , j∗] = ĤBH +
∑

i

∑
α

[
j∗iα(τ)âiα + jiα(τ)â†iα

]
= Ĥ(0) + Ĥ(1)

where
Ĥ(1) = −J

∑
<i,j>

∑
α

â†iαâjα +
∑

i

∑
α

[
j∗iα(τ)âiα + jiα(τ)â†iα

]
Perturbative expansion needs

â†α | S,m, n 〉= Mα,S,m,n | S + 1,m + α, n + 1 〉 + Nα,S,m,n | S − 1,m + α, n + 1 〉

âα | S,m, n 〉= Oα,S,m,n | S + 1,m − α, n − 1 〉 + Pα,S,m,n | S − 1,m − α, n − 1 〉

where Mα,S,m,n , Nα,S,m,n , Oα,S,m,n and Pα,S,m,n are matrix elements
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Matrix elements of creation
S m M1,S,m,n M0,S,m,n M−1,S,m,n

0 0
√

n+3
3

√
n+3

3

√
n+3

3

1 1
√

2(n+4)
5

√
n+4

5

√
n+4
15

1 0
√

n+4
5 2

√
n+4
15

√
n+4

5

1 -1
√

n+4
15

√
n+4

5

√
2(n+4)

5

2 2
√

3(n+5)
7

√
n+5

7

√
3(n+5)

105

2 1
√

2(n+5)
7 2

√
6(n+5)

105 3
√

n+5
105

2 0 3
√

2(n+5)
105 3

√
3(n+5)

105 3
√

2(n+5)
105

2 -1 3
√

n+5
105 2

√
6(n+5)

105

√
2(n+5)

7

2 -2
√

3(n+5)
105

√
n+5

7

√
3(n+5)

7
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Partition Function

Partition function in Dirac Interaction Picture (~ = 1):

Z [j , j∗] = Tr
{

T̂ e−
∫ β

0
dτ Ĥ(τ)[j,j∗]

}
= Tr

{
e−βĤ(0)

ÛD(β, 0)
}

Full partition function

Z = Z(0)
〈

ÛD(β, 0)
〉(0)

, 〈•〉(0) =
1
Z(0)

Tr
[
• exp

{
−βĤ(0)

}]

Perturbative calculation:

Z [j , j∗] =Z(0)
∞∑

n=0
(−1)n 1

n!

∫ β

0
dτ1

∫ β

0
dτ2 · · ·

∫ β

0
dτn

×
〈

T̂
[
Ĥ(1)

D (τ1) [j , j∗] · · · Ĥ(1)
D (τn) [j , j∗]

]〉(0)

averages correspond to n-particle Green functions
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Cumulant Decomposition

Green function

G (0)
n (i ′1α′1, τ ′1; . . . ; i ′nα′n, τ ′n|i1α1, τ1; . . . ; inαn, τn)

=
〈

T̂
[
â†i′1α′1 (τ ′1)âi1α1 (τ1) . . . â†i′nα′n (τ ′n)âinαn (τn)

]〉(0)

Decompose Green functions into simple parts
Ĥ(0) not harmonic =⇒ Wick’s theorem not applicable
Cumulants are local since Ĥ(0) site-diagonal. For example:

G (0)
2 (i1α1, τ1; i2α2, τ2|i3α3, τ3; i4α4, τ4) = δi1,i3δi2,i4δi3,i4

×i1C
(0)
1 (τ1, α1; τ2, α2|τ3, α3; τ4, α4) + δi1,i3δi2,i4 i1C

(0)
1 (τ1, α1|τ3, α3)

×i1C
(0)
1 (τ2, α2|τ4, α4) + δi1,i4δi2,i3 i1C

(0)
1 (τ1, α1|τ4, α4) i1C

(0)
1 (τ2, α2|τ3, α3)

W. Metzner, Phys. Rev. B 43, 8549 (1991)
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Grand-Canonical Free Energy
Definition

F [j , j∗] = − 1
β

lnZ [j , j∗]

F [j , j∗] =F0 −
1
β

∑
i1,i2

∑
α1,α2

∫ β

0
dτ1

∫ β

0
dτ2

{
ji1α1 (τ1)j∗i2α2

(τ2)

×
[
a(0)

2 (i1α1, τ1|i2α2, τ2) + J
∑
<i3,j3>

a(1)
2 (i1α1, τ1; i3|i2α2, τ2; j3)

]

+
1
4
∑
i3,i4

∑
α3,α4

∫ β

0
dτ3

∫ β

0
dτ4ji1α1 (τ1)ji2α2 (τ2)j∗i3α3

(τ3)j∗i4α4
(τ4)

×
[
a(0)

4 (i1α1, τ1; i2α2, τ2|i3α3, τ3; i4α4, τ4)

+ J
∑
<i5,j5>

a(1)
4 (i1α1, τ1; i2α2, τ2; i5|i3α3, τ3; i4α4; j5)

]}
+ · · ·
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Ginzburg-Landau Theory
Coupling Hamiltonian to currents introduces order parameter in
Matsubara transformation

ψiα(ωm) = 〈âiα(ωm)〉 = β
δF

δj∗iα(ωm)
, ωm =

2πm
β

Motivates Legendre transformation

Effective action

Γ [Ψiα(ωm),Ψ∗iα(ωm)] = F [j , j∗]− 1
β

∑
i,ωm,α

[Ψiα(ωm)j∗iα(ωm) + Ψ∗iα(ωm)jiα(ωm)]

Conjugate fields: jiα(ωm) = −β δΓ
δΨ∗iα(ωm) , j∗iα(ωm) = −β δΓ

δΨiα(ωm)

Equations of motion for vanishing currents
δΓ

δΨ∗iα(ωm)

∣∣∣∣
Ψ=Ψeq

= 0, δΓ

δΨiα(ωm)

∣∣∣∣
Ψ=Ψeq

= 0
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Ginzburg-Landau Expansion

Γ [Ψiα(ωm),Ψ∗iα(ωm)] = F0 +
1
β

∑
i

∑
α1

∑
ωm1

{
|Ψiα1 (ωm1)|2

a(0)
2 (iα1, ωm1)

−J
∑

j
Ψiα1 (ωm1)Ψ∗jα1

(ωm1)−
∑

α2,α3,α4

∑
ωm2,ωm3,ωm4

a(0)
4 (iα1, ωm1; iα2, ωm2|iα3, ωm3; iα4, ωm4)Ψiα1 (ωm1)Ψiα2 (ωm2)Ψ∗iα3

(ωm3)Ψ∗iα4
(ωm4)

4a(0)
2 (iα1, ωm1)a(0)

2 (iα2, ωm2)a(0)
2 (iα3, ωm3)a(0)

2 (iα4, ωm4)

}

Phase boundary condition with ωm = 0:

0 =
1

a(0)
2 (iα, 0)

− zJ
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Phase Boundary

zJc,α =

[
M2
α,S,m,n

E (0)
S+1,m+α,n+1 − E (0)

S,m,n

+
N2
α,S,m,n

E (0)
S−1,m+α,n+1 − E (0)

S,m,n

−
O2
α,S,m,n

E (0)
S,m,n − E (0)

S+1,m−α,n−1

−
P2
α,S,m,n

E (0)
S,m,n − E (0)

S−1,m−α,n−1

]−1

Minimum of spin index: Jc = min
α Jc,α

No magnetization

n=1 n=2 n=3 n=4 n=5

S=1 S=2 S=3 S=4 S=5

Ferrom agnetic

U 2+U0~U

0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

Μ�U

zJ
�U

n=1 n=2 n=3 n=4 n=5

S=1 S=0 S=1 S=0
S=1

Anti-ferrom agnetic

U 2�U0 = 0.04

0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

Μ�U0

zJ
�U

0
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Phase Boundary with Magnetization

U2 = 0.04U0 is fixed and η is changed

È1,1,1\ È0,0,2\ È1,1,3\ È0,0,4\ È1,1,5\

Η = 0.05U0

0 1 2 3 4 5
0
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0.15

0.2

0.25

0.3

Μ�U0

zJ
�U

0

È1,1,1\ È2,2,2\ È1,1,3\ È2,2,4\ È1,1,5\

Η = 0.07U0

0 1 2 3 4 5
0
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0.25

0.3

Μ�U0

zJ
�U

0

È1,1,1\ È2,2,2\ È3,3,3\ È2,2,4\ È3,3,5\

Η = 0.12U0
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0
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0.2

0.25

0.3

Μ�U0
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�U

0

È1,1,1\ È2,2,2\ È3,3,3\ È4,4,4\ È5,5,5\
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0.2

0.25

0.3

Μ�U0

zJ
�U

0
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Important Results from Phase Boundary

Even Mott Lobe Odd Mott Lobe
Particle number n = 2k n = 2k + 1
Ground states |2l , 2l , 2k〉 |2l + 1, 2l + 1, 2k1〉

Energy difference 4E (l) = −2lη + U2l (2l + 1) −2lη + U2
(
2l2 + 3l

)
ηcrit(l) = U2

(
2l + 3

2
)

ηcrit(l) = U2
(
2l + 5

2
)

l=0
Ηcrit
H1L

È0,0,2\�È2,2,2\

È0,0,4\�È2,2,4\
È2,2,4\�È4,4,4\

È2,2,6\�È4,4,6\

Ηcrit
H2L

l=1

l=2

1 2 3 4 5

Η

U2

-10

-5

5

10

DE l

U

l=0 Ηcrit
H1L

È1,1,3\�È3,3,3\
È1,1,5\�È3,3,5\

È3,3,5\�È5,5,5\

Ηcrit
H2L

l=1

l=2

1 2 3 4 5

Η

U2

-10

-5

5

10

15

DE l

U2
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Landau Theory

On-site effective potential

Γ [Ψα,Ψ
∗
α] = B1 |Ψ1|2 + B0 |Ψ0|2 + B−1 |Ψ−1|2 + A1111 |Ψ1|4

+A−1−1−1−1 |Ψ−1|4 + A0000 |Ψ0|4 + 4A1001 |Ψ1|2 |Ψ0|2 + 4A−100−1 |Ψ−1|2 |Ψ0|2

+4A1−11−1 |Ψ−1|2 |Ψ1|2 + 2A001−1Ψ∗0Ψ∗0Ψ1Ψ−1 + 2A1−100Ψ∗1Ψ∗−1Ψ0Ψ0

Landau coefficients

Bα =
1

a(0)
2 (α, 0)

− zJ

Aα1α2α3α4 = − a(0)
4 (α1, 0;α2, 0|α3, 0;α4, 0)

4a(0)
2 (α1, 0)a(0)

2 (α2, 0)a(0)
2 (α3, 0)a(0)

2 (α4, 0)
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Equations of Motion

(
B1 + 2A1111 |Ψ1|2 + 4A1001 |Ψ0|2 + 4A1−11−1 |Ψ−1|2

)
Ψ1

+2A1−100 |Ψ0|2 Ψ∗−1 = 0

(
B−1 + 2A−1−1−1−1 |Ψ−1|2 + 4A−100−1 |Ψ0|2 + 4A1−11−1 |Ψ1|2

)
Ψ−1

+2A1−100 |Ψ0|2 Ψ∗1 = 0

(
B0 + 2A0000 |Ψ0|2 + 4A1001 |Ψ1|2 + 4A−100−1 |Ψ−1|2

)
Ψ0

+2A001−1Ψ1Ψ−1Ψ∗0 = 0
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Superfluid Phases

η = 0.1U0 is fixed and U2 is changed
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Figure : Superfluid phases which are calculated analytically with increasing
anti-ferromagnetic interaction potential.Ψ1 6= 0, Ψ0 = Ψ−1 = 0 ;
Ψ−1 6= 0, Ψ0 = Ψ1 = 0 ; Ψ1 6= 0, Ψ−1 6= 0, Ψ0 = 0 ; and
Ψ1 6= 0, Ψ−1 6= 0, Ψ0 6= 0
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Superfluid Phases

η = 0.2U0 is fixed and U2 is changed
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Figure : Superfluid phases which are calculated analytically with different spin
dependent potential.Ψ1 6= 0, Ψ0 = Ψ−1 = 0 ; and Ψ−1 6= 0, Ψ0 = Ψ1 = 0
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Summary

At strong magnetic field phase boundary for an anti-ferromagnetic
interaction becomes phase boundary for ferromagnetic interaction
Various ferromagnetic and antiferromagnetic superfluid phases for an
anti-ferromagnetic interaction and a non-vanishing magneto-chemical
potential

Outlook
1-Different superfluid phases at non-zero temperature
2-Superfluid phases of spin-1 bosons in a triangular optical lattice
3-Study the frustration in a triangular optical lattice
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Superfluid Phases

U2 = 0.04U0 is fixed and η is changed
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Figure : Superfluid phases which are calculated analytically with different
mageno-chemical potential. Ψ1 6= 0, Ψ0 = Ψ−1 = 0 ; Ψ−1 6= 0, Ψ0 = Ψ1 = 0 ;
Ψ1 6= 0, Ψ−1 6= 0, Ψ0 = 0 ; Ψ1 6= 0, Ψ−1 6= 0, Ψ0 6= 0 ; and Ψ0 6= 0, Ψ1 = Ψ−1 = 0
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Superfluid Phases

η = 0.1U0 is fixed and U2 is changed
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Figure : Superfluid phases which are calculated analytically with increasing
anti-ferromagnetic interaction potential.Ψ1 6= 0, Ψ0 = Ψ−1 = 0 ;
Ψ−1 6= 0, Ψ0 = Ψ1 = 0 ; Ψ1 6= 0, Ψ−1 6= 0, Ψ0 = 0 ; Ψ1 6= 0, Ψ−1 6= 0, Ψ0 6= 0 ;
and Ψ0 6= 0, Ψ1 = Ψ−1 = 0
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Diagrammatic rules

1 A vertex with n entering and n leaving with lines corresponds to a n-th
order cumulant C (0)

n
2 Each vertex is labelled with a site and each line with both an

imaginary-time and a spin index
3 Each entering line is associated with a factor jiα(τ) and each leaving line

is associated with a factor j∗iα(τ)

4 Each internal line is associated with a factor of J
5 For a connected Green function of a given order draw all inequivalent

connected diagrams
6 Integrate over all time variables and sum over all site and spin indices
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Definitions

a(0)
2 (i1α1, τ1|i2α2, τ2) = G (0)

1 (i1α1, τ1|i2α2, τ2),

a(1)
2 (i1α1, τ1; i3|i2α2, τ2; j3) =

∑
α3

∫ β

0
dτ3G (0)

2 (i1α1, τ1; i3α3, τ3|i2α2, τ2; i3α3, τ3),

a(0)
4 (i1α1, τ1; i2α2, τ2|i3α3, τ3; i4α4, τ4) = G (0)

2 (i1α1, τ1; i2α2, τ2|i3α3, τ3; i4α4, τ4)

−2G (0)
1 (i1α1, τ1|i3α3, τ3)G (0)

1 (i2α2, τ2|i4α4, τ4),

a(1)
4 (i1α1, τ1; i2α2, τ2; i5|i3α3, τ3; i4α4; j5)

=
∑
α5

∫ β

0
dτ5

[
G (0)

3 (i1α1, τ1; i2α2, τ2; i5α5, τ5|i3α3, τ3; i4α4; j5α5, τ5)

−2G (0)
2 (i1α1, τ1; i5α5, τ5|i3α3, τ3; j5α5, τ5)G (0)

1 (i2α2, τ2|i4α4, τ4)

]
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Calculations in Matsubara Space

F [j , j∗] = F0 −
1
β

∑
<i,j>

∑
α1,α2

∑
ωm1,ωm2

{
Miα1,,jα2 (ωm1|ωm2)jiα1 (ωm1)j∗jα2

(ωm2)

+
∑
k,l

∑
α3,α4

∑
ωm3,ωm4

Niα1,,jα2,kα3,lα4 (ωm1;ωm2|ωm3;ωm4)

×jiα1,(ωm1)jjα2 (ωm2)j∗kα3
(ωm3)j∗lα4

(ωm4)

}
, ωm =

2πm
β

Miα1,,jα2 (ωm1|ωm2) =
[
a(0)

2 (iα1, ωm1)δi,j + Ja(0)
2 (iα1, ωm1)

× a(0)
2 (jα2, ωm1)

]
δωm1,ωm2δα1,α2

Niα1,,jα2,kα3,lα4 (ωm1;ωm2|ωm3;ωm4)

=
1
4a(0)

4 (iα1, ωm1; iα2, ωm2|iα3, ωm3; iα4, ωm4)

[δi,jδk,lδi,k + Ja(0)
2 (jα2, ωm2)δi,kδk,l + Ja(0)

2 (kα3, ωm3) δi,jδj,l ]

Matrix elements of annihilation
S m O1,S,m,n O0,S,m,n O−1,S,m,n
0 0 −

√ n
3

√ n
3 -

√ n
3

1 1 -
√

n−1
15

√
n−1

5 -
√

2(n−1)
5

1 0 −
√

n−1
5 2

√
n−1
15 −

√
n−1

5

1 -1 -
√

2(n−1)
5

√
n−1

5 −
√

n−1
15

2 2 -
√

3(n−2)
105

√
n−2

7 -
√

3(n−2)
7

2 1 -3
√

n−2
105 2

√
6(n−2)

105 -
√

2(n−2)
7

2 0 -3
√

2(n−2)
105 3

√
3(n−2)

105 -3
√

2(n−2)
105

2 -1 -
√

2(n−2)
7 2

√
6(n−2)

105 -3
√

n−2
105

2 -2 -
√

3(n−2)
7

√
n−2

7 -
√

3(n−2)
105

Phase

Boundary with Magnetization

η = 0.2U0 is fixed and U2 is changed
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