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Experimental facts
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2 - Second-guantized Hamiltonian

= [ {0 |59 4V (0 - ] 060 + 2201 02 02

Wannier decomposition: ¢ (x) = 3.
Bose-Hubbard Hamiltonian: [

X o (4,7) U
Here: n; = a;a;

Matrix elements:

(4= — [ &Pzw*(x) {—% \Va —I—V(X)} w(x)
U = b [ dafw(x)[*

N

Quantum Phase Diagram of Bosons in Optical Lattices — p. 4



3 - Mean-field theory
> ala; — 2Dy (0 a + val — )

Local Hamiltonian:
N X ) U )
Hyp =) [—2Dt (w*ai +pa) — W) + (R — 1) — i

1

Partition function: Z = Tr [e—ﬁﬁMFW*ﬂb)} — ¢~ BFMr (")
Self-consistency relations:

( 9Fup _ s sk
< a?b =\ <AZ> i
P (i) = ¢
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4 - Corrections to mean-field theory

Introduction of smallness parameter:
H (n,¢*,¢) = Hur (¥, ¢) + 7 [[:IBH — Hyr (Wﬂﬂ)}

Partition function: Z = Tr {e—ﬁfjf (Wﬁ*ﬂb)} — o BFn Y™ )

Extremization of free energy:

(OF _ 0

< % — Interpretation within VPT
oF __ 0

\ OY*
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4.1 - Procedure

1. Expansion in n defines level of approximation
Zeroth order: Mean-field phase diagram
First order: No shift of phase boundary
Second order: Quantum correction to phase boundary

2. Landau expansion:

F (,4%,9) = Ns [a§ () + oS )l + af )l + -

Here aég) (n) is truncated expansion in n up to order N of as,(n):
(

az (1) = (D)% (1 — )2 o (—tn)™as™ + 2Dt(1 — )

Lasp(n) = (2DOP(1 — ) % _o(—tn) k)’ 5 p A1

Quantum Phase Diagram of Bosons in Optical Lattices — p. 7



4.2 - Phase diagram

Second-order phase transition

Phase boundary: a,gN) (n

General structure:

Phase boundary:

i) =l

<(ag0) VERE ozgo)t2 + 2Dt
\agN)(n = = (—1)Nt2 ong)tN + ong_l)tN_l] A |

= oV

=1)>0
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4.3 - Explicit formulas

( (0) _ _1+b
ol — u(lbtl)
1 2D(1+4b)?
200+
(@) _ AD[D(b=3)(b+1)?—3b(b—3+45>—26%)|
\ "2

6—3) (=113

Here: n=1and b= u/U

() (1-b)b

U ~— 2D(b+1)
(1 (1-b)b
U ~— 2D(b+1)
$£2 b(b—3)(b—1)(b+1)?

\ U~ 6b(b—3+4b2—2b%)—2D(6—3)(b+1)3
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5 - Second method

Bose-Hubbard Hamiltonian with current:

I:[BH(J*, J) — [:IBH + Z (J*&q; 2 JCALI)

1 OF(J*, J)

| 1 8F(J*, J)
N, oJ*

Ny 0J

ERGAES

Legendre transformation: T'(y*, ) = ¢*J + ¥J* — F/N;
or or

Physical limit of vanishing current:
or o or

o ap )
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5.1 - Detalls

F(J*J)=Fy+ ) conlJ"

n=1

* 1 C
Dy, 9) = —Fp + — 9> = 35 |wl* + -
with: cop = > 7 (—t)”a(n)

n=0 2p

Remark: ag;> are the same used for the first method.

Phase boundary:

4 B ] 3\
(1) 1)\ ? ®)
1 1 Qo Qo Q
:_<1_|__2_t_|_ <2> _ 2 t2_|_... >:()
0 0 0 0
€2 ozé) \ ozg) | ozg) é)_ |
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5.2 - Phase boundary

©)
. 1
First order: g ) —%
Oy

Remark: Identical to mean-field phase boundary.

Second order:

_ N agl) N ong)
with: a]p = —@ » 2= (5
R e%)

Note: Choose the smallest critical t((?).
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6 - Perturbation theory

here H = Hy+ \V.

Perturbative series in \:

@) = XE®)y ; E, =Y NEW
k=0 k=0

with: E = (w0 (73—

3 — k (0) |, (k=)
(T [V w1y 0 o (T [T )

w®y = 37 w0 ST ED N w0y
n;n By — By ; % By — By
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6.1 - Diagrammatic notation

B = (TV]T)) =—e—
1 " R
(2) _ © © © (0)\ _
m=£n N m
E® = ¥ % L @O0,

BY= Eﬁ% B =g

mi1#£n ma#n

" 1
(@O VD@D VeD) - > —

mi#n
X (WD) (T D [V 0 (U |V [w)

o
= 000 —
—e 90—
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0.2 - Rules

Each dot represents an interaction V.

The internal lines appearing between two consecutive dots

are associated with the factor » . (E<0> 1E(O))q ‘\1,573)><\1,7(79L)

and q Is the number of lines linking the two given
consecutive dots.

If there is more than one line between two consecutive dots,
each extra line is associated with an extra disconnected part
of the diagram.

The external lines are associated with the unperturbed bra
and ket (\117(10)\ c y\pé%.
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6.3 - More Interaction terms

Example: H=Hy+\V+oW
( ~
Ve
<
W0
B, = E{+\—8— +0—0— +)s(—e-0—+—0-e—)
+)\°—e—8—+0°—0-0—+ -

Symmetries between diagrams if V and W are Hermitean:

i . — _—e
BRSO L =
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6.4 - Lattice calculations

First approach:

H,v", ) = —tny ala; —2Dt(1—n) > (v'a +val — [v?)

(4,7) t

Second approach:
HBH J*J) = —tz CALJ—I—Z (J*CLZ Sl JCLT)—I—Z [ — ,LL?A%']

Note: Both Hamiltonians are essentially equivalent.
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6.5 - Interaction terms In our case

Hpy(J*,J) = —tz aﬁz (Ja + J&T)+Z [ — piy

Ground-state energy:

Ey = Ey +t—o-0—+|J (—Q—C + 0—0—)
+\J\2t(—0—o—@—+—o—0—®—+—0—®—o—
+—o—@—0—+—@—0—o—+—@—o—0—)+---
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6.6 - Individual processes

The previous diagrams can be split in their individual processes
which are represented by arrow diagrams. For example:

2
00— = LAl

% L8 7 &
00— :1/"\\4+©<
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6.7 - Evaluation

g:

4.

g:

4 2 | |
><:Ns(n+1)(n+2) B
3 [ (By) — Bny)? By — BV,

Create a particle at some site with N different possibilities:
o — i [\/m/mff’) - Effjl)] -

Create a second particle at the same position of the first:
g=Ns [Vr+1/(BY - EQL)| [vat2/(BD - BQ,)| -

. Annihilate one particle at the site of the two previously

created particles:
g=Ns Vot 1/(ED — BU)| [Va2/(ED - BY))| [Vat2/(B - 5D -
Annihilate the last particle:

N [Vat+1/(B — BQ))| [V +2/(Bn — Q)| [Va+2/(EY - EQ)| vaT1
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6.8 - Coefficients

ozgo) :E(-\\l +N

) : -
gy = N + 5 permutations
2 3
aéQ) = 1/"\\4 + 23 permutations
2 3
+ -@0{ + 15 permutations
4 1

2 1
+ e o< + 7 permutations
3 1
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6.9 - Explicit results

©) b+ 1
(8" p—
> Ub-n)b+1—-n)

) _ 2D(b + 1)?
2 U2(b—n)2(b+1—n)?

ol = 2D{2D(b+1)*(b—2—-n)(b+3—n)+nb—n)(b+1—n)
x(1+n)(4+3b+2n) [-3 —2n +2(b° +b— 2bn +n?)]}
[UP(b—n—2)(b—n)’(b+1—n)’(b+3—n)]

Here n is the number of particles at each site and b = /U .
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/7 - Results

First Method:
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8 - Perspectives

Automatization for higher orders
Resummation

Extension for T" #£ 0

Phase boundary from diverging Green’s function
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