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1.1 Identical Quantum Particles

Bosons:

• integer spin

• symmetric wave function

Fermions:

• half-integer spin

• anti-symmetric wave function

2



1.2 What is Bose-Einstein Condensation?

• λdB =
~√

2MkBT

• n =
1

d3

• λdB
d

≈ 1

• Tc ≈
~
2n3/2

2MkB
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1.3 Cooling Techniques

magneto-optical trap

laser cooling evaporative cooling
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1.4 Experimental Apparatus

Costs about 1.000.000 EUR
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1.5 Time-of-Flight Absorption Pictures

JILA (1995): 87
37Rb , N=20 000 , ω1 = ω2 = ω3/

√
8 = 2π× 120 Hz

6



1.6 Periodic Table of Chemical Elements
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2.1 Magnetic versus Electric Dipolar Systems

• Magnetic systems: CB
dd = µ0m

2, with m ∼ 1 to 10 µB

– Realized samples

Boson: 52Cr Griesmaier et al., PRL 94, 160401 (2005)

Boson: 87Rb Vengalattore et al., PRL 100, 170403 (2008)

Fermion: 53Cr Chicireanu et al., PRA 73, 053406 (2006)

Both: Dy Lu et al., PRL 104, 063001 (2010); PRL 107, 190401 (2011)

Boson: 168Er Aikawa et al., PRL 108, 210401 (2012)

Fermion: 167Er Aikawa et al., Science 345, 1484 (2014)

– Effects: Bose-nova explosion (Cr), Fermi surface deformation (Er)

• Electric systems: CE
dd = d2/ǫ0, with d ∼ 1 Debye

– Realized samples (STIRAP: STImulated Raman Adiabatic Passage)

Fermion: 40K87Rb Ospelkaus et al., Science 32, 231 (2008)

Boson: 41K87Rb Aikawa et al., NJP 11, 055035 (2009)

– Effects: thermalization (40K87Rb)

• Ratio: CB
dd/C

E
dd ≈ α2 ≈ 10−4 , α = e2/(4πǫ0~c) ≈ 1/137
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2.2 Trapping and Interaction Potentials

• Harmonic trap:

Utrap(x) =
M

2

[
ω2
⊥

(
x2 + y2

)
+ ω2

zz
2
]

• Interaction potential:

Vint(x−x
′) = g

[

δ(x− x
′) +

3ǫdd
4π|x− x′|3

(
1− 3 cos2 θ

)
]

, ǫdd =
Cdd

3g
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2.3 Fermi Surface Deformation (T=0)

• Theoretical analysis of Erbium TOF data:
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• Schematic Fermi surface deformation:

Veljić et al., NJP 20, 093016 (2018)
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2.4 BEC Mean-Field Results (T=0)

• Aspect ratio:

O’Dell et al.,

PRL 92, 205401 (2004)
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• Time-of-flight:

Stuhler et al.,

PRL 95, 150406 (2005)
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3.1 Many-Body Theory

• Hamiltonian: Ĥ = Ĥ0 + Ĥint

• Free Hamiltonian:

Ĥ0 =

∫

d3x Ψ̂†(x, t)

[

− ~
2

2m
∆+ Utrap(r)

]

Ψ̂(x, t)

• Interaction Hamiltonian:

Ĥint =
1

2

∫

d3x

∫

d3x′ Ψ̂†(x, t)Ψ̂†(x′, t)Vint(x− x
′)Ψ̂(x′, t)Ψ̂(x, t)

• Bosonic commutation relations:

[

Ψ̂(x, t), Ψ̂†(x′, t)
]

= δ(x−x
′),

[

Ψ̂(x, t), Ψ̂(x′, t)
]

=
[

Ψ̂†(x, t), Ψ̂†(x′, t)
]

= 0
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3.2 Mean-Field Theory

• Nearly all bosons occupy at T = 0 the ground state.

• Bogoliubov prescription:

Ψ̂(x, t) = ψ(x, t) + δΨ̂(x, t), Ψ̂†(x, t) = ψ∗(x, t) + δΨ̂†(x, t)

• Heisenberg equation: i~
∂

∂t
Ψ̂(x, t) =

[

Ψ̂(x, t), Ĥ
]

• Zeroth order = Gross-Pitaevskii mean-field theory:

Ψ̂(x, t) ≈ ψ(x, t), Ψ̂†(x, t) ≈ ψ∗(x, t)

• Time-dependent Gross-Pitaevskii equation:

i~
∂ψ(x, t)

∂t
=

[

− ~
2

2m
△+ Utrap(x) +

∫

d3x′ Vint(x− x
′)|ψ(x′, t)|2

]

ψ(x, t)
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3.3 Time-Independent Gross-Pitaevskii Equation

• Separation ansatz: ψ(x, t) = ψ(x)e−iµt/~

• Nonlinear Schrödinger equation:

[

− ~
2

2m
△+ Utrap(x) +

∫

d3x′ Vint(x− x
′)|ψ(x′)|2

]

ψ(x) = µψ(x)

• Harmonic trap: Utrap(x) =
M

2

[
ω2
⊥

(
x2 + y2

)
+ ω2

zz
2
]

• Interaction potential: Vint(x− x
′) = gδ(x− x

′) + Vdd(x− x
′)

• No interaction: ψ(x) = C exp

[

−1

2

(
x2 + y2

l2⊥
+
z2

l2z

)]

• Oscillator lengths: l⊥ =

√
~

Mω⊥
, lz =

√
~

Mωz

ω⊥ = ωz = 2π 100 Hz , M
(
87
37Rb

)
= 87 u =⇒ l⊥ = lz = 1µm
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3.4 Thomas-Fermi Approximation: Contact Potential

• Strong contact interaction: neglect kinetic energy

[
Utrap(x) + g|ψ(x)|2

]
ψ(x) = µψ(x) =⇒ |ψ(x)|2 = µ− Utrap(x)

g

• Thomas-Fermi radii: Ri =

√
2µ

Mω2
i

• Normalization:N =

∫

d3x |ψ(x)|2 =⇒ Ri =

(

15
aN

l̃

)1/5√
ω̃

ωi
li

g = 4π~2

M a , a
(
87
37Rb

)
= 100 aB , N = 106 =⇒ R ≈ 10 l
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3.5 Exercise Sheet

• Solution of time-independent Gross-Pitaevskii equation with

contact and dipolar interaction in Thomas-Fermi approximation

• Integral equation:

Utrap(x) + g |ψ(x)|2
︸ ︷︷ ︸

harmonic ansatz

+

∫

d3x′Vdd(x− x
′)|ψ(x′)|2

︸ ︷︷ ︸
convolution turns out to be harmonic

= µ

• Comparison:

κ2

λ2

[
3ǫddf(κ)

1− κ2

(
κ2

λ2
+ 1

)

− 1− 2ǫdd

]

= ǫdd − 1

trap aspect ratio: λ = ωz
ω⊥

, cloud aspect ratio: κ = R⊥
Rz

relative strength: ǫdd = µ0m
2

3g , anisotropy function: f(κ) =?

• Note: κ(ǫdd = 0) = λ
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4.1 BEC Beyond Mean-Field Results (T=0)

• Aspect ratio:

Rx
Rz

= κMF (1 + δκ)
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Lima and Pelster, PRA 84, 041604(R) (2011); PRA 86, 063609 (2012)
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4.2 Quantum Droplets - A New State of Matter

• Spontaneous transition from BEC to quantum droplets:

Kadau et al., Nature 530, 194 (2016)

• Three-body interaction?

Xi and Saito, PRA 93, 011604(R) (2016)

Bisset and Blakie, PRA 92, 061603(R) (2015); Blakie, PRA 93, 033644 (2016)

• Quantum fluctuations!

Wächtler and Santos, PRA 93, 061603(R) (2016)
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4.3 Theory for Quantum Droplets
• Extended Gross-Pitaevskii Equation:

i~
∂ψ(x, t)

∂t
=

[

−
~
2

2m
△ + Utrap(x) +

∫

d
3
x
′
Vint(x − x

′
)|ψ(x

′
, t)|

2
+ VQF(x, t)

]

ψ(x, t)

Wächtler and Santos, PRA 93, 061603(R) (2016)

• Quantum fluctuations with Local Density Approximation (LDA):

VQF(x, t) =
32

3
g

√

a3

π
Q5(ǫdd)|ψ(x, t)|3

Lima and Pelster, PRA 84, 041604(R) (2011); PRA 86, 063609 (2012)

• Open Questions:

– Imaginary part of quantum fluctuation correction?

– Beyond LDA corrections?

Böttcher et al., arXiv:1904.10349 (2019)

– Coherence between quantum droplets:

Böttcher et al., PRX 9, 011051 (2019)

Chomaz et al., PRX 9, 021012 (2019)
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5.1 Optical Lattice

• Counter-propagating laser beams create periodic potential

• Different possible topologies at 1D, 2D, and 3D

• Hopping and interactions are highly controllable
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5.2 Time-of-Flight Absorption Pictures

• Superfluid phase:

delocalization in space, localization in Fourier space

• Mott phase:

localization in space, delocalization in Fourier space

Greiner, Mandel, Esslinger, Hänsch, and Bloch, Nature 415, 39 (2002)
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5.3 Theoretical Description

Bose-Hubbard Hamiltonian:

ĤBH = −t
∑

〈i,j〉

â†i âj +
∑

i

[
U

2
n̂i(n̂i − 1)− µn̂i

]

, n̂i = â†i âi

System parameters:

Fisher et al., PRB 40, 546 (1989)
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5.4 Landau Theory

Quantum phase diagram (T=0):

Blue line: 3rd strong-coupling order

Blue dots: Monte-Carlo data

Red line: Landau theory

Black line: Mean-field

Santos and Pelster, PRA 79, 013614 (2009)

Extension to higher orders:

Teichmann, Hinrichs, Holthaus, and Eckardt, PRB 79, 100503(R) (2009)
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6.1 Summary and Outlook

quantum simulation anisotropic superfluidity

disorder driven optical lattices
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6.2 Bose-Einstein Condensation of Light

Set-up

Result

Klaers, Schmitt, Vewinger, and Weitz, Nature 468, 545 (2010)

Pelster, Physik-Journal 10, Nr. 1, 20 (2011); Physik-Journal 13, Nr. 3, 20 (2014)

Radonjić, Kopylov, Balaž, and A. Pelster, NJP 20, 055014 (2018)
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6.3 Bad Honnef Physics School on

Methods of Path Integration in Modern Physics

organized by Stefan Kirchner and Axel Pelster

Bad Honnef (Germany); August 25 – 31, 2019

Speakers and Topics:

Lawrence Schulman (Potsdam, USA): Quantum Mechanics

Andreas Wipf (Jena, Germany): Statistical Field Theory

Carlos Sa de Melo (Atlanta, USA): Many-body Theory, BEC-BCS Crossover

Jean Zinn-Justin (Paris, France): Quantum Field Theory, Large-N Technique

Victor Dotsenko (Paris, France): Random Matrix Theory, Replica Trick

Steve Simon (Oxford, UK): Wilson Loops Spin, Topology, Holonomy Group

Wolfhard Janke (Leipzig, Germany): Quantum Monte Carlo

Hagen Kleinert (Berlin, Germany): Vortices and GIMPs

https://www.dpg-physik.de/veranstaltungen/2019
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6.4 Master of Science in Advanced Quantum Physics

• Module topics:

– Quantum technologies

– Many-body quantum systems

– Laboratory courses

– Research and master thesis

• Application deadlines:

Winter Term Summer Term

if visa required April 30 October 31

if no visa required July 15 Januar 15

• Further information:

www.physik.uni-kl.de/quantum-master
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