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1. Experimental Proposal: Theoretical Basis

System of atoms and radiation field

Interatomic contribution in 4th order QED perturbation the ory:

∆E(4) =
I

4πε20c
ê∗i (k) êj(k)α2(k)Vij(r, k) cos(k · r)

With retarded dipole-dipole interaction tensor:

Vij(r, k) =
1

4πε0r3
[

(δij − 3 r̂ir̂j) (cos kr + kr sin kr) − (δij − r̂ir̂j) k
2r2 cos kr

]

Rotational average in near zone kr � 1: ∆E(4) ∝ −
1

r
D.P. Craig and T. Thirunamachandran, Molecular Quantum Electrodynamics (Academic Press, Lon-

don, 1984)
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Realization of Rotational Average

Static: 3 lasers Rotating: 1 laser

k1 = kex, k2 = key, k3 = kez k = k (sin γ cosΩt, sin γ sinΩt, cos γ)

cos2 γ = 1
3, Ω � Ωlaser

U3(r) = −
3Ik2α2

16πcε20

1

r

[7

3
+ (sinϑ cosϕ)4 Urot(r) = −

Iα2k2

96πcε20

1

r

(

17 + 6 cos2 ϑ− 7 cos4 ϑ
)

+(sinϑ sinϕ)4 + (cosϑ)4
]

pure 1/r: 18 lasers pure 1/r: 3 lasers

PRL 84, 5687 (2000) our proposal
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2. Hartree-Fock Mean-Field Theory

Partition function:

Z =

∮

Dψ∗

∮

Dψ exp

{

−
1

~
A0[ψ, ψ

∗] −
1

~
Aint[ψ,ψ

∗]

}

Action:

A0 [ψ, ψ∗] =

∫ ~β

0

dτ

∫

dDxψ∗(x, τ)

[

~
∂

∂τ
−

~
2

2M
∆ + V (ext)(x) − µ

]

ψ(x, τ)

Aint [ψ, ψ∗] =
1

2

∫ ~β

0

dτ

∫

dDx

∫

dDx′ V (int)(x,x′) |ψ(x, τ)|2 |ψ∗(x′, τ)|
2

V (int)(x,x′) = g δ(x− x′) −
u

|x− x′|
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Background method

ψ(x, τ) = Ψ(x, τ) + δψ(x, τ) , ψ∗(x, τ) = Ψ∗(x, τ) + δψ∗(x, τ)

∮

Dψ →

∮

Dδψ ,

∮

Dψ∗ →

∮

Dδψ∗

Problematic term: Quartic in fields
Reduced to quadratic form by Gaussian approximation

δψ∗(x, τ)δψ∗(x′, τ)δψ(x, τ)δψ(x′, τ)

≈ 〈δψ∗(x, τ)δψ(x, τ)〉δψ∗(x′, τ)δψ(x′, τ) + 〈δψ∗(x, τ)δψ(x′, τ)〉δψ∗(x′, τ)δψ(x, τ)

+ 〈δψ∗(x′, τ)δψ(x, τ)〉δψ∗(x, τ)δψ(x′, τ) + 〈δψ∗(x′, τ)δψ(x′, τ)〉δψ∗(x, τ)δψ(x, τ)

− 〈δψ∗(x′, τ)δψ(x, τ)〉〈δψ∗(x, τ)δψ(x′, τ)〉 − 〈δψ∗(x′, τ)δψ(x′, τ)〉〈δψ∗(x, τ)δψ(x, τ)〉

=⇒ A ≈ ABG [Ψ,Ψ∗] + A(2) [δψ∗, δψ,Ψ,Ψ∗]

Effective action: Γ[Ψ,Ψ∗, g] = − 1
β

lnZ, g (x, τ ;x′, τ ′) = 〈δψ(x, τ)δψ∗(x′, τ ′)〉
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Free energy F as minimum of Γ[Ψ,Ψ∗, g]:

δΓ[Ψ,Ψ∗, g]

δΨ∗(x, τ)
= 0 ,

δΓ[Ψ,Ψ∗, g]

δg (x, τ ;x′, τ ′)
= 0

(I) : 0 =

{

~
∂

∂τ
−

~
2

2M
∆ + V (ext)(x) − µ+

∫

dDx′ |Ψ(x′, τ)|
2
V (int)(x,x′)

}

Ψ(x, τ)

+

∫

dDx′ V (int)(x,x′)
[

Ψ(x, τ) g (x′, τ ;x′, τ) + Ψ(x′, τ) g (x′, τ ;x, τ)
]

(II) : g (x, τ ;x′, τ ′) = 〈δψ(x, τ)δψ∗(x′, τ ′)〉

T → 0 leads to Gross-Pitaevskii equation: PRL 84, 5687 (2000)
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3. Shift of Critical Temperature

Calculation with two methods:

• Thermodynamic limit from Hartree-Fock mean-field theory

• Feynman many-body perturbation theory

For fixed particle number

N = −
∂F

∂µ

and cylinder-symmetric trap

V (ext)(x) =
m

2

[

ω2
rr

2 + ω2
zz

2
]

Procedure: N = N(µ) , µ ↑ µc =⇒ Tc
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Feynman perturbation theory

Feynman rules: x,τ x′,τ ′ ≡ G(0)(x, τ ;x′, τ ′)

τx x′ ≡ −
1

~

∫ ~β

0

dτ

∫

d3x

∫

d3x′ V (int)(x− x′)

Free energy: F = F (0) −
1

β

{

1

2
+

1

2
+ . . .

}

Self energy: Σ(x, τ ;x′, τ ′) =
x,τ x′,τ ′

+ x,τ x′,τ ′ + . . .

µc = −~ Σ(p = 0, ωm = 0, (x + x′)/2 = 0)

Note: Semiclassics not applicable

=⇒ using full quantum-mechanical correlation function
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Results of critical temperature shift:

∆Tc

T (0)
c

= −cδ(N)
a

λc

+
λc

aG

[

cE(N) + cD
1

(~β(0)
c ω)2

]

λc =

√

2π~2β(0)
c

M
, aG =

4π2
~

2

uM

Vanishing 1/r interaction: Comparison with experiment

87Rb

ωr = 2π · 413 Hz

ωz = 2π · 8.69Hz

PRL 92, 030405 (2004)
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