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Abstract

Many-Body quantum systems are difficult to describe, due to their strong correlations in general. In the
field of fermionic ultracold quantum gases, a usual assumption beyond others is that one deals with dilute
weak interacting gases. In order to see if these beyond other approximations are still valid in the case
of the strong dipole-dipole interaction within two-dimensional systems, we are going to recapitulate the
Hartree-Fock equation starting from first principles. Then we will derive in the leading order for large
particle numbers the self-energy ¥ (k, R) within Hartree-Fock approximation often used as a basic input for
the calculation of many-body physical quantities. Furthermore we will calculate this self-energy within the
semiclassical approximation commonly used in the field of ultracold quantum gases. Finally we compare both
approximations.
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Chapter 1

Introduction

1.1 Introduction Ultracold Atomic Quantum Gases
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Figure 1.1: A schematic overview on the transition from a classical gas at high temperatures to a Bose-Einstein
condensate below a critical temperature. Made and popularized by Wolfgang Ketterle. [1]

The field of ultracold quantum gases investigates the behavior of atomic gases below a certain temperature,
called the critical temperature, where the quantum mechanical nature of the considered particles takes effect.
Before we engage ourselves deeper with the interesting physical phenomena at low temperatures, we will give a
short outline of the history of ultracold quantum gases, which starts with two groundbreaking discoveries. The
experimental discovery of superfluidity in liquid Helium “He in 1938 by Pyotar Kapitza [2], John Allen and
Don Misener [3]| portrait a stunning demonstration, that in order to describe this directly visual observable
phenomenon classical physics was not sufficient. In the same year Fritz London [4] suggested that the
transition between liquid He I and liquid He IT might be the result of the same process which causes Bose-
Einstein condensation, which again was proposed by Albert Einstein in 1925 in his two succeeding papers [5,6]
and takes the part of the first groundbreaking discovery.

Based on Satyendra Nath Bose’s new derivation of Max Planck’s black body radiation formula |7] using
only the assumption to split the phase space in quanta of v, Einstein expanded the model in his paper [6] to
particles with non vanishing rest mass and elaborated on the idea in the following year, where he made the
stunning proposal that by compressing the gas and therefore increasing the density to a given temperature,
a large number of particles would condense in the ground state.

Although this statement doesn’t seem too remarkable from a modern point of view, since alone due to
the Heisenberg uncertainty principle §x dp > % and the thermodynamic estimate dp «x v/mkpT one has the
relation dx > %/#BT and the de’Broglie wavelength Agg would increase with lowering the temperature, it
was very groundbreaking for that time. See also Figure 1.1.
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Maybe just as remarkable as the idea of Bose-Einstein condensation was the idea of applying the concept
to liquid Helium, since Einstein’s derivation was made for an ideal gas which has no interaction, while liquid
Helium, on the contrary, possess strong interaction. Not surprisingly London’s idea was at first dismissed
and replaced by Lev Davidovich Landau’s two fluid model [8,9]. For his contributions to condensate matter
physics and especially the explanation of liquid Helium, Landau later received the Nobel Prize in physics
in 1962. Contrary to London’s idea of connecting superfluidity with Bose-Einstein condensation, Landau’s
model had no such connection.

During 1953 and 1958 Richard P. Feynman provided several papers on liquid Helium and superfluidity
[10-12] supporting Landau’s theory from first principles and supporting London’s idea that, the superfluidity
could indeed be based on the same process as Bose-Einstein condensation. A theoretical proof that Bose-
Einstein condensation does indeed occur in liquid Helium was then given by Onsager and Penorose [13].

1.2 Experimental Breakthrough

While liquid Helium provided a natural substance to investigate superfluidity due to the fairly easily accessible
transition to quantum degeneracy at 2.172K. The experimental progress was pushed forward by the illusive
goal of reaching Bose-Finstein condensation. The first big step towards this goal was the invention of laser
cooling, which was proposed by Theodor Hénch in 1975 and finally realized by Steven Chu [14] in 1985.
The main principle is to shine lasers from several directions on a cloud of atoms, where the lasers have to
be chosen in such a way, that the frequency is slightly below the excitation frequency of the atoms. If an
atom now moves towards the laser it sees the laser light red shifted due to the Doppler shift, while it sees
the laser coming from behind blue shifted. As a consequence the atom will only absorb a photon if it moves
towards it. After the absorption of the photon, the atom will be exited and shortly afterwards emits again a
photon. But since the direction of this emission is randomly given, the atoms will eventually cool down. This
cooling process however has a natural limit, since the photons have a finite momenta, there exists a certain
temperature, where the atoms will be accelerated by the momenta of the photons and end up jiggling around.
The natural limit of laser cooling lies around 1pK and in order to achieve Bose-Einstein condensation a
second cooling process was needed.

Once the limit of laser cooling is reached the second mechanism called evaporative cooling comes into play.
By applying a magnetic or optical trap the atoms will be held into place. Driven by the collisions between
the atoms the most energetic atoms will leave the trapping potential and the remaining atoms can then
rethermalize, consequently lowering the temperature of the system. Once the critical temperature T, ~ nK,
is reached the phenomena of Bose-Einstein condensation was observed.

By combining this two cooling mechanisms the groups of Eric Cornell and Carl Wiemann as well as
Wolfgang Ketterle archived almost simultaneously the first experimental realized Bose-Einstein condensate
back in 1995 [15,16]. All three gained the Nobel Prize in physics 2001. After the discovery in 1995 the field
of ultracold atoms raised dramatically.

1.3 Reaching Degeneracy for Fermi Gases

Once the goal of realizing Bose-Einstein condensation was archived it was the obvious step to work towards
degeneracy of ultracold Fermi gases. However the cooling mechanism for bosons were not appropriate for
cooling down fermions, hence as just described collisions between the atoms are a fundamental part of
evaporative cooling. It took 4 years, to overcome some of the difficulties and in 1999 the group of Deborah
Jin finally succeeded using “°K [17]. The novelty here was to trap two different spin states of 9K, so
that collision was again possible. This mechanism is now called sympathetic cooling. Sympathetic cooling
describes the process of cooling down two species of fermions with distinguishable atoms or in different spin
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states, since then s-wave collisions are again possible and evaporative cooling can be applied. The experiment
had then to be performed in such a way, that the two spin state populations are in balance.

The next step considering fermions was now to not only cool down atoms but molecules composed of two
fermionic atoms. This goal was reached within a short time frame in the year 2004 by the groups of JILA
again using “°K [18] and among others by the group of Wolfgang Ketterle at MIT using SLi [19].

Bosons Fermions

510 nk

240 nk m

Figure 1.2: Difference of the momentum distribution of a bosonic "Li (left) and a fermionic 5Li (right) at
different temperatures due to the Fermi pressure in a dilute gas measured by Ref. [20]

Although the desired goal of superfluidity was not reached yet it was obvious that the degeneracy was
archived. Especially interesting was the comparison of “Li and °Li, were the difference of the bosonic to the
fermionic cloud could be observed by sheer comparison of the size difference caused by the Fermi pressure
see Figure 1.2. We should stress the fact that all descriptions up to this point are exclusively done for dilute
Fermi gases. The degeneracy is therefore only caused by the quantum nature of the system and not due to
the interaction. In dilute quantum gases the distance between the atoms are normally large enough to neglect
interactions other than contact interaction.

1.4 Dense Fermi Gases with Dipole-Dipole Interaction

The consideration of dense gases, which include long-range interaction such as the dipole-dipole interaction
opens up new possibilities, especially due to the anisotropic nature of the interaction. Particularly interesting
is the fact, that one can change the interaction from attractive to repulsive simply by adjusting an electric
field relative to the trapping potential. Alone due to that reason one can hope to find new physics.

While Bose gases with dipolar interaction have been studied experimentally [21]|, the realization of a
degenerated Fermi gas was much more difficult due to the forbidden s-wave scattering embedded by the
Pauli-exclusion principle, which makes the magnetic dipole-dipole interaction difficult to observe [22].

The first experimental realization of a spin-polarized degenerated dipolar Fermi gas was accomplished by
M. Lu [23]. With the help of sympathetic cooling, a mixture consisting of '®' Dy and the bosonic isotop 62Dy
were cooled down to T'/Tr ~ 0.2.

The magnetic moment of atoms is still very small to fully appreciate the influences of the dipole-dipole
interaction and for that matter the recent goal has more changed to cooling down diatomic molecules. The
electric dipole-dipole interaction is of a magnitude 10* higher than the magnetic dipole-dipole moment. The
cooling of such diatomic molecules again provide great difficulties for the experimentalists and two main
strategies have been developed in order to overcome the same. The first problem consists of the enormous
number of quantum states a diatomic molecule possesses, which makes it difficult to get the atom really
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in the rovibrational ground state. The strategy which lead to success was to first cool down atoms and
then coherently convert them to ground state molecules at low temperatures without heating the sample.
Mainly this is done by the use of Feshbach resonance to switch the interaction after the cooling process from
repulsive to attractive. In order to further lower the so created molecules, which at first are in a highly excited
vibrational state into the rovibrational ground state one uses lasers to stimulate emission of the electronic
states with appropriate lasers.

The second problem comes with the fact that most considered diatomic molecules such as the considered
KRb+KRb — Ky + Rby are highly chemical reactive [24,25]. As has been shown by Miranda et all [26]
these chemical reactions can be significantly suppressed, if one confines the system of molecules in a quasi
two-dimensional plane in such a way, that the dipole moments are perpendicular to the confining potential
making the two-dimensional consideration of such systems not only interesting in regards of finding new
physics moreover necessary to investigate such molecules. Nevertheless the new possibilities due to this
confinement shouldn’t be underestimated, since both the quantum and interaction effects are stronger in the
case of two dimensions compared to three dimensions [27]. Experimentally the first two-dimensional Fermi
gas within a harmonic trap was realized in 2010 by Martiyanov et al. [2§]

One way to compare the theoretical results with experiments is by measuring the collective oscillations of
the trapped sample in response to perturbations of the trapping potential. These oscillations then form the
collective oscillations of the system [29]. As mentioned by Mehrtash Babadi and Eugene Demler the mea-
surement of the frequency and the damping of these animations can be utilized to understand the properties
of the ground state and to gain informations about self-energy corrections. [29]

1.5 Theoretical Description

While early phenomenological investigations of ultracold atoms such as the previously mentioned of Einstein
and Landau, were very fruitful, a modern description has to be founded in the theoretical framework of
quantum mechanics. In contrast to ultracold bosons being in the Bose condensate phase, which are described
by a macroscopical wave function of one coordinate in position space, ultracold fermions have to be described
by a quantum mechanical wave function depending on each coordinate of the particles. In order to obtain this
wave function one can often use as the simplest approximation the Hartree-Fock method. Solving Hartree-
Fock equations self-consistently, like done within the description of molecules, is at the present time not
possible for a sample of ultracold atoms due to the sheer number of atoms. Within ultracold samples, one
can distinguish between a collisionless regime, where the mean free path of the atoms is larger than the size of
the sample and the hydrodynamic regime, where the mean free path of the atoms is smaller than the size of
the sample. From a theoretical point of view interactions are considered negligibly weak or suppressed within
the collisionless limit; while in the hydrodynamic limit the Fermi gas is supposed to be in the superfluid
phase or at least a strongly interacting Fermi liquid. In three dimensions and for dipolar interaction these
two regimes have been investigated by Sogo et al. [30] for the collisionless regime and by Lima et al. [31,32]
in the hydrodynamic regime.

Therefore Sogo et al. started from the Hartree Fock approximation and used a semiclassical approach by
using a variational ansatz for the Wigner distribution, based on the Thomas-Fermi or local density approxi-
mation. Both approximations are used synonymously and assume that the local Fermi surface has the same
form at each spatial point as in the homogeneous case [30]. While starting from a Hartree-Fock approxima-
tion and switching to the Wigner representation, one can derive the collisionless Boltzmann-Vlasov equation.
Roughly speaking the difference to the collisional Boltzmann-Vlasov equation consists of an inhomogeneous
term, called the collision integral in the differential equation. Before discussing the Boltzmann-Vlasov equa-
tion a little deeper, we mention the path taken by Lima et al. to describe the hydrodynamic regime. They
used a variational approach to extremize the Hartree-Fock action with respect to a velocity potential as well
as the time-even Wigner function. In order to implement this variational approach they restrict their
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search to a velocity potential of a harmonic form and a time-even Wigner function within the local density
approximation with a deformed Fermi surface. By doing so they arrive at equations which describe the
static as well as the dynamic properties of a polarized dipolar Fermi gas. In a more recent work Babadi
et al. [29] started to investigated the intermediate region within a two-dimensional system, between the
collisionless and hydrodynamic limit by using the collisional Boltzmann-Vlasov equation, which considers the
collisional regime and makes therefore no prior assumptions of being in the collisionless or hydrodynamic
regime. As mentioned before and pointed out in [29], the Boltzmann-Vlasov equation can be viewed as
a generalization of the classical Boltzmann transport equation by including Pauli exclusion effects in the
collision integral and self-energy corrections to the quasiparticle dispersion. While their main goal is to study
oscillation frequencies and damping of the generated collective excitations, they also consider self-energy
corrections and find that the inclusion yields to significant corrections in the quantum degenerate regime.
They consider the self-energy within the local density approximation, after correctly stating, that non-local
Hartree contributions are neglectable. They then use the self-energy functional within a numerical calculation
to obtain a equilibrium solution for the Boltzmann-Vlasov equation. Finally we note here that just recently
a similar calculation has been carried out in three-dimensions be Wéachtler et al. [33].

1.5.1 Motivation & Brief Overview

The importance of the self-energy corrections pointed out by [29] give reason to analyse the approximations
needed to determine the self-energy. This is especially true for the dipole-dipole interaction which is rather
strong at low distances, compared to the known Coulomb interaction. The confinement to two dimensions
additionally increases this ultraviolet divergence behaviour. For this it is not a priori clear that standard
assumptions within the field of ultracold quantum gases such as the local density approximation are still valid
and what kind of approximations are needed in order to obtain a valid approximation for the electronic self-
energy. In the following we restrict our investigation for the self-energy to the two-dimensional dipolar Fermi
gas in a harmonic trap. We will thereby compare the standard semiclassical approach to the self-energy with
a systematically calculated self-energy for large particle numbers. Both approaches are calculated within the
Hartree-Fock approximation. Due to the anisotropy of the dipole-dipole interaction, there exist stable and
unstable configurations. As we will see the semiclassical approximation describes the self-energy behaviour
well for stable configurations, with increasing deviations for particles away of the center of the trap. The two
approximations differs enormously for unstable dipole-dipole configurations.
The Thesis is structured as follows:

In chapter two we use a field theoretical description of the system by using the path integral formulation.
To maintain the Pauli exclusion principle the use of Grassmann numbers is necessary. Therefore we start
in section one with a detailed introduction to Grassmann algebras, where we develop some new notations
in order to deal not only with Grassmann functions but also with Grassmann functionals. Then we follow
the descriptions of [34] to introduce fermionic coherent states. Having worked out all the necessary tools, we
further proceed in section two by introducing the fermionic coherent state path integral and derive formulas
for the partition function as well as the free Green function. In order to deal with the dipole-dipole interaction
we will use a perturbation theory approach. Therefore we review in section three briefly the Feynman rules
for the partition function, with which we then derive the Feynman rules for the interacting Green function.
Finally in section four we derive Dyson’s equation from which we then obtain our Hartree-Fock equations.
Chapter three starts with a detailed discussion of the dipole-dipole interaction. We derive the interaction
behaviour and discuss the dipole-dipole interaction for three and two dimensions. Section two is devoted to
deriving the Fourier transformations in preparation to describe the homogeneous system. In section three
we then investigate the homogeneous three- and two-dimensional Fermi gas with dipolar interaction. This
investigations have previously carried out in [35]. To see further differences between two and three dimensions,
we compare our results with the corresponding Jellium systems. In chapter four we then calculate based on
the previously derived Hartree-Fock equations systematically in large particle numbers the self-energy within
a harmonic trap. In addition we calculate the same quantity in the semiclassical approximation and finally
compare the results.

13






Chapter 2

Mathematical Background

"Since then I never pay any attention to
anything by "experts." I calculate everything
myself."

Richard P. Feynman [36]

2.1 Grassmann Algebra

We are going to discuss a fermionic system within the framework of the fermionic coherent state path integral.
In order to do so one needs Grassmann algebra to maintain the Pauli exclusion principle, when dealing with
fields instead of operators. In this chapter we will give an introduction to Grassmann algebra and elaborate
all necessary calculation rules in order to derive the path integral and later the Dyson equation for fermionic
functionals, which are consequently functionals of Grassmann functions. We will first start with the discrete
Grassmann algebra, and then proceed to a Grassmann algebra of infinite dimensions.

2.1.1 Finite Dimensional Grassmann Algebra

One introduces a finite dimensional Grassmann algebra U over a body K. K being either R or C, with the two
operations - : Ax A — A; (n;,1;) — n; -n; which is associative and anticommutative and 4+ : A x A — A;
(mi,m;) — i + m; which is associative and commutative. Further, the following distribution law holds

(m +n2)ns = mnz + n2ms
i (n2 +m3) = mn2 +mns
A(mnz) = (Am)nz = m (M) - (2.1.1)

The anticommutative property is mostly written as
ning = —min; <= min; +nni =0 <= {ni,n;} =0. (2.1.2)
Here {e, o} is the anticommutator. One particular important property due to this relation is
m=0 Y. (2.1.3)

A finite dimensional Grassmann algebra can be build from n such elements called generators {n;} k = 1,...,n.
Due to the property (2.1.3), all elements of the algebra can then be expressed with a linear combination of
these generators

{10 0 Mg s D Mrg * - Tan ) - (2.1.4)
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CHAPTER 2. MATHEMATICAL BACKGROUND

Where we have 0 < n, < n and that the elements are by convention ordered as A\ < Ag < ... < A,. Since
77,% = 0 no element of the higher products contains more than one 7. Any element of the n-dimensional
Grassmann algebra can now be expressed as

f=rl+ Z Jorm + Z Tpipaminz + ... + Z Soip2..onlprpz - - - Tpn - (2.1.5)
P

p1<p2 pP1<p2<...<pn

The coefficients are complex numbers fi € C or complex functions, in which case f is a function of the gener-
ators and a complex variable. We will therefore refer to objects of the form (2.1.5) as Grassmann functions.
In order to operate with Grassmann functions it is necessary to define analog operations to differentiation
and integration for Grassmann functions.

Definition: Differentiation with respect to Grassmann Variables
Differentiation with respect to a Grassmann variable (generator) is defined as

d
%77/\177)\2 T = 05T et TN, 53'/\277)\177/\3 et M,
J

+ ...+ (—1)”71(%)\”77)\177)\2 e My - (2.1.6)

Specifically the derivative is a left sided derivative. In essence one has to anticommute the variable to the
left and apply the rules

Before we proceed to evaluate the derivation rules for Grassmann functions, we need to derive some peculiar
properties of Grassmann generators.

1 Every even number of Grassmann numbers commute with another even number of Grassmann numbers.
[mn2 ... m2n, 1€ ... Eo) = 0. (2.1.8)

2 Any even number of Grassmann numbers commute with any odd number of Grassmann numbers.
[mnz ... 2, &6 o] = 0 (2.1.9)

3 Any odd number of Grassmann numbers anticommutes with any odd number of Grassmann numbers.

{mnz...n2nt1, &8 Eoky1} =0 (2.1.10)

Proof of [£1&...&,,n] =0

First we note that any even number of Grassmann numbers commute with another Grassmann number. This
can easily be seen via induction. First we show

[mn2, &l = mn2€ — Emmne
= —m&nz — Emne

=&mnz — Emne
=0. (2.1.11)
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Now we assume

[mmn2 ... n2n, €] = 0, (2.1.12)

then the induction step reads

[mn2 -+ M2n+2, ] = mn2 - - - M2nNont1M2n+28 — EMN2 - - - M2nN2n+1720+2
= —=Mn2-- - N2nM2n+18M2n+2 — EMN2 - - - N2n 204172042
= NN2 .- N2en&M2n+1M2n+2 — EMN2 - - - N2nT)2n4+172n+2
= (mn2-.-M2n& — EMM2 - - - M2n) M2nt1M2n+2
= [mn2 - M2n, §] N2nt1M2n+2

=01L.H
—0. (2.1.13)

Proof of [7]1’[72 < M2n, §1£2 Ce &g] =0

Next we verify that an arbitrary number of even Grassmann numbers commute with any other number of
Grassmann numbers. Here and in the following proofs, we leave out the initial step as it is trivial. We are
going to do the induction over k. I.e. the induction hypothesis holds true for

[mna ... m2n, &1é2 .. &l =0 (2.1.14)

and conclude

(M2 - M2n,§182 - Eer] = mma - m2nr1éa - Eha1 — &182 -+ Ekr1MM2 - - - M2n
=mnz2.--M2n1&2 - &1 — §1&2 - - Ek&kr1mN2 - - M2n
=mnz..-N2n182. &1 — &1&2- - Ekmn - - N2nk+1
=(mmnz2---n2n€182- - &k — &1&2 - Emm2 -+ M2n) Ekr1
=[mmn2---n2n,6182- -l &1 = 0. (2.1.15)

—0LH

PI‘OOf Of {7’]17’]2 c o Mon+1, glgg N 5219—}—1} = O

Next we will verify that two arbitrary odd numbers of Grassmann numbers anticommute. So first we have to
verify that one Grassmann number anticommute with an odd number of Grassmann variables, so we assume

{mnz...n2n+1,€4 =0, (2.1.16)

then we get immediately

{mn2 . mor43, & = mmz - NakgsE + EMmn2 - . Mok
= MnN2 .. N2k+1M2k+2M2k+3E + EMM2 -+ M2k+3
=mnz - Nek+18N2k+2M2k+3 + EMN2 - - - N2k+3
= (mn2- - Noxr1§ +EMM2 - Mokt 1) Nokr2M2k+3
={mmnz.. . mort1, &} n2kromont3 =0 (2.1.17)
—0LH.

Now we are ready to do the next induction for an arbitrary n > 0 and do the induction over k. We assume

{mmnz...mont1, &8 &1} =0, (2.1.18)
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and do the induction

{mn2. . nony1,&182 - Song3t = mm2 -+ M2nt 1612 - Corgz +&1&2 - Sonp3mmM2 - - M2ns1
=mn2 .- Noen+18§182 -+ - Saky3 + &182 - - - Eokt182k+282k+3M1M2 - - - M2n+1
=mn2. .- MNnr1§182 - - Eoky3 + 6182 - ok 12 - - - M2n182k+282k+3
= (mn2-- - men+16§182- - Copp1 +&1&2 - Sokr1mn2 - - - Mant1) S2kt282k13
={mmn2.. . n2n+1,&18&2 - Eonr1} Sonrabons - (2.1.19)
—0LH.

We can now summarize the results as
[even,even] =0  [even,odd] =0 {odd,odd} =0. (2.1.20)

With this properties, it is clear from (2.1.5) that two arbitrary Grassmann functions do not commute. So in
general we have

[f(n),9(n)] #0. (2.1.21)

This leads immediately to the definition of even and odd Grassmann functions. Naturally they are given by

f+(77) = fo+ Z Spip2Tp: Mps + Z Jp1pepspapy MpaTlpsMpy + -+ + Z Tp1po.pan i Mps - - - Npon >

Pp1<p2 P1<p2<p3<p4 p1<p2<...<p2n
f_(n) = fO + Z fpl + Z fp1p2p377p177p277p3 +.o.+ Z fp1p2...p2n+177p177p2 e 77p2n+1 ’ (2'1'22)
p1 P1<p2<p3 p1<p2<...p2n+1

respectively. Another form to characterize the element of a Grassmann algebra is by introducing an auto-
morphism P, which acts as a parity operator

Py ---m) = (=1)"nx -, - (2.1.23)

So, for an even function one has P(f*) = f* and for an odd function one has P(f~) = —f~. Now all the
elements of the algebra U can be expressed by an even and an odd part of the algebra. The even parts of
the algebra will be called U™ the odd parts of the algebra will be denoted by U~. We will now write even
functions as f and odd functions as f~. From the properties (2.1.8),(2.1.9),(2.1.10) it immediately follows:

Uhgtl=0. [ffgT] =0, [feT]#0, [figT] =0, [fg7]#0. (2.1.24)

At this point we are ready to introduce some differentiation rules for Grassmann functions. First we note
from formula (2.1.5), that with respect to any variable 7 we can write a Grassmann function as

Flm) =i+ fr (S + f5) - (2.1.25)
We translate the above given commutator relations to

[even, even] =0 & [f, fj+] =0,
[even,odd | =0 < [fl-+,fj_] =0,

fodd, 0dd} =0 & {7,/ }=0. (2.1.26)
Now we take two arbitrary functions and write them with respect to 7y as

=R+ +n(ff+ 1)

9=9 +g1 +n(93 +95) - (2.1.27)

18



2.1. GRASSMANN ALGEBRA

where we have now simply written 7 instead of 7. Now we can simply form the product

fo=Frol + for + finlgs +95)+ frof + fror + finlgs +95)
+n(fs + f)a +alfs + f2)g0 +0(fs + f3)n(gs +92)
= firgt + oy +nfi (95 +95)+ frgr + fr9r —nfi (95 +95)
+n(f + f)gd +nlfs + f)gr +0°(f — )93 +92) (2.1.28)

and differentiate (2.1.28) as follows

09— £k + 93) — B (e +00) 4 U+ S0t + U5+ 0 )ar
( )(92 +92) (f2 +fz )(gfr—f—gf)
—n(fy —f2)+77(f2 fa)] (g3 +92) + (S + ) +91)
SN g3 +95) +0(fs — )93 +97) + (fS + ) (g +97)
2)] (92 +97)+ (S + fomles +95)+ (S + )9 +91)
I (g3 +95) + (S + f)lof + a7 +n (95 +95)]
dg  Of

= P()g, + 5,9 (2.1.29)

= [f

[fl fi 77(
[f+ f1 77(
= [ —n(fy

1

In the last step we use the parity operator (2.1.23) on (2.1.25)

P(f)=f"=f —nlfy = f2)- (2.1.30)

Next we are going to need the chain rule. The chain rule for Grassmann functions seems to be omitted in the
literature. It is one mentioned in [37], however this chain rule seems to be limited to one dimension'. In the
standard introduction to Grassmann algebra from F.A. Berezin [38], there are also given just two examples
of the chain rule for Grassmann functions. Here we present two chain rules for Grassmann functions, one
combining Grassmann functions with analytic functions and one for actually chaining Grassmann functions.
We start with the definition and the proof of the discrete Grassmann chain rule with an analytic function.

Chain Rule for an Analytic Function and a Grassmann Function

If we have an analytic function f: C — C and a Grassmann function g : U~ — U™, n — g(n), the following
chain rule holds true

0 89 0 of
——f(g(n)) = (2.1.31)
on af 89 £=0
Proof
First we note that any analytic function can be expressed with the Laurent series
z) = ch(z —20)", Ugr(z0) < 0. (2.1.32)
'The chain rule is given as % = g—f’ % + g—g % where g is an even and f an odd function of . Here A = A(f, g). This chain

rule can be proven by assuming A has the following form A = af +a; +g (a3 + a3 ) + f (a3 + a3 ). However not all Grassmann
functions follow this form.
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The definition of chaining the analytic function and the Grassmann function is given via the Laurent expan-
sion. With the above introduced notation we can write g : U~ — U™ in the form: g = gf + 1795 . Obviously
then we have

Plg) =g +(=n)(~g5) =91 +n95 =9 = geU". (2.1.33)
First we observe
gt +n97) (g1 +ng3) = (o) + g ngy +ngz gf
ai)? + gy gt +n9y gt
at)’ + 295 of

(9 +195)" = (of
=
=
(o +n93)° = (o +n93) [(a)” + 2095 o7
=
=
=

4 =

g5)’ + 291095 g+ ngs (91)?
g5)’ + 2095 (95)% + 095 (g1)?
gt)” + 3ng; (g1)?

(g7 +m92)" = (g")" +nngs (g7)" ", (2.1.34)

1
and look at
D [oe)
F9)=> eng" = cn(gf +n93)"
n=0 n=0

= ea [(@F)" +nngy ()" "]
n=0

o o0
= el )"+ ennngy (7)™ (2.1.35)
n=0 n=0

then we have

af(g) - —( +\yn—1
— = E e
an Z 95 (97)
— = +\yn—1 _ ag
=9z E Cnn(gl ) E

n 0 n=0
_ g 8 n
Z tng
Ty 89 ~ 89
Here we have used

8 n n _\n—1 n—
o ng" ' =n(g +ngy) =n(gf)"!
and
dg 0 , 4 _ _
— = — = . 2.1.36
o~ o (97 +n92) = 9 (2.1.36)

The same chain rule doesn’t hold true for odd Grassmann functions of the form g : U~ — U~. Which can
easily be seen by a counter example. However a very similar chain rule can be shown for this type of functions.

The last chain rule is (2.1.31) in contrast to the following chain rule, which only holds true for functions
of the form g: U~ — U~
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2.1. GRASSMANN ALGEBRA

Chain Rule for Two Grassmann Functions

Be F an arbitrary Grassmann function. That is we don’t make any restrictions for F to be even or odd.
Further be 71, ...,7n, odd Grassmann functions: 7, € U~ then we have

B o oF
aSF(m(S)m(f)’---”n(g)) - ; 08 O |¢—g

(2.1.37)

Proof

Each 7, depends on &,...,&,. For each & we can write 1 (&) = uy;, + fgu;k We are now going to write &
for our specific selected &. Then we can write for any product

n n 1 n
_ _ _k _
an@ - Hulm +(=1)" 152(_1)n+2 Hulpzu;pk
/=1 /=1 k=n l2§%

n 1 n
— 2n+1—k —
= [T uip, + D (0 F ] uip,udy, - (2.1.38)
(=1

k=n /=1
i+

Now let us look at an arbitrary function f for an odd transformation.

f=rfo+ pr177p1 + Z Joip2"p1 s + Z Jp1p2p3Tp1 Mo Tlps

p1<p2 p1<p2<p3

+... Z Joips -+ Pllpy Mps - - - Mp,
P1<p2<...<pn

= fo+ Z fpr (g, + §u2p1 Z Jpipa H Uy, T Z 1)>* H ulPZUQPk
p1

p1<p2
l;ék

3 1
+ Z Hufpz + SZ(_ [ ulpzu2pk
k=3
k

p1<p2<p3 \ (=1
Z#

n

n 1
TS [Twn, +€> (0 * [T uy, i,

p1<p2<..<pn \ {¢=1 k=n /=1
04k

2
Z fp1u2p1 + Z fp1p2 Z 1)5*16 H ul_pgu;—pk

p1<p2 k=2 (=1
14k

1 n
+...+ Z Z(—l)%“_k H ufplu;rpk + Terms without ¢ , (2.1.39)

p1<p2<...<pn \ k=n /=1
£k
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now follows

1

5 k
me Ugp, + Z fplpzz Hulm%pk
Z;ék

P1<p2 k=2
1 n
+oF Y S (0P T T uip,ud, | - (2.1.40)
P1<p2<...<pn \ k=n §§%

A few words about the notation. Obviously the sums run over a given set of coefficients to a given function
f. If in f a certain coefficient is not present it is zero. Equally if a coefficient in a given odd transformation
is not present.

Now we look at a function f (2.1.5) again, the derivation with respect to a certain 7 leads

3f (2) ~ (3) A
6—77k- = fr+ (1) Z Jiep oy + (=1 Z Trepip2 1 p2
P1/Pk (p1<p2)/PK
(n) A
+ ...+ (—1)Ppk Z Jepr.pn—1Tlp1-Tlpn—1

(p1<p2<...<pn-1)/Pk

1

= fr+ (- Z fkpl Hu1p5+£z 5 kHquzu;rI?k

P1/Pk g;%
(3) 2
P, 7 k —
+(=1)" 7 Z fkplp? Hulm + fz Hulpeu;pk
(P1<p2)/pk %i,%
+ ...+
pim 1)2nt1- kn - +
+ (=1) Z fk;p1 Pn—1 1—[u1p1 +¢ Z Hu1p£u2p - (2.1.41)
(p1<p2<...<pn—1)/pPk k=n—1 g#%

Here the notation has to be understood as follows, PIS? gives either an even or odd number, depending in
which position 7 in a given function stands. For example, for the first place p = 1 PIS?) = 0, for the second

place P,EZ ) =1 and so on. The sums again run over a set of given functions. Here the notation (p1 < p2)/pk
means, that no summand includes 7. Finally we put a hat above f, hence by convention the generators are
ordered and the coefficients are also ordered by convention. Here we wrote k at the first place and therefore

introduced the hat.

R SRS | TR D> fH

P1/Pk Z;k (p1<p2)/PK #k

(n)
+ .+ (=) > Frpropn_ 1Hulm. (2.1.42)

(p1<p2<...<Pn-1)/Pk #k
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2.1. GRASSMANN ALGEBRA

Now for each n, = uj, + fu;rk we have %ig’“ = uzk So it follows

o, 0
Z %3—7;; €=0 - Z Frugy, + Z(_ B Z fim: Hulpzuzk + Z Ig:) Z Fepipe Hulplu%
k k k

P1/Pk #k (p1<p2)/PK #k
P ; _
o) (=) 3 i | K (2.1.43)
k (p1<pa<...<pn_1)/Pk =1

That the two expressions (2.1.40), (2.1.43) are equal is evident except for the minus sign. So first we notice
that in the second expression (2.1.43) each k-sum term has always alternating signs and starts with a plus.
The sum over k here goes over each 7 present in a given monomial to a given function, so each k-sum runs
over 1,2,...,n summands. In the first expression (2.1.40) the sum starts either with a plus or minus sign,
but the sum runs through the expressions from k to 1 in opposite to the second expression, (2.1.43) which
runs from 1 to k. Hence we can have even and odd monomials and since the terms within the first expression
(2.1.40) alternates, starting with a minus sign due to 2n + 1 — k starting from k = n, the last summand
within this k-sum corresponds with the first summand in the second expression (2.1.43). We note that the
sign change in (2.1.43) is due to the outer product of the chain rule, which is always present if one defines
the chain rule in the common way. The alternation of the minus sign in the first expression (2.1.40) is only
present in the case of odd functions. That is why the chain rule dose not work for even functions. Before we
conclude the section on the discrete Grassmann algebra, we have to look at the following properties.

Exponential Function of Grassmann Numbers

Next we use the Baker-Campbell-Hausdorff formula [39] which reads as follows

e’e =¢* with Z=X+ /01 dtg (ead’cetady) [y] and g(z)= %(f) . (2.1.44)
Where for ¢4 being a Lie algebra. ad, : 4 — ¢ is a linear map defined by
ad;[y] :== [z,y] . (2.1.45)
Now expanding Z till the third order one gets
Zm ety glel + g5 (ol = o ol - 5 ol + oo (2.0

From the expansion of the integral as done in Appendix D, it is evident that all higher cascading commutators
depend on [z,y] as the innermost commutator. Hence if [x,y] vanishes, all higher commutators vanish as
well. So we get immediately

2n
2n
e P Mgyt Mgy, H VRN VIR B i | P VA Her My (2.1.47)
Ak Ak

Now the following relation is obvious
e 5,\15/\2---&2;@’771 . nn] — H [ Exq ExgEngp L. 77n] _ H [1— Exny - 5)\%’771 Tl
Ak

—H (Lot = [Ernra - Erg ) = 0. (2.1.48)
=0
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In the same manner we can show

2n 2k 2n 2k

eZAn MIxg - Tay, , gzkk §>\1"-£>\2k} = H H [1 — My 1-— 77>\k] = H H ['r})\n’rb\k] =0. (2]_49)
An Ak Ak Ak

Furthermore, we immediately get the relation

[efJ“(n)’ 9(77)} —0, (2.1.50)

for any even Grassmann function f*(n) and any Grassmann function g(n). The last result will be used
extensively.
Involution of Grassmann Numbers

On every even Grassmann algebra of n = 2p, one can introduce an involution operation by associating with
each generator ny one generator 7, and demand the following properties

(nk) = ﬁk )
(ﬁk) ="Mk ,
(Amg) = A\ € C (2.1.51)
as well as
(MAr> Mg - Man) = ATy -+ Ty - (2.1.52)

The two generators n; and 7, are completely independent and so all derived rules above are applicable.
Sometimes involuted Grassmann numbers are also called complex Grassmann numbers. However one should
keep in mind that there are also objects of the form n; + 12, which are then called complex Grassmann
numbers.

It is worth pointing out that this relation (2.1.48) includes the often used relations

[eZAgkgkjn} =0 and ez)\g)ﬁ)\’nl’ M| = 0 , (2153)

We note that the general Hamiltonian in normal order is an operator of the form

A 1
H:m)\z/\ Z <)\1-~-)\n|H|Hl--.,un>a;1...ai\naun...au1 (2.1.54)
1yeeeAn H1.o n

so for any operator there is always an even combination of creation and annihilation operators, so we conclude
that we have

[e—z‘%H[w]’ &l =0. (2.1.55)

Berezin Integration

The definition of Grassmann integration was introduced by F.A. Berezin [38| and we will call it explicitly
Berezin integration. Since every second derivative of a Grassmann variable vanishes, it is not possible to define
Grassmann integration as the inverse of differentiation. The idea now is rather to define Berezin integrals by

/dnle,

/dnk Ne = Oke - (2.1.56)
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2.1. GRASSMANN ALGEBRA

Surprisingly this definition is sufficient to deal with Grassmann integrals. If we have involuted Grassmann
numbers, we shall write these to the left of the normal Grassmann integrals. So we will write

/dﬁ/dn and not /dn/dﬁ, (2.1.57)

since obviously these two operations are not the same. We will need Berezin integrals in order to introduce
the overcompleteness relation within the fermionic coherent states and occasionally to solve a Grassmann
Gauss integral. The only non trivial thing when dealing with Berezin integration is the transformation law
for interchanging the integration variable. We outline here an elegant proof from [34]. The transformation
law to be shown is

[amain . manr@n =[5 [ Eder... e e, PAEONED . @15

Now the idea is to write the variables as

(MR- Tiaann—1---m) = (M2 72n)
(6162 Epnbnr - &) = (G162 Gan) (2.1.59)

and rewrite them as
ik = Mye & . (2.1.60)

So it is clear that in relation (2.1.58) only terms survive, which contain each 7, in one factor only once. This
can be written as pH?Zl 7. Thus the only thing remaining, is to determine J in the equation

2n 2n
/dﬁldm...ﬁndnnpnﬁg =J /dgldgl...dgndgnpn (Z ng§k> . (2.1.61)
/=1 (=1 k

The left side can directly be evaluated to p(—1)". Since each summand on the right side can include each
Grassmann variable only once, and there are 2n variables, the only non vanishing contribution on the right
arises, if the (2n)! permutations are present. Now one can calculate

p(1)" = T [ dEydés .. dEden S [] Morn
P ¢
:JPZHMZPZ(_UPZ/dgldgl---gnd§n5152---g2n
P ¢
= Jp(—1)"det(M) , (2.1.62)

and therefore J = (det(M))™'. The Gauss integral is summarized with the other integrals in the Appenix C

2.1.2 Infinite Dimensional Grassmann Algebra

If we are dealing with Grassmann algebra in the limit n — co and we have functionals instead of functions.
The basic property for Grassmann generators in infinite dimensions goes over in

{n(z),n(y)} =0. (2.1.63)
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The functional reads

Flnl = fo+/dw fi(@)n(x) +/d:cldngz(:cl,xQ)n(xl)n(:cz) +... (2.1.64)

The functions f € C are chosen to be antisymmetric with respect to any two arguments. This property is
going to be important for the next properties. The derivative of a generator is simply given by the Dirac
delta distribution [40]

on(x)
=d(zr —2). 2.1.65
e =ba-2) (2.6
The derivative is defined in analogy to the discrete form as

on(e) M@ mz) ()]
= 0(z —z)n(@2) .. n(n) = 8(z — w2)n(x1)n(zs) . .. n(zn)
o (D2 — zp)n(z)n(@2) - n(Tn_1) - (2.1.66)

In particular, we interested in functionals of two independent fields. As in the discrete form the complex
Grassmann fields n(z) and 7j(x) are independent. We define

Fimn = fo-+ [ dar (fown(o) + e}
+ /dxld@ {fo(w1, m2)n(21)n(z2) + fi(21, 22)7(21)n(22) + f2(21, 22)7(21)7(72) }

+ /d$1d$2d$3 {fo(z1, m2, x3)n(x1)n(22)n(23) + f1(w1, 22, T3)N(21)N(2T2)0(23)

+fo(@1, o, 23)T(w1)(22)n(23) + f3(21, 22, 23)7(21)7(22)7 (3) }
TR (2.1.67)
In general we can write such a functional of two independent fields as

k n

ZZHUW} Su(@1, ...y n)Hﬁ(:c@-) H n(x;) , (2.1.68)

n=0 k=0 (=1 i=1 j=k+1

with fo(z1) = fo. We are now going to derive the derivation rules for such functionals. First we consider the
derivation with respect to n(z) and then with respect to 77(z), for the first case we have

_ © non n—k—1 k n
0F 7, m 7
! [’(72)’” Y SI0 [ / dw] R s ) imin — ) [[7) T aty)
N n=0 k=0 (=1 m=0 i=1 j=k+1
JFEk+1+m
oo n n—k—1 n k
= Z Z H {/ dxg} (=D fe(21, - 20)0(Thpmy1 — 2 H H n(z;)
n=0k=0 m=0 /(=1 i=1 =k+1
J#k+1+m
o© n n—k—1 n k n
= Z 3 H |:/d$g:| (=)™ fe(x,... 2 ,xn)l—[lﬁ(:cl) H n(z;)
n=0k=0 m=0 e;élgfy}wl k+m+1 = ];Jéff’rj;il
0o n n—1 k
=33 (-1 - k) [/dxg] felwr,.ooo 2 an) [ [ H n(z;) (2.1.69)
n=0 k=0 (=1 k-1 i=1 j=k+1
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The last formula gives a practical way to obtain the derivative. In essence the sign is determined by the
number k of 7 generators before the first 7 by (—1)¥. The value of the derived functional is then inserted at
the position k + 1 of the function f, and the pre-factor (n — k) is defined by the number of generators n. Let
us now consider

0o n k k n

= Z H {/ dxg} ( 1)m+1fk(x1,...,\zf/, Tn) Hﬁ(%) H n(z;)
n=0k=0m=1{=1 m izl j=k+1
0o n n—1 k—1 n—1

= Z k H [/ d.’L’g:| fe(zy oo yn_1) Hﬁ(xz) H n(z;) . (2.1.70)
n=0k=0 (=1 i=1 j=k

By derivatating the value of the functional with respect to 77, one has simply to take the number of the
generators 7 and insert the variable of the derivated function 7j(z) in the function fj at the first position

Next we want to have a short look what happens, if we have a general product of two functionals. For that
matter we simply look at one summand of the product given by F[7,n]G[7,n]. One such summand for fixed
ny,ny and corresponding k1, kg is, according to (2.1.67), given by

ni+nz

M= H I:/ de:g:l fkl(xl’ e 7xn1)gk2(xn1+17 tee 7xn1+n2)
=1

k1 ni ni+ka ni1+n2
< [ @) x ] o) I 7@w)  JI %) (2.1.71)
i1=1 Ji=k1+1 i2=n1+1 Jje=ni+ka+1
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Now the derivative with respect to n yields

ni+no ni—ki1—1

oM
= H [/ dm€:| Z (_1)k+1+mfk1 (ml’ sy Iy )gk2 (mnlJrla cee axn1+n2)6(xk1+1+m - Z)
/=1

m=0
k1 ni ni1+ka ni+ng
X H (i) H n(@;y) H n(wi,) H n(@js)
11=1 ji=k1+1 io=n1+1 jo=ni+ko+1
J1#k1+1+m

ni+ng na—ka—1
+ H |:/ dxe:| Z (_1)n1+k2+mfk1 (.%'1, ceey Iy )ng (xnl-i-l’ s 7xn1+n2)5(xn1+k2+l+m -
(=1

m=0
k1 ny ny+ko ni+ng
X H ﬁ(xh) H n(xjd) H ﬁ(xm) H 77(:6]'2)
11=1 Ji=k1+1 i2=n1+1 Jja=n1+ka+14+m
Jo#nitkat+1+m

nit+ngo—1
= (—]_)kl H |:/d$g:| fkl(:t?l,..., 4 ~--$n171)gk2(‘rn1’---’xn1+n271)

~~
=1 k1+1
k1 ni—1 ni+ko—1 ni+ng—1
H :Ch H 77 'TJ1 H ﬁ(mlz) H 77(:6]'2)
i1=1 J1=k1+1 12="n1 Ja=n1+k2
nit+ns—1
k
+(—1)mth H |:/d.’1,'g:| Jrer (@1, T )Gy (g 415y (2 oo Tnytng—1)
=1 ni+ke+1
k1 ni+ka ni+na—1
X H 77 :Cu H 77 'TJ1 H ﬁ(xm) H n(sz) .
11=1 Jji=k1+1 io=n1+1 Jo=ni+ka+1
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and corresponding for i

6M ni+ns ki—1
o) H [/ d$g:| Z (=)™ fr, (21, -« - Tny ) Gy (Try 415 - - - Trgtng )0 (T1gm — 2)
77(2) (=1 m=0
k1 ni n1+ka ni1+ng
X H (i, ) H n(zj,) H (i) H n(z;js,)
i1=1 J1=k1+1 io=n1+1 jo=ni+ko+1
i1#Fm+1
ni1+ne ko—1
+ H [/ dw@} Z (_1)n1+mfk1 (T1- - Tny )Gk (Tra 15 - -+ s Ty ) O (T +140m — 2)
/=1 m=0
k1 ni ni+ka ni+n2
X H ﬁ(xh) H n(xjd) H ﬁ(xlz) H 77(:6]'2)
i1=1 Ji=k1+1 i2=n1+1 Je=ni1+ka+1
ig#n]+1+m
nitns—1
= H |:/de:| fk1(z)xla"-)xn1fl)gk2(‘rn1)"'axn1+n271)
/=1
ki1—1 ni—1 ni+ko—1 ni+ng—1
X H ﬁ(xh) H n(xjd) H ﬁ(xlz) H 77(:6]'2)
i1=1 j1=k1 ig=n1 Jo=n1+k2
nit+ns—1
+ H [/ dxg} (=)™ fry (21, Ty ) Gko (Tng g1y ooy 2 e Tiymg—1)
=1 ni+1
k1 ni ni+ko—1 ni+ngs—1
x H ﬁ(xu) H n(le) H ﬁ(xm) H n(%) : (2'1'73)
i1=1 ji=k1+1 i2=n1 Je=mni+ks

Now that we know how this monomials act under the functional derivative, we can introduce the following
notation

ﬂfu]c =
/d$1d9€2f(9617 w2)n(21)n(22) + /dw1dw2dw3d$4f1($17 T2, x3, 24)(21)n(22)n(23)0(24)
—+ ...+

/d$1d$2d$3d$4f2($1,$2,563,$4)ﬁ($1)ﬁ($2)ﬁ($3)77($4)
o (2171

So we gather up all monomials which are both uneven in 7 and in 7. Likewise we define
9r9f = /dmld:cgdxgdx4f(x1,:cg,:cg,:c4)ﬁ(:c1)ﬁ(x2)n(x3)n(x4)

+/d$1d$2d9€3d9€4d9€5d9€6f(901,wz,x3,w4,x5,w6)ﬁ(9€1)ﬁ(@)77(963)77(964)?7(905)?7(906)

+...+

+/d$1d$2d9€3d9€4d9€5d9€6f(901,wz,x3,w4,x5,w6)ﬁ(9€1)ﬁ(@)ﬁ(m)ﬁ(ﬂu)n(ﬂ%)n(?%)

+... (2.1.75)
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Where we gathered all terms which consists of integrals, which are both even in 7 and 7,

Upgs: = /d:cldxgdng(xl,:cg,:cg)ﬁ(xl)n(:cg)n(xg)
+...+

+ / drideodrsdrades f (w1, X2, T3, Ta, 25)7(21)(22) T (23)n(24) 1 (25)
+/dl“ld$2d$3d$4d$5d$6dﬂf7f($1,562,$3,334,$5,$6,w?)ﬁ(xl)ﬁ(@)ﬁ($3)77($4)77(335)77(356)77($7)
. (2.1.76)

Also we have gathered all the terms which are uneven in 77 and are even in 7.

Gruy = /dmdmdwraf(xl, z2, x3)N(21)N(22)N(23)
+ / dardavsdsdadas f (21, 2, w3, 4, 05)7 (00 ) (w2)n(es)n(e)n(es)
+ ...+

+ / dridzodrsdrsdes f(x1, 2, T3, 24, T5)(21)7(22) 7 (23)7(24)N(25)

+/d$1d$2d$3dx4d$5d$6d$7f(961,9627963,904,965,9667967)5(901)ﬁ(ﬂm)ﬁ(m)5(964)77(965)?7(906)?7(907)
. (2.1.77)

Finally here we have gathered all the integrals which are even in % and uneven in 7. Now with our new
notation we can write any functional as

F[ﬁ, 77] = ﬂf1uf1 +§flgf1 +Hf29f2 +§f2uf2 . (2'1'78>
The notation has to be seen as a minimalistic wrtiting form. The indices f; and f2, have only be introduced
to destinquish between u of the term g uy, and u out of uy,gy,
Product Rule for Grassmann Functionals
We are now going to prove the product rule for functionals, where F and G are arbitrary Grassmann functionals
F=9p9n tupup +gpup +0p9y,
G = 991991 T UgiUgy + Gy, 990 + UgyGgs - (2.1.79)

The derivatives can then be written as follows

1 -1 -1 -1

oF g i T g A G, — T, §
5’!’}(2) 919 f il TgpUf 29 f,
1 1 1 1
n(z) " In 9o T Un o 99,962~ Vo2 9 g, (2.1.80)

—1

)
Here we have introduced the notation g/u for the derivative regarding to the formulas (2.1.69),(2.1.70).
Obviously the derivative of an even integral term gives an odd integral term and vice versa. We are now
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going to look at the product of two functionals.

F-G= (§f19f1 tupup +gpuf +Ef29f2) : (gglggl +Ug gy + 99,99, + 692992)

919199990 T 9197 Ug1 g1 + G£9199:992 + 91,911 Ug2992

T UHUSGg Ggr T UpUp Ug Ugy T UpyUf, GgrGgo + Up Ufy UgsGgo

+ 95009999 T 9 UfUg1 Ugt + G5 Uf399,990 + G, Uf>Ug2 g2

T U999, 991 + UfGfolgiUgy + UfaGfs9g,9g0 T UfoGfallgoGgs

919991991 T 95 Ug19h %1 + 91199290992 + 911 Ug2911 992

T UG UfGgr — UfyUgy UpyUgy + Uy GgoUfy Ggy — Ufy UgyUfy Ggo

+ 91991990 — I UgrUf gt + G1,9g:Uf299: — 9prUgs U 2990

+Uf,09,9f:,90 + Up,Ugy G2 Ugy + U Gg0Gf299, + UpyUgsGf29gs - (2.1.81)
Now the products are of course again a sum which now corresponds to integrals, which have a certain
combination of 77 and 7 in them. In the second line we have brought each term in the sum to what one might

call normal form. That is all the 77 are on the left. Of course the sign changes accordingly to the normal
Grassmann commutator rules. We can now again apply the derivation rule (2.1.72),(2.1.73),(2.1.81) and get

5(FG)
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Next we evaluate the desired terms for the product rule. Here we will carry out the derivation rule and leave
them as they are.

1 —1 —1
oG _ 1 _
P(F)— 5 = (990 +Upup —Gpup —Upgs,) ( — g, u91 + G5 9 g, — Ugy ggQ) = (2.1.83)
1
gflgf1u92 ggz

(2.1.84)
Finally we have to evaluate the second part of the product rule, which reads
_ —1 —1 —1
oF _ 4 _ 4 _ 4 _ 4 _ _ _ _
57](2) G = (gh gf —UpUp T GpUp —URY fz) (gglggl + UgyUgy + Ggy9g0 + ugzggz)
—1
+ 9n g £19g:992 T
+ -
— 4 _
Comparing the results (2.1.84), (2.1.85) with (2.1.82) we finally have
OF (7, n)G[7, 1] _ 0G| 6F[,n]
————— =P (F[m,n + Gln,n] . (2.1.86)
(2) R e R TR
In the special case that F is even we have
P(F[ﬁ, 77]) = gflgﬁ + (_ﬂﬁ)(_ufl) = gflgfz Fupup = F[ﬁ, 77] (2'1'87)
and therefore
dF[m, ]G M, n] _ 06G[q,m] | 0FMm,n]
—————==F[,n + Gn,n]. (2.1.88)
(2) Tt ot S
And in the same manner for F odd we have
P(F[ﬁ, 77]) = gfz(_uh) + (_ﬂf2) =4 = [gfgqu +ﬂf29f2] = —F[ﬁ, 77] (2'1'89)
and consequently
SF[m,n]G M, n] _ 0G| 0F[mn]
—— = —F[n,n G[n,7] . 2.1.90)
(z) TS0 T e (

Finally we note that the same product rule (2.1.86) holds for derivations with respect to 77(z).
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Chain Rule for an Analytic Function with a Grassmann Functional

We are now going to prove the Grassmann chain rule for an analytic function f and a functional,

9 OF
sz ) = [577(2)

Where we again restrict the functional to be an even functional. According to our above introduced notation

} FI(F). (2.1.91)

we can write it as
F=Tpup +95,95 - (2.1.92)

The analytic function is again given by the Laurent series (2.1.32). We are now going derivate the series term
by term. The square of the functional is given by

_ _ 2 _ _ _ _
F? = (Gpup, +9590)" = (@nun +35,90) (@ +3595)
= Hfluflﬂflufl +Hf1uf1§flgf1 +§flgf1ﬂf1uf1 +§flgf1§flgf1
= —UpHUAHURUR +ﬂf1§f1uf19f1 +§f1ﬂf19f1uf1 +§f1§flgflgf1 . (2.1.93)

Now if we derivate this term, we have to keep track, which two terms belong to the same function fin the
integral expression. In order to do so we will underline them, thus giving

—1 -1 —1 —1

n(z) ~ athlptn tUAUAUAYA ~UAIAUAIA T UAIAUAY L

-1 -1 -1 -1

) o 1 o o 1
—9pUn 9 pls —9nUAIR Y T 9590 9 090 TIRININ I B

—1 -1 -1 -1
_ _ _ _ 4 _ _ 4
= Tupupupup —UupupUAUSR UG U AIR T I9RYA Y 90
1 1

—1 —1

o o ) ol
—9nUp 9 pufn —UAG Y 9h T 918909 190 Y9090 9 190

—1 -1 -1 -1
! 1 1 _ 1
= —2upup upup —2UpGp Upgn — 20505 9 505 29,95 9 5,95 - (2.1.94)

Now we look at the expected expression

1 1
_ 4 _ 4 _ _
2 <_uf1 up +9gp gfl) (uflufl +gflgfl)
1 -1 -1 -1

_ 4 _ 1l _ ol
= —2Up upUpup —2Upupgngn 295 9 pUn0n 295 9 59090

—1 -1 -1 -1
— 4 — _ — — 4 - — 4
= —2uplp Uptp — 2Ungp Ungn — 29000 9 i T 29090 9 90 (2.1.95)

and we see, that the two expressions (2.1.94)(2.1.95) are in fact equal. Now we can show the other terms via
induction by using the previous derived product rule (2.1.85). We therefore assume

-1 —1

o _ 1 1 B ~ .
on(z) (ufluh + gf1gf1)n =n <_uf1 up +gp gﬁ) (ufluh + gflgfl)n , (2.1.96)

33



CHAPTER 2. MATHEMATICAL BACKGROUND

then
@ +Tp0) " = |20 @ +T508) @ +Th0n)"
577(2) filf f19f1 577(2) fitfi f19h fitfi fi9h

_ _ o, _ o _ _ _
=P (uflufl +9f19f1) on(2) (uflufl +gf19f1)n + W (uflufl +9f19f1)} (uflufl +9f19f1)n

-1 -1 -1 -1

_ _ _ _ 4 _ _ _ _ 4 _ 4 _ _
=P (uf1uf1 +gflgf1) n(_ufl G +gf1 gfl)(uflufl +gflgf1)n ! + (_uf1 U fy +gf1 gfl)(uflufl +gflgf1)n

—1 —1 —1 —1

_ _ _ 4 _ _ _ _ _ 4 _ 4 _ _
- (uflufl +gflgf1) n(_uflufl +gf1 gfl)(uflufl +gflgf1)n ! + (_uf1 U fy +gf1 gfl)(uf1uf1 +gflgf1)n

1 1 —1 -1
_ 4 _ _ _ _ _ _ _ 4 _ _ _
- n(_uﬁ U f +gf1 gfl)(uflufl +gflgf1)(uf1uf1 +gflgf1)n ! + (_uf1 u fy +gf1 gfl)(uflufl +gflgf1)n
-1 -1
_ 4 _ 4 _ _
= (—upup +95 95)n+0)TUpup +7597)"
-1 -1

L _
=+ (=up s +95 95)@pup +9796)" - (2.1.97)

Now all that remains is to take out the derivatives to the left and resume the Laurent series to get the chain
rule (2.1.91).

Chain Rule for Grassmann Functionals

Finally we want to prove the following chain rule. Be 7[¢, £] and 7[¢, €] odd functionals of the form gy, up, +
UhyGh, and F an arbitrary Grassmann functional F[7,n] := Uy s, + 919 +Gpuf + U gf,, then we have

0F[m,n) _ . [on(s) 9F[m,n] | on(s) SE(m, ]
/ {&s(z) Sa(s) T ae(z) on(s) } (2.1.98)

3¢(2)

Proof

Now we remember that %g uy, stands for a sum of integrals, where each term has an uneven number of
nandn. According to (2.1.72),(2.1.73) we loose one nor7 by derivating and one integral, due to the delta
function and the function of the summand will be evaluate at that particular point, given by the number of
proceeding 7. Let us first derivate F with respect to 7, thus leading

—1 —1 —1 —1

or — T T G+ T gy — Ty
on(s) U TIngn TIfRUS f29 o s
—1 1 _1 1
sy~ LhMA T InIn T Iptn Y U Rg (2.1.99)

Each 7 is given by

ﬁ = ?hl uh1 + ﬂhgghg (21100)

and each n as

=Yg g1 + Ug>9g> » (2.1.101)
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where u/g are dependent on ¢ and /g are dependent on &. We start with the derivative regarding &, by

_ -1 -1
on o _
= | 9n, Uhy — Uhy G py 5

€ (2)
5 1 1
55(772) - (yglqﬁgl —%392) . (2.1.102)

Each monomial of F consists of a combination of even/odd generating functionals. For each such functional
one 1/7 (2.1.100) (2.1.2) has to be inserted. We will now denote these products by the exponents ky and ny.
The combination of even and odd monomials is given by the functional F. We can now write the derivative

of F (2.1.99) with respect to n as

oF _ _ 2k1 _ 21141
5T = (2k1 + 1) fl (ghluhl + uhQ.ghQ) ! (gglugl + qugQQ) "
77(5) s=1
_ _ 2ko—1 /_ — 2n2
+ 2k32 fl (gh1 U,y + uh29h2) (gglug1 + U!JQQ!JQ)
s=1
_ _ 2ks—1 /_ _ 2n3+1
+ 2k3 f2 (gh1 Uh, + uhzghQ) ° (gg1u91 + u92992) e
s=1
_ _ 2%y _ 2
+ ki +1) fo|  (Gnyuny +Tnagns) T (Ggytigr +TUgp9g,) " (2.1.103)
s=1
The same procedure for the derivative of F' with respect to 77 yields
oF _ _ 2k1+1 /_ _ 2
5 = = (2?”&1 + 1) fl (gh1 Up, + uhzghQ) ' (gglugl + u92992) "
T](S) s=2n1+2
_ _ 2%ko _ 2no—1
+ 2n9 h (G g+ TnoGny) ™" (Tgy gy + Tgs9g0)
s=2n2+1
_ _ 2ks /_ _ 2
+ (2n3 + 1) f2 (ghluhl + uh2gh2) ’ (gg1u91 + ug2gg2) "
s=2ns+2
_ _ 2hkq+1 /_ _ 2n4—1
- 27’24 f2 (ghluhl + uhgghg) ‘ (gglgg1 + UQQQ!JQ) " (21104)
s=2n4+2

35



CHAPTER 2. MATHEMATICAL BACKGROUND

Using the above expressions the desired chain rule yields to the following result.

/d{égy - gE) }

—1

4 _ 2k _ 2n1+1
= (2k1+1) f <9h1 Uphy — Upy 9@) Ty Uhy + ThoGhy) (gglugl + Tg,9g, ) "
7 _ ko1 /_ _ 2

2k2 9h,q uhl Uhy G 1 > ghluhl + uhgghg) : (gglugl + u!JQggQ) "

N I _ _ %s—1 [ _ 2n3+1
+ (2k3) fo <9h1 Upy — Upy 9@) Ty s + Tnogng) " (G gy + UgoGgn)
s=1

1

-1 -1

| _ _ _ 2kq (_ _ 2
+ (2k4 + 1) f2 <gh1 Upy — Uh,y gh2> (ghluiu + uhgghg) ! (gglug1 + qu.ggQ) "
s=1

2n1

—(2n1+1) f1

-1 -1
1 _ 1 _ _ 2k +1
(991 Ugy — Ugy ggg) (gh1uh1 + uh29h2) ' (gg1u91 + ug2gg2)
s=2n1+2

+ (2n2) f1

1 1
1 _ 4 _ _ 2ko /_ _ 2no—1
<991 Ugy — Ugy 9g2> (9h1uh1 + uh2gh2) ’ (gglugl + ugzggz) ’
s=2n92+1

+ (2n3 +1) f2

-1 -1
{ — _ _ 2ks [ _ 2n
(ggl Ugy — Ugy ggg) (ghluh1 + uh29h2) : (gg1ugl + u92992) °
s=2n3+2

| R

1 1
_ _ 2ka+1 2n4—1
<991 Ugy — Ugy 992) (9h1uh1 + uh2gh2) (gglugl + ug2992)
s=2n4+2

—(2n4)  fo (2.1.105)

We will now insert the transformations (2.1.100) directly in F and then use the product rule in order to
derivate the functional with respect to &.

2k1+1 )2n1+1

F= (yhl Up,y +ﬂhggh2) )2n2

_ _ _ _ 2ks _
(gglugl + Ugy 9y, + (gh1uh1 + uh2gh2) ’ (gglugl + Ugy Gy,

+ (§h1uh1 +Hh29h2)2k3 (ggluyl +H92992)2n3+1

2k4+1 ( )2n4

(2.1.106)

+ (ghlum + Hhzghz) G, Ugy T+ UgyGgs
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Now derivating leads

oF

1 1
_ — 2k1+1 _ 4 — 4 _ — 2
5e(z) P {(thuhl + ThyGhy) " ] (2n1 +1) (ggl Ug, — g, gg2> (Tgy gy + UigaGgs)

—1

—1
4 _ 4 _ _ 2k _ 2n1+1
+ (2k1 +1) <9g1 Ugy, — Uy 9h2> (Tny Uy + ThoGns) ™ (Ggy gy + Ugygn) i

-1 -1
_ _ 2k _ 4 _ 4 _ _ 2no—1
+P |:(gh1uh1 + uh29h2) 2} (2”2) (.991 Ugy — Ugy gg2> (gglugl + qugQQ) "
7 7
_ _ _ _ 2ky—1 /_ _ 2
+ (2k2) <gh1 Uh) — Uphy ghg) (ghluhl + uh29h2) ’ (gg1 Ugy + ug2gg2) "

-1 -1
_ _ 2k _ 4 _ 4 _ _ 2
+P [(ghluiu + uh29h2) 3} (2713 + 1) (ggl Ugl — Ugy gg2> (gglugl + Uggggg) "
1 1
_ _ _ _ z—1 _ 2ng+1
+ (2k3) <9h1 Upy — Upy 9@) (T thy + Tnogn) " (G gy + UgoGgn)

-1 -1
_ _ 2k4+1 _ 4 _ 4 _ _ 2n4—1
+P |:(gh1uiu +uh29h2) ! ] (2”4) (gglugl - u92992> (gglug1 +u92992) "

—1 —1
_ 4 _ _ _ 2ky /_ _ 2
+ (2ks + 1) <9h1 Upy — Upy § h2> (Tnyuny + Thogns) ™ (g, gy + Ugy9g,) i
11 11
_ _ 21 +1
_(2n1 + 1) <9g1u91 — Ugs 9 gy '

) (?hluiu +ﬂh29h2) F

@91 Ugy + UgyGgo ) 2
1

—1
A\’ _ 4 _ _ 2%k1 _ 2n1+1
+ (2k1 + 1) (991 Ugy — Uhy uh2> (9h1uh1 + uhzghz) ' (ggluyl + u92992) "

-1 -1
_ 4 N _ _ 2ky (_ _ 2no—1
+ (2n9) (991 Ug, — Ug, gg2> (thuhl + Uh2gh2) 2 (gglugl + quQgg) no

-1 -1
_ 4 _ 4 _ _ 2ko—1 /_ _ 2
+ (2k2) (ghluhl —uh29h2> (nytny + Tnogna) ™" (G tigy + Ugs9g)

—1 -1
_ 4 _ _ _ 2n3 /_ _ 2
+ (2n3 +1) (991 Ugy — Ugy gg2> (ghluiu + Uhgghg) " (9g1u91 + u92992) "
11 11
_ _ _ _ 2ks—1 /_ _ 2n3g+1
+ (2k3) <9h1 Upy — Upy gh2> (ghluhl + uhgghg) : (gglugl + ugzggz) "

-1 -1
- 4 — 4 — — 2k4+1
- (2n4) (ggl ugl - qu g hg) (ghluhl + uh29h2) ! (

_ 2n4—1
Jg, Ugy T Ug, 992)

-1

-1
_ — _ — 2k [ — 2
+ (2k4 + 1) (ghl Uhy — Uhy 9 h2> (ghluhl + uh29h2) ! (gglugl + qugQQ) " (2'1'107)

If we now compare the result of (2.1.107) and (2.1.105), the crucial point here is that any odd product of odd
functionals contains an odd number of v and u. Likewise an even product of odd functionals contains and
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even number of u and @, so that the P operator gives a minus/plus sign respectively. For even functionals
this is not the case and the chain rule does not hold true.

2.1.3 Fermionic Coherent States

In this section we are going to briefly introduce fermionic coherent states. Coherent states are defined to be
eigenstates of the annihilation operator ay. So we require

ax|e) = e le) - (2.1.108)

Then it becomes evident, that we need Grassman numbers in order to proceed. To see this, we assume for a
moment that ¢y, and @), are ordinary numbers. Then we can write

a,a}, o) = a}, o, [9) = ox1 0, [9) = or,00 [9)
af,al, [9) = ar,ox, 9) = 02,0 [9) (2.1.109)
out of this two equations we get the relation a,:r\la,i2 lp) = ai@ ail |) which contradicts the anticommutator

relation {ail,ah} = 0, so that we need Grassmann numbers in order to define fermionic coherent states.

Hence the regular Fock space is build up of the direct sum of all n-dimensional Hilbert spaces, it has to be
extended in order to contain Grassmann numbers. One now associates for each annihilation operator ay one
Grassmann generator 7, and for each a; one Grassmann generator 7,. The extended Fock space is then
formed by building the linear combination of the regular Fock space states and the Grassmann coefficients.
That is

o) =D xaltn) - (2.1.110)

A

Where x, are Grassmann numbers, and |1, ) is a state of the regular Fock space. In order to build coherent
states analog to the bosonic ones, one has to demand the following relations

{n,a} =0, {n.a'} =0,
{7,a} =0 and {7,a'} = 0. (2.1.111)
as well as the following operations for involution
(na)" = a'7, (na®) = an,
(ma)t = a'n and mah)t = an . (2.1.112)
The coherent states are now defined as .
o) = e~ 2™ |0) (2.1.113)
Due to the Baker-Campbell-Hausdorff formula (2.1.44) and the fact that
[l mal,] =0, (2.1.114)
it follows
) = [T = mad) o) . (2.1.115)
A

With this definition it follows directly that |¢) is indeed an eigenstate of ay. To see this, first observe

ax(1 —mxal) [0) = ax [0) — axnx [A) = maax [A) = [0)
= (1 — 0)]0) = (nx — n3al) |0)
= (1 —maal) [0) (2.1.116)
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and thus

Next we notice

;
axn) = axe” Zn|0)

ey a/)\ H(l - nMaL) 0
o

= a) ]~ mual) (1 — maal) 0)

"
HAEX

— H("’A + nuaxal,) (1 — mal) [0)
MZA

=[] (ar — mualar) (@ — naal) |0)

HAEX
_H 1 — nuaf)ar(1 — maal) [0)
M;M

2.1.116
H(l — nHaL)n,\(l — 77/\a:r\) 0)
ui*

wé)\
—”AH (1= nual,) |0) = nx |n)

. T
a:r\ ‘)\> = ai\e 2 Mty ‘0> = aT/\ H(l - WGL) ’0>
W

= ai(l - 77)@1) H(l - UMQL) 0)

n
HAEX

= (af +m (@)?) T](1 = mauaf) 10)
—— 4
=0 uza
= (L; H(]. — nﬂaL) 0
ui*

:_£jymwpﬂa—m@m»
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The overlap of two coherent states is easily determined by
(nln')y = (0] X2 e~ Ea el [o)
= (0| H (1 +man) H(l - nAaA) 0)

A
—H (0] (1 +75ax)(1 — nhal) 0)

= H (011 — mpal +Tyax — Thaanral |0)
X

—H (0[0) — 174 O} + (01775 ax [0) +773n) (0] axal [0)

=0 =1
= H(1 + A7)
A
= 2T (2.1.119)
Finally we prove the overcompleteness relation
/Hdmdme LAMIN ) (g =1 . (2.1.120)
A

Proof

In order to prove this relation, we show that

(' [/Hd@ndwneZn“’"“’" ) (@I] )
= / 11 dBnden (1 l0) €™ 2m @nen (l)

:/Hd@nd%zez"mw"eZnan‘PneZn@mn

I B B B _ _
= / H dp,,don, (/ daNdSONGZ"’#N T TINGN o= PNPN PNTIN ¢ Loty %@neznn#N ‘f’""")
n

nEN
~ [ [ dpude
N

- Znn#N PnPn eznn#N Ppn

x / By dpne™"n N " (1 Gyon + nlyen + onBaTTnin) €

- / 11 d@.den (eZ"mﬁN T (1 4 ) € S P g ennen @mn>
n;’réLN
- / H dppden (GZ"WN TnPn TN ™ Sy PP X @mn)

n
#N

= XX NN (2.1.121)
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The overcompleteness relation can now be used to represent a state of the extended Fock space in terms of
coherent states.

0 = [T deadere™ B35 o) (ol)
A

:/Hd%dwe_zwmtb(@)lsw : (2.1.122)
A
where (p[1)) = (@) . With this definition, we immediately get
0
a) |Y) = — P
(plax ) 7 (ply)

9
= 5 V@ (2.1.123)

and

(ol al |v) = Ty (ol®)
= Ty (@) - (2.1.124)

Finally we have to evaluate the expectation value

(ol Alat,a] |¢") = (0] Y cnla’a)" ')
k=1

= (@D @) &)
k=1

= 2N DNAB Y] (2.1.125)
So we may also write
_ Al a]|¢')
Alp, o] = (ol Ald,d]|¢) 2.1.126
2, ¢] (o) ( )

Finally we note that the inner product yields
(l9) (lm) = (93, - ox) (Prrs- B, )
2 j— j—

= CP (@M .. -@)\p> ((p,\p L <p,\1)
= (Celm) (nlp) . (2.1.127)

So if we have a complete set of states in the Fock space, the trace of an operator can be written as

Tr(A) =) (n| Aln)
:i/fpwﬂww—zwwm§jmw»wwum
A n
:i/fbwﬂww2wwm§j«¢Avwmw>
>\ n

:/Hd@d%e_z*%“‘“ (ColAlp) - (2.1.128)
A
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Now it is important to point out contrasts to bosonic coherent states, which are quantum mechanical states,
where a quantum mechanical system is near the classical limit. That is the classical field ¢(x) describes the
same state as the coherent state |¢) = el %#()#'(@) |0). The fermionic coherent states are not in the Fock
space but rather in the extended Fock space. There is no classical fermionic field which is observable.

2.2 Fermionic Coherent State Path Integral

In this thesis we are applying the functional integral formalism. The purpose of this chapter is to give a short
overview over the functional integral and setting the mathematical framework we are using throughout this
thesis. We introduce the mathematical terminology used and establish certain conventions for the rest of the
text.

Short Introduction of Functional Integrals

Although Norbert Wiener has introduced a functional integral back in 1921, [41] the real breakthrough for
the functional integral came after Richard Feynman published his approach to quantum mechanics, which
he called the space-time approach, in 1948 [42]|. In his article Richard Feynman derived, starting from what
he called a new composition law for probabilities, his path-integral formula. Later he repeated basically the
same approach in his famous textbook "Quantum Mechanics and Path Integrals " [43], where he illustrated
the probability laws on an imaginary double slit experiment.

While Richard Feynman always derived his path integral formula from the probability laws of quantum
mechanics, the usual textbook approach today is to start from the time evolution operator and use its com-
position law N-times, while afterwards inserting the completeness relation N — 1-times. Then the appearing
integrals on the time-slice are approximated [39], [34], [44]. It should be mentioned that the so called path
integral is also a functional integral, although the term seems to be used more in the context of quantum
field theory. The original Feynman path integral, in configuration or momentum space, gives the probability
amplitude of a particle starting at a given point (x4,t,) to arrive at a final point (xp,t,). The functional
integral approach can also be used to calculate the partition function of a single particle? Z = Tre=#H . This
so called imaginary-time or euclidean path integral is closely related to the original Feynman path integral
over the so called Wick rotation, which is in essence an analytical continuation with a variable transformation
t = —i7. It should be mentioned that although the two path integral formulations are closely related in this
way, they are quite different. The standard path integral has an imaginary factor in the action and with that
comes an imaginary measure. The convergence of the integral thus relies on interference, while the euclidean
action in the imaginary-time path integral is given by the Wiener measure and so the integral can be given a
precise mathematical definition [34], [45]. While the path integral seems to be quite cumbersome in quantum
mechanics it provides a powerful tool in quantum field theory. Here we investigate a quantum gas in the
grand-canonical ensemble and we want to write down a path integral formulation for this purpose. Hence the
total number of particles is not conserved in the grand-canonical ensemble, we need a field theory approach
which is given by reformulating non relativistic quantum mechanics in a field theory over the single particle
wave functions, also known as second quantization. With the help of coherent states, which form an over
complete set in the Fock space it is possible to derive a path integral formulation for the partition function.

Detailed Derivation of the Fermionic Coherent State Path Integral

The coherent state path integral can be derived directly from the partition function, but to see some properties
regarding the time ordering, we are going to derive the path integral in three steps. The derivation is valid
for both bosons and fermions, but naturally we will focus on the fermionic case and pay special attention

2The generalisation to N-particles is then trivial.
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

to derive the path integral with the fermionic rules given in the previous chapter. At some crucial points
the Grassmann rules will be written explicitly above the = sign. First we will rewrite the overcompletness
relation (2.1.122)

_ dPrdOx 5 oion ) — . [ 2mi Bosons
v = [ [T 2omu@l w77 g (2:2.1)
in order to include the bosonic case. Now we extend the closure relation (2.1.120)
dpydey _ s 5
JTIB e Toten ) (o] = 1 (222)
A
for each time step k
dp, .d _
/H We— EaParexk o) (o = 1. (2.2.3)
A

Whiile slicing the time in N steps. The procedure is then the same for each component as for the standard
(non-field) coherent state path integral

(WYrtplrtr) = (WYrlUEN, tn—1)U(tn-1,tn—-2) ... U(te, t1)U(t1, o) [¢1)

gy APy rdork s o
= H /H METAR e Ea P (YrlU(tn,tn-1) |oN=1)
k=1 A

N

N-1
X (H (o Utr, tr—1) "Pk1>> (1| U(t1,to) 1) - (2.2.4)

k=2

Now in order to evaluate the necessary elements, we need to approximate the time evolution operator in the
following manner. If we have a Hamiltonian in normal order all the creation operators are on the left, then
we can write the time evolution operator in the following way

e~infllatal . p—ifHla"d] . +e‘i%H[‘1T’“}— . e~inHlatal .

~ o0 _E n
—: gmiR Nl +> % (Hn [GT’Q] —H" {“T’a] :)
n:
n=0

n.

e pot 2 (—if)" /4 -
—: e~ ixHla"al +0+0+277 (H” [aT,a] - H" {aT,a] :)
n=2

R 0 ;e n+2
n=0 (n + )

i< Hlat,a) £\ (_Z%)n Fn+2 | 1 Frn+2 [t
=:e 'mHlana :—(—) (H” [a,a}—:H” [a,a] :) . 2.2.5
h Z (n+2)! ( )
n=0
The first zero comes from the difference of two ones and the second from the fact that we assumed the
Hamiltonian is in normal order. The operator : e : stands for the normal order operator, which is defined as
putting all the creation operators to the left. In the fermionic case this has to be done under consideration
of the necessary sign changes. The normal order is always defined with respect to the vacuum, which we will
address shortly. So if we have the Hamiltonian in normal order, we can replace the time-evolution operator
with

o—ifHlatal . ~ifH[ala] . +O(e2). (2.2.6)
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For the following calculation we will now assume, that the time evolution operator is in normal order and
that we have ignored the error of &'(¢2). Now we will calculate the following elements

i 7 dpy od _
_icfilata P089N0 _ _
(1l Ulto,tr) [01) = (ir] e ReAlee] [ T] FAGAL= Eanoonay ) )
py
— [T 2220 Etnamnay ()l 01 )
Y
3, od ) .
~ /HWGZ,\ QOA,OSOA,OQ)Z)(@) <801| :e_ﬁEH[aT’“] :—1—6’(52) |SOO>
py
— /H M]\Cfmje— EABA0PM0Y(B) (01|00 o~ reH[Pr10.0]
Y

= /HMG ZA@A,O%A,qu(@)eZ)\@A,IWA,OG_%EH[aA,b@A,O] ’ (2.2.7)
A

where the following Grassmann rules have been used (2.1.48), (2.1.49) and (2.1.53). When calculating the
matrix element of the time evolution operator, the normal order has to be seen as ordering the summands of
the power series in normal order and then after applying the coherent states on each term resuming the series.
This is due to the definition of the normal order operator, which is given with respect to the vacuum [46].
The index A on the Hamiltonian H [@)\,17 <p,\,0] is not to be confused with a sum index. The same applies
later for the Hamiltonian H[P) x,¢xx—1]. The matrix element was evaluated by (2.1.126). So it should be
noted, that if we later insert the Hamiltonian in normal order, it is given by

(oxl ﬁ[alaak] lok—1)
(orlor-1)
hence the scalar product of (2.1.119) will be inserted in the formula for the path integral. This means, that

later one can simply replace a Hamilton operator given in second quantization by one with the coherent
states. We can now derive the other two elements in the same manner. With c|a) <> (a| ¢ we get

wi = [ g%e—mn%w (ol (229)

H [ ox k1] : (2.2.8)

The element is then given by
(Yr|U(tn,tn-1) lon—1) = (UN|U(tn, tn-1) [en-1)

doy nd _ —
= [TI 2 e Eonnnnizo) (| Ults tyea) fow-1)
A

dp, nd _ _ i
~ /H we— ZA SOA,N‘P)\,Nw(gO) <<PN"PN—1> e*EEH[QO)\,Nv(P)\,Nfl]
A

= /HMG Exak,NS@A,NE(SO)eZA@A,N‘P)\,N—le_%EH[aA,N:‘P)\,N—l] ]
A

N
(2.2.10)
And finally we can calculate the element
i cflat
Pk ksUk—1) |1Pk) = Pkl € Pk—1
(orl U (ths ti) o) = (onl e 70 iy _y)
~ (pp|pp_1) e~ i P ke k-1]
— 62)‘ @)\,k%\,k—le—%EHW)\,ka%\,k—l] , (2,2,11)
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

where again the Grassmann rules (2.1.48), (2.1.49) and (2.1.53) have been used. Now we are ready to calculate
the overlap for the coherent state path integral

(Yrtr|Yrtr)
= (Yp|U({N, tN—1)U(tn-1,tN—2) ... U(ta, t1)U(t1,t0) |21)

N—-1
— H /Hwe&@,km,k
N
k=1 A

N-—1
X (H (ol Utk te—1) \<Pk1>> (p1|U(t1,t0) [¥1)

(Yr|U(tn,tn-1) |oN=-1)

k=2

N-1 _ -

dSO/\ kdg@)\’k _ 5 dSO)\ Odgp>\70 _ _ o B Cipe
= H [/H’Te ZASO)\,ICSD)\,IC /H7Te ZA<PA,NS0/\,N¢F(¢/\)€Z>\<P>\,NS0,\,N—16 RE [(pA,Ng;)\‘Nil]

k=1 A X

N-1 |
: (H 62/\SOA,kSO/\,k_le_%EH[cpA’k’%\,k_ﬂ> (/HWG_Z“DA’O%A’%ﬁI(@,\)@ZA%"A,l%\,oe%EHWA,MPA,O])

k=2 N

M DI NRD DN KPAK z,\ PAkPAE—1 ™ hEH[%\ kP k— 1]
Pp(pn) V1))
k= k=1
2,147 T Ay kdoxk
B H H N
2.1.53 al dp 1dpak
B H H N

At this point one can differentiate two cases:

—Eilo TaPaeen, k¢ (pr)e PINED DI IN _%EH[EA,kawk,k—l]wl(a)\)

= A Bak®, kezk L APk Pr k-1~ £ H [P ok l]wF(‘P)\)wl(‘P)\) (2.2.12)

Case 1
e k0 LA PakPAK eZkN:1 SA Pk -1~ 1 H [P kror k1]
2.1.53 e~ 2oA PA0PA0 ™ PIARD DI AT INS 625:1 2 @A,k‘p)\,k—l_%EH[E)\,kaSOA,k—l]
= e 2 @A,o%’x,oe%e o1 Xoa ihBak (M>_H[¢>"k’¢)"k_l] . (2.2.13)
Case 2

N _ N _ =
e 2ok=0 2o\ PPk oD k=1 D) B kPrk—1—FEH[By g0 k—1]
N _ Nele — N

T k=0 A PAKPAk o2 k0 oA ‘pA,k+1¥’A,k_%SH[‘PA,k+1:‘P)\,Ic]

e e

_ Nele — Nele — P

2'1:'53 e~ Z)\ PANPAN o™ Zk:o ZA ‘PA,k‘P)\,kezk:o 2o %\,kﬂ%ﬂ,k*%EH[%\,;CHMA,/C]
A BANOAN b0 oa Bkt 1=k ) Pak— e H [Br k1A k]

e e

— N — — i .
— e PN PX,NPX,N eEkzl 2)\ (%A,k*%\,kq)%A,kq*%EH[%?)\,wm,kfl]

PAETPA k-1

— e~ D oAPANPAN 6%5 E]kvzl 2oa(=ih) (f)WA’kfliH[a)"pr‘kfl] . (2-2-14)
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We can now define a symmetric path integral in the following way

(Yrtr|Yrtr) = [/ H il kdw\ k] —3 2a (@B nven )

e S S g [P () (P e B el 0By . (2:215)

x eh

if the final and initial states are also coherent states, we get instead

dp)y Aok
(prtrlertn) = [/H Ak

i — PAETPAR—1 PAETPAE—1 —
% 6%5 Zk:1 2o T[W,\,k( < )*( = )@A,kfl]*H[s@)\,kMA,kfl] .

% oA (@ 10x1+PA AN )

(2.2.16)

We note here that the symmetrization is not necessary if we are interested in the partition function, since
due to the trace another factor e~ 23Px%x comes in and the sum on the left side of the coherent state form
of (2.2.12), which only differs in the change of k, N from 0 and N to 1 and N — 1, as in (2.2.16). In the case
that the initial and final states are coherent states the overlap (2.2.12) reads

N—
<80FtF|SOItI H [/HM] Zk 1 Z,\ P kPN K Zk 1Z>\90)\ EPA k-1 _EH[ak,lm@)\,kfl] . (2’2.17)

We are now performing the Wick rotation in the discrete form, that is due to the transformation ¢t = —iT we
get

gp =tp —tp—1 = —iTy +iTn—1 = —i(T — Th—1) = —i&s . (2.2.18)

If we now introduce the Hamiltonian H — ,uN , where p is the chemical potential and N is the particle operator,
we arrive with

<(P17 0’ ~AH—pN) ‘(va h/B>
N

1
[/Hw] Zk 1 Z,\%\ kPN k Zk 12)\90>\ kPN k— 1—— (H[SDA kP k— 1] N[‘F’)\ kPN k— 1])
N

N—-1 —
— H [/HM] e ZkN;f Zxak,kﬁo)\,kezg:l Z)\¢>\,kﬁok,k—1—%é(H[QAJm(p)\’k_l]_M¢>\‘k¢)\’k_l) .
k=1 N

(2.2.19)

The partition function can now be expressed in the form
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7 = Ty e PH-1N)
-/ 11 %2 P (gl e U )

d _ _ _ _
/ H APk 90)\ | o= it TaPas®nk gihet 2oa Pak@r k-1~ 4 (H [P k@x k—1] =P kPr k1)

=1

=
Il
—

=0

/ H )‘ kng)\ k ZIICV:1 SaBak(Prk—1—0xk)—F(H [P 1 PAk—1]—HPx kA k1)

b
Il
—

=0

[ PAE—PAk— _ _
/ H )\ deO)\ k 6—% PINED DN 2 (M)+H[<p>\,k:90)\,k—l]_/“p)\,k‘p)\,k—l

W
I

-

/H deOAk e hzk 125 P k( M_M<P)\,k—l>+H[¢>\,k7<P)\,k—l] . (2'2.20)

W
I

Now due to the cycling property of the trace

Tr <SOF| U(tN,thl)U(thl,tN,Q) N U(tl,to) |g0[> =Tr <SOF| U(tl,to)U(tN,thl) e U(tg,tl) |g0[> (2221)

we obtain the periodic, antiperiodic boundary condition

CPAN = PAQ - (2.2.22)

This can be expressed explicitly by writing

7 — Tre*ﬁ(H*uN)

H [/Hw] 53 QZASOAIC( M — PN K~ 1)+H[90)\k:90)\k 1]
k=1
80/\1 2N _
ﬁ Z%\ 1 ( N‘PA,O) +H [%,17%,0]]

_ ﬁ [/I:Idwkdwk

k=1

Lp)\ kPN k-1 —
& DINES SN k( 7*H%A,kfl)JrH[%)\,k#P)\,k—l]

L
h

_ oA — (P, _
Z‘PM (h% - MC%N) +H [@A,hC@,\,N]] : (2.2.23)

A

Now it is common to define the discrete action

N
SN[@, el = %Z Z@A,k (hw — M@A,k1> + H [Py s r k1)

k=2 A
_ a1 — COAN _

7 ZSOM (hf - MC%\,N) + H [SO)\,l,CSO)\,N]] , (2.2.24)
A
so we have the path integral

N
APy kdprk | _gnis
Z =l AR TAR ST [Pl 2.2.2
Ngnoo i [/ ];I N ¢ ’ ( 5)
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introducing the trajectory notation

@/\(T)ha%\ (T) - @)\’k (hSOA,k - @A,k—l)

or €
oa(T) 1= ork-1
H[p\ (1), oA(T)] : = H [Py Pak—1] (2.2.26)

we obtain the trajectory path integral form
_1 rhB = Opr(T) _ —
7 = /@G@gpe 7lo dr 202 Pa (h or H@A(T)>+H[<P)\(T)790A(T)} ) (2.2.27>

It should be pointed out, that the trajectory form of the path integral is merely a symbolic form of the
discrete definition (2.2.25). This is also most evident from the fact that the derivative 0, := é (Oxk — Prk—1)
is indeed a derivative for bosons but does not make sense for Grassmann numbers in which case just the
limit is defined. Furthermore the above form has been derived in an ¢(g?) approximation. There are cases
in which this approximation is not sufficient and higher orders have to be considered as has for example been
pointed out in [47] in the context of the Chern-Simons theory. Although the trajectory notation is a nice way
to write down the path integral, the calculations should be checked within the discrete form [34]. Finally it
should not be left unnoticed that sometimes it can be useful to rewrite the path integral with the help of
fields in space coordinates as done uniformly in [48]. We will quickly outline the procedure to do so. First
recall the transformation rule

al =Y (AWl ax=> (\Nal. (2.2.28)

A A

which in the case for the continuous space coordinates yields

B0 =ah =Y (Axal o al = / P (x| M) (x) = / P o5 ()9 (x) (2.2.29)

Now every coherent state can be rewritten as

o) = €5 2 pxal 10) = S Zaea(f dxealei’ () 19y = o€ dx(Eneaea()id' () gy = € dxx()PT ) gy
(2.2.30)

so the transition can simply be made by replacing the sum with the integral, through the functions in fact
do change. The path integral in this form reads

7 / @E‘@we% fohﬂ dTfdgx{a(xﬂ')(hanlu,)’L/J(X,T)+H[E(X,T),’lﬁ(x,7')]} ) (2231>
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Time Ordered Property of the Functional Integral

We are now going to take one step back to see the time ordered property of the functional integral. The standard
way of showing the time ordered property for the path integral is to add two operators evaluated at two different
times t; and to to the path integral formula and then use the composition law as well as the definition for the
probability amplitude via the time evolution operator, to show that in the cases, where t; > 9 and t; < to,
the path integral automatically orders the two operators in the right way, that is as demanded from the time
order operator. In the case of the coherent state path integral we have to go back to the discrete form of the
path integral and bring the operators to the right position of the time-slice. It is very instructive to do this in
the same way as for the normal path integral, i.e., consider two operators evaluated at two different times, and
bring them to the right time-slice point for the both cases t1 > ¢ and ¢; < t2. The main difference here is that
one evaluated operator has to be brought to the right of the time evolution operator and the other to the left.
This is due to the fact, that the creation operator has to act on the bra of the inserted closure relation and the
annihilation operator has to act on the corresponding ket. In both cases the time-slice is the same and one has
to identify the discrete time close to the time where the operator is evaluated. Here we are going to show the
principle directly via the time ordered operator T, which is defined as

T (02, (11)Ox, (t2) - - Oxs (3)] := " Oxp (Erp )Orp, (Erp,) -+ - Orp, (Er,) 5 (2.2.32)
where the operators are now ordered such that
tpl > tp2 >0 > tpn . (2.2.33)

The time order operator is tailor-made for fermions and bosons, so that in the fermionic case the anticommutation
takes place due to the time ordering. Furthermore, the time ordering process shall be in such a way, that the
operators at the same time are in normal order, if we have to order creation and annihilation operators at the
same time. We will now indicate the operator with a for being either a creation or annihilation operator. So we
will start with

N-1 —

d(p/\kd(p)\7k o o _\N-1 —_
11 [ / [ onlt) - oa, ()P (bnt) - g, (Fn)e™ Zimt ZaPrscon
k=1 A

N _ i _
W k=1 2-x PakPrk—1—1H[Py g0 k1]

N-1 —
= (on H [/ H %] Pap, (tp,) ... Prp,. (tp,, )e~ At L PakPak et ox Pa kP k-1~ 3 eH[Px pak—1]
k=1 A

(2.2.34)

Now we find depending on whether we have a creation or annihilation operator the corresponding time-slice
element

Eltm_l tpp ~tm—1 V Eltm tp, ~tm
Eltn_1 tp, ~tp—1 V th tp, ~ tn

E|t£71 tPgn ~tp1 V Eltl tp2n ~tp. (2.2.35)

We can now proceed with
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N—-1
CPQ" H [/ H %] @)\Pl (tpl) o @APM (thn)ei ZIICV:T >oa @A,k@A,keZkNﬂ oA @A,k‘ﬂ)\,k—l_%5H[¢)\,kv¥’k,k—1]
k=1 A

N-—-1T —

~¢ 1|/ H%} P (i) By ()e TA5 Enasors Sl EaPraonici—fellpasiorsoi]
k=1 L A
N r dpy Aok N-lx~ — - - N = i 17l

— CP% /H ’T’ e k=1 2 %\,k@A,k@)\Pl (tm) - .. @APM (tz)ezkzl APk k-1~ LEH [P o k—1]
k=1 L A
S deadeas s o . W s o i il

_ CPQn /H /\J;V o= A PA KPR 95’\1’1 (tm) - .. 95>\P2n (te)ezkzl APk k-1~ LEH [P prPrk—1]
k=1 L A

We now split the time slice, according to where the fields are evaluated, and bring them to the left or right of
the time-evolution

_ CPQn H [/H ‘PAJ;V‘P/\,I@ o Zkak,lﬁp)\,k] (‘5)‘P1 ({m) o @AP2 (EZ) < H eZA%,kw,k—l—%EH[%,kaso,\,k_ﬂ)
k=1 A

k=m+1
X eZ)\ @A,m‘p)\,mflf,%EH[ak,mﬂp)\,mfl]

m—1 -1
> ( H eZA@\,WJA,kl}IEHPA,MPA,kl]) 62)\@A,A@)\,l—lf%EH[@)\,nﬁ@)\,n—l] (H ezkakk@%kl%EH[G/\,k,ngykl])
k=

1 k=1

+
N—-1 N
_ CPQn H [/H Me* DA PAKPAK H eZA@A,k@k,k—l_%EH[aA,k:SD)\,k—I]
N
k=1 A k=m+1

X 62)\ @A,mw,mfl*%EH[ak»m’w‘mfl] 35>\P1 (tm)

/—1
X ... X @AP (fg)ez/\ E)\,Z%\,Z—l_%EH[akyn"p)\ﬁ”—l] (H GZ)\ ‘PA,k‘P)\,k—l—%éH[SO)\,ka%\,k—l])
2n
k=1

Next we will use de definition of the time evolution operator and then define temporarily an operator U ,f] f
depending on the position of a or a'.

N-1 N
Aoy rderk _ v A . R
=¢™ 11 [/HTG 2APAREN IT @l Utk ti1) lor—1) | (0ml Ultm, tm—1)arp m—1|om-1)
k=1 X k=m+1
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X . X (] dip% Ulteste-) o) (H (| U (trs th—1) |90k;—1>>
k=1
= AP kAP - il » .
=¢™ ] [/HyTyezw*”“w’k] ( I1 <901<:|U(tk:atk—1)|%0k—1>> (Om| Ultmstm—1) [om-1)
k=1 X k=m+1

-1
X X (e U (te, te—1) pe-1) (H (k] U (tgs tr-1) "Pk1>>

k=1

=P (Y| U(tn tn— 1)U (Ens tn—2) -« U (bt b ) U (b tine1) - - U (bt 1)U (tg, tg—1) . .. U(ta, t1)U (L1, to) |o1)

=P (p|Utn, tn-)U (tn tn—2) - .- Utms1s tm) U(tm, tm—1)@xp, m—1- - - ‘A‘i\p% U ter) . Utz 1)Ut t0) [1)
U(tmstm—1) Ut (tg,te—1)

= (ptp| Tay, (t1) ... ax, (tn)al  (tng) .. al, (tan) [Vrtr) (2.2.36)
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

The only question remaining is, what happens if two operators are acting at the same time ¢;. Then we must in
order to be consistent with the definition of the time-order operator bring the operators at equal times in normal
order. By doing so, two coherent states can be brought to one time evolution operator. That is one will have an
element like

<<Pm’ &RPQ,m_lfj(tma tm—l)&/\pl ;m—1 ’@m—1> (2.2.37)

and the pre-factor (?» will be in accordance with the definition of the time order operator. That means if we
have a creation and annihilation operator acting at the same time, the creation operator will be evaluated one
time step later than the corresponding annihilation operator. So finally we obtain the identity

(Wrtp| Tax,(t) .. ax,(ta)al, , (tay1) .- al, (tan) [¥rt1)

N-1 _
dpy pdexk _ _ _yN-lys
= H /HT O (1) - ox, ()P, (Bng1) -+ Py, (t2n)e 2iemt 20 PAROAK
=1 b\

« eZ{f:l > @A,kv’)\,kq*%EH[¢>\,;W<PA,1€71] )
(2.2.38)
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2.2.1 Derivation of the Free Partition Function with the Path Integral

We want to express the Green function with the path integral, and then thread the interaction via perturbation
theory. Derive the partition function for the free Hamiltonian. In this chapter we follow the way taken by
John W. Negele and Henri Orland from [34] and evaluate the partition function and the Green function in
the discrete form of the path integral. For that matter we are now considering the Hamiltonian of a free
particle
Hy = exalay. (2.2.39)
A

The discrete action (2.2.24) can then be rewritten as follows

N
% Z [Z Dk (hw — WA k— 1> + H @) ‘P)\,kl]]
2

L€ o1 — COAN _
t ZSOM <h% Q" N) +H [60,\,1,480)\,1\/]]

D

2

St ™

-]

N
_ Ok — Prk-1 _
[‘P)\,k (hf - M@A,k1> + 5)\90)\,/&;0)\&1}
k=

_ ©x1 — (AN _
+ Pl [(hf - MC%\,N) + Cg)\‘P)\,l‘P)\,N]

> o
-]

N
_ € £ _
= E E {90/\,19 (SOA,k — PAk-1 T ﬁﬂ@k,k—l) + ﬁf@\@)\,k@k,k—l}
=2 A

_ € € _
+) [«pm (w,l — Coan — ﬁMQP)\,N) + ﬁCE/\‘P)\,lSO/\,N}
A

_ _ g _ g _
[%,k%\,k — PAEPAE—1 — ﬁﬂ%p)\,k@k,k—l + ﬁff)\SO)\,kSOA,k—l}

=
[|

I
WE
[

2

+ Z {@A,l@)x,l — (PA1PAN — —HCSOA 1PAN T+ C&\%\ 1P, N}
A

_ € —
[w,kw,k - [1 — - M)] @A,k%o)\,k—l]

T

I
M=
[

2
+ Z [80)\ 1921~ [1 - % (ex = “)} @AJSOA,N]
)

N
=3 (@®rrrk — BPrrerk-1) + D (Briprt — CaaBrioan) - (2.2.40)
k=2 By
Where we have defined
a=1-(ex—p) . (2.2.41)

h

The advantage of writing the action in this form is that we can now express it in matrix form. The fact that
no interaction is present makes the matrix almost diagonal and we will be able to solve the partition function.
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

We now define the matrix M as:

1 0 0 —Cay
—ay 1 0 0
0 —ay 1
MY = , (2.2.42)
0 —a) 0
: o . 1 0
0 cee @) 1
where the last entry in first line takes care of the boundary term. If we first derive
1 0 B |
Gax O 1 o1 — Caxpa N
—ay 1 0 0
Pr2 —axPA1 T PA2
0 —ay 1 : —axpx2 + a3
M o= = . . (2.2.43)
0 —Qa) 0 .
: 0 . 1 0 PAN-1 —a\PA\N—2 1T PAN-1
0 L —ay 1 PN —A\PAN-1 T+ PAN

we can next evaluate the element

©x1 — Caxpan
—axPA1 T P2
—axpx2 T Pr3

@)\ . M()‘) . SO)\ = (@)\71,@)\727 . '7SOA7N) ’

—a\PAN-2 T PAN-1
—a\PA\N-1 T ©AN
= Da 1911 — COAPAIPAN — AP 2PA1 T Pr2®r2 T Pa3Pr3
T T MPAN1PAN=2 T PAN_1PN-1 — APy NPAN-1 T Py NPAN
N
= Z (BArOrk — AP kPAK—1 + Pr1PA1 — COAPAIPAN) - (2.2.44)

k=2

Comparing this with (2.2.40) we can finally rewrite the action as

N
SN =303 EaMen - (2.2.45)
A

i
J

[
—

So we have rewritten the action in a Gaussian form, where the field components decouple but the time does
not. In other words for each A we get a sum of a A\? term times a sum over the time components. The
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partition function now reads

7 lim ﬁ [/HM] e~ PN Zﬁj:l@A,iMi(;\)(pA,j
0= —00 N
k=1 X
N
dpy kA k T VI
= —_— i,=1 PxitMi5 TP,
- T[22 I oo

A
/ d(p)‘vkd(‘p)"k e~ Zé\,’jzl a)\,iMi(j)\)‘P)\,jil
N

N
APy kdorke SN 5 N,
= lim H [H TENETFAE =3 =1 PaiMij
N—oo N
A k=1
—¢
= i [d tM(’\)} . 5946
i 1L e (22.46)

Since the determinant of M®) (2.2.42) is given by
N
det MM = 13 1— 1_M
¢ Ngnoo C N
—1_ Ce*ﬁ(EA*M) 7 (2.2.47)
one gets the standard expression for the free partition function

Zo=]] (1 - ge%rH))_C . (2.2.48)

A

Derivation of the Inverse Matrix

Next we need to determine the inverse of the matrix M()‘), because it is related to the free Green function as
we will see in a moment, thus

1 0 . 0 —Cax mi 721 N1
—ay 1 0 0 mz2 722 1IN2
0 —ay, 1 : : : :
0 —a) 0
0 1 0
0 cee Ay 1 MmN 12N TNINN
M1 — Caxmn n21 — Cax MmN cee N1 — CaxnNNN
—a)mi+ N2 —a)n21 + M2 cee e —axnn1 + N2
—a)n2 + Mms —ay) 1n22 + 1723 cee e —a)x"MN2 + N3
= —axT3 + N4 —ax”23 t 124 R —AxTIN3 T TIN4 L1, (2.2.49)
—a)\MN-2 TNIN-1 —axM2N-2+ M2N-1 cee e —A\MNN—2 T INN—1
—a\MN-1+ MN —a)xmnN-1+ MmN cee e —A\NMNN-1+NNN
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

The rows can now be solved via recursion. l.e :

m1 =1+ Caxmn

m2 = axnu = ax(1 + Caxmn) = ay + Caimn

M3 = axme = ax(ax + Ca3mn) = a3 +Ca3mn

k= a5+ Cakm . (2.2.:50)

Now we can evaluate the last entry by

N-1

_ _ a
my=ay, '+Caimy & mn(l-(a))=a) ' & my= ﬁ : (2.2.51)
—6a)
N N W ¢ S €\ SR S VAN Gt S A o S I O
= Mk = ay ~ +Cay N = N T Ny N = N
1 — Ca) 1 - (a) (1—¢ay’) 1-Cay 1 —Ca)
Now we do the same thing for the second row
n21 = Caxnen
M2 = 1+ an = 1+ a3Cnon
Mas = axnzz = ax(1 + a3(mn) = ax + a3(nn
Mok = ak > + a3(nan - (2.2.52)
So now we can again calculate the last entry
N—2 N N N—2 ay
MmN =ay ~+ax(my & myn(l—-(a))=a"" & npy= m (2.2.53)
— Ay
N— k— N— k— Ntk— Ntk— k—
ok = "2 + ab¢ ay ’ _ (1 - ¢aY)ay ’ +dk¢ ax ’ _a Q_Ca,\Jr 2+<a,\+ ’ _ 4 ’
= 5 = K = =
A 1—¢ay (1—¢ad) 1—¢ay 1—¢af) 1—¢ay
and for the next entry follows
n31 = CaN3N
N32 = axT31 = ai@?azv
33 =1+ axnz2 = 1+ a3(nsn
34 = axnss = ax(1+ al(msn) = ax + asCmn
135 = axnas = ax(ax + ay(nan) = a3 + al(msn
3k = ay ° + akCmn - (2.2.54)
So for the last entry we get
N-3 N N N-3 ay ~*
my =ay S +ayimy & my(l-Ca))=ay P & my= ﬁ (2.2.55)
—6ay
B R I S T e B ! G R S T
= K = = = .
A 1—¢af) (1—<¢ad) (1—¢ad) 1—¢ay 1—¢af)
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So now the pattern should be clear and in general we get

N—¢ k—/¢ N N+k—¢ k—/¢ N+k—2 N+k—2 k—¢
m = ah o ake @ (=ay) T e T T 6y
A Al—(ai\[ 1—Caf\v 1—Caf\v 1—Caf\v 1—Caf\v'
(2.2.56)
With all of these terms we can now write down the inverse matrix as
N—-1 N—-2
1 Cay Ca?v X . Cay
ay 1 Ca)\ - Ca%\
a%\ ay 1
_ : 2 :
M()\) 1 _ % . CL)\ aé\ . . (2257)
1 —Cay ay
o
N—-2 N— N—-1
D Dy oy O
ay ay ay 1
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

2.2.2 Derivation of the Free Green Function with the Path Integral
Definition of the Green Function

We will now define the imaginary Green function and then express it with the help of the path integral. We
start with the definition

G Tt AN A7) = (Tay, (1) - an, ()al, (77) - a;,l (7)) (2.2.58)

where the creation and annihilation operators are given in the Heisenberg representation

(H—pN)T —(H—uN)T
ax(t)=e h aye h )

al(r)=e F* a\e” & . (2.2.59)

The thermal average is defined as

Sy (] e BE M) ALy

(A) = SE—a)
20 (] eBHZHN [3)y)
- B(H—uN)
ZOTr( A) . (2.2.60)
with
Zo = Tre PH-1N) (2.2.61)

Now we will rewrite the Green function with the path integral formalism. The last step makes use of the
time ordered property of the path integral which was shown (2.2.36) in the previous section, we again write
a for either a or af

G ()\17'1 o )\nTn|)\,2nTén )‘n+1 +1) = (Ta,\l(ﬁ) ..ay, (Tn)ai\% (T{H_l) .. a;/l (Tén»

— B(H— t T

=5 Tr[ B~ HN>gPaAP1 (70 i, (702) -, (7p,,)]
= —gPTr[ PN (7o )arg, (70,) -0, (7s,)]
_ —CP [ BU=N) (=N 101 (Yo (AR)res (HnN) sy (oo (H0)
(A=pN)p,, i, (TP%)G—(ﬁ—uN)rpm} _ (2.2.62)
Now we need (2.1.44)
o, E=N) _[8(—pu) (¥ )
— ¢ BH=-pN) (H—uN)p, (2.2.63)
and
o Sk AT (=) (BN )y —(H ),
— o~ (H=nN)re, +(H—pN)re,

— o~ (H=uN)7e, o(H—pN)rp, (2.2.64)
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and likewise

o ey A H=RN) [(H R (BN ]
_ o () (¥
— o (H=nN)m o(H=pN)Ti1 (2.2.65)
With these expressions we can proceed
e (MT1 o ATl Ao Top - A1 Tis 1) (2.2.66)

fnfl dr' (H—pN) [TP2 dr'(H—puN)

1 — 2 (H—pN) _
i A A W g (rpa)e” E

P2n 1 ’
- fT dr (H MN) ~
Axp,, (Trs, e
TP ~ A~ TP ~ A
*ffp; dq-/(Hf,LN)d *ffp; dr/(H—pN)

APy (TPQ )6

B (F—
= LCPTI‘ |:€ fTPl( MN) Axp, (Tpl)e

—fTPQ" Lar/(H—uN) -

a/\p (TPQn) 7'OPQn dr’ (ﬁ_“N):|

1 ©  BH—uN
- %Tr {Te Jo (H uN)a)\l (T1)ax,(12) - - axy (TN)GJI\NH(TNH)GT\NH (TN42) - - - aJ/r\QN (TQN)]

1 _ _ _ hB =
= 70 /D(kagp)\ O (7-1)80)\2 (7—2) c PN, (Tn)(‘O)\nJrl (Tn-i-l) e Pagy (7-2n)e h fo dr 325 P (h0r =)o (T)+H[Py 0] .

The last formula states, that we integrate over all field configurations of the system with different phases
given by the Hamiltonian and multiplied by the fixed fields, ¢y, (1) and (29 (11.)- Since these fields are only
acting on a certain time and the rest of the integration is the same the Green function gives us the change
of the system, when one particle p(7) at a given time is present or p(7’) absent. Next we will see, that
the so defined Green function is indeed a Green function in the mathematical sense of being a solution to a
differential equation, with a Delta distribution or an inhomogeneous local source term. Now we are going to
calculate the free two point Green function with the discrete path integral. In order to do so, we associate

Ty ~ q% and Ty ~ r% ) (2.2.67)

then follows from (2.2.66) and (2.2.45) directly,

Golari|frs) = / D@y Dipy e+ 7 7 TaBA 10 -wer O+ HoBr ] o (7))
N
. 1 AkdON K N
:]\}EHOOZ [H/i Z)\Elj 1@% zsz X5 SOOC,(]SOBT
k=1
N APy kdork _ N ™
) Ak _
:]\}I—IPOOZ HH [/T =1 P M e CoaPsr| - (2.2.68)
0 k=1 X
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2.2. FERMIONIC COHERENT STATE PATH INTEGRAL

where Zév stands for the discrete form of the partition function. Since the action does not couple to different
field components, integrating an odd function over a symmetric interval, results to zero, thus we can write

N

. 1 Aoy kdpxk _sN ooy,

Go(ati|Br) = dap i I | I | [/ — ¢ D=1 Px My e CoqPar
0 k=1 X

N
=4 5 i _6 H Me_zgj:1QA,iMi(f)‘PA,j""Zi7i@a,i+¢3,ﬂz’
P N=oo ZN 97,00, oy N J=J=0
N
= 6& 8 9 H H d@)\7kd§0>\ k _ZZ j=1 @A,iMz] L2 J+Z Jia it¥g iJi
" N—oo Zév anaJr A k=1 N J=J=0
0 ()1
— o lim o0 Tty =t 45
NaooZ &] oJ, TJ=J=0
¢ 0 ¢ N TM
— 5 d t i 1 J
aﬁN—)oo zy 97,0, H ¢ He " J=J=0
=zF
(o)™
=4 m b=t My
N C&] aJ, H S
= lim do 5 M) t (2.2.69)

-1
Here we see, that the matrix Még ) gives the discrete version of the Green function. So we see, that
Go(ari|ars) is indeed a Green function, as it is the (discrete) solution to the differential equation

(ha»r + Ea — M) Go(a’ﬁ’a’i‘g) = (5(7‘1 — 7'2) . (2.2.70)

Indeed, without the subtlety of what happens at equal times one can also solve the differential equation by
considering the boundary conditions. See Appendix D. Elaborating on the above, we can now more precisely
say, that the Green function gives the expectation value of a system, where a particle is inserted or created in
a state @) at a time 71, travels through the medium to a time 75 and is removed, destroyed there. We should
say, that we have introduced the J and J terms, which again in the fermionic case are Grassmann numbers.
These terms are called source terms and are eventually set to zero, so they do not have a physical significance.
With the inverse matrix (2.2.57) we can now evaluate the two-point Green function. The diagonal represents
the case when 7, = 7,.. In the upper triangle we have 7, < 7, and in the lower triangle 7, > 7,. According to
our observation after (2.2.38) we have to use the upper triangle in case of equal times. Now we can calculate
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forg <r

. g q—r 1
= lim (1— = (ea = p)) (1 (1= (ea—p) N -
_ 1 p 5 (ra=7r)

_ _(5(1_“)(7 _7_7“) — 7€
= e q (]_ 65(504*/1«) — <> )

where we made use of (2.2.41). For ¢ < r, we now get in the same manner

N+q—r
@7y SO
]\}gnoo Mqr ]\}gnoo 1-— CCLN
. . CaV
= 1 a-r_ >~
Ngnooa 1-— CCZN
: _ ¢
J\}E)nooa a,_N —C
€ q-r ¢
= lim [1—— ea—,u]
N-00 h ( ) (1—%eq—p)™N—-¢
N
6 ﬁ(Tq_Tr)
= 1 ]. I —— o
Jm 1= 5 o] RS g,
a1
66(50¢_M) —C

If we further introduce the usual bosonic and fermionic occupation number

we can write the two point Green function as

Go(am[872) = 8o, pe™ T [g(ry — 75 )1+ () + CB(r2 — 1 + 1)

= 504,0/904(7—1 — T2 — ?7) s

where the 7 prescription acts as a reminder, that the second term is to be used if 71 = 7.

(2.2.71)

(2.2.72)

(2.2.73)

(2.2.74)

The whole

derivation in this manner was done in order to justify the evaluation of the path integral at equal times.
Otherwise the continuous expression (2.2.70) could be used immediately as done in most textbooks. See also

Appendix D.
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2.3 Perturbation Theory

Since it is not possible to calculate the interacting Green function for our system because of the dipolar
interaction, we have to use perturbation theory to take the interaction into account. Our goal is to express
the interacting Green function via perturbation theory and then calculate the self-energy, which is given by
the Dyson equation. Before we derive the perturbation theory for the Green function, we need the Wick
theorem, which we will now derive first.

Wick Theorem

We can now easily show the Wick theorem by looking at the following identity. Again we concentrate on the
fermionic case. We start with the following identity for Grassmann integrals. See Appendix C

f @@@@67 Zi]’ PiMijo;+32; 7i<ﬂi+¢iu]i
B f DD e2ij BiM;; e

G(7,J) = eXi=1 Ty (2.3.1)

Now with the help of the chain rule for Grassmann functions (2.1.31) we get

o - 1 _ -
—G(J,J) = - /_@—@ B ) e~ i PiMijei+22 Jivit e di
0J1 ( ) f@@@weZijaz’Mﬁl‘Pi 7 30(4901)
1

_ _ DG pe~ Lis PiMigeit i Tieit®idi (¢ 2.3.2
J @@@%Zim%j%/ ) (232)

Where in the second line we have used again the fact, that the exponent just consists of an even number of
Grassmann variables. Now we can proceed as follows

9? - 1 _ o

G(J,J) = DD ((Py) €™ 2 Pt eitii Jioili (¢

05,07, f@@@@ezij_@%l%/ D¢ ((Py) e = (¢1)

1 _ S B Mot S T 055 Js _ _
779 Sy | 7RTee TN BT (i) (083
PP pesii Pi
Continuing in this way, we arrive at
o" - 1 _ -

- G(J.J) = DT D e 2=ij PiMigpitd s Jiviteidi (rn my 234
TR O = T e (P  (234)

Next up we proceed with the derivative with respect to J and get

_6n—+1G(j J) = 1 /@@@w (o )e_Zi]’@MijSOj-l-zijz'%-i-@Ji ("B,..7,)
8Jn8Jn6J1 ’ f@@@SOGZijaiMj_l‘pj " " !
1

N / DpPpe™ i PMibit i Tieit i ((hp )
@ pe ij Pity J

g1 — 1 G Moo S T 45T,
_ _ G(T,J) = DD pe TuPiMupit DT (g o5
T 0T a0dmdd ) | %%ezwmw/ e (" 2n—t-r-pn - 1)
0% — 1 - o
_ G(T,J) = DD pe T PiMupt T TR (o o5 DY
TTdT0d o) | _%_@Wzimmlw/ e < (Prenonn-21)

(2.3.5)
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In the next step we derivate the right side of the identity (2.3.1)

0 S TiM T
a—JlGJJ (CZJM >e i JiMiy i

i J —1 S JiM
8J26J1 (ZJ ) <Z J@le ) e—v i Y7

L Tt Foar-1) X TiM;
o7 8J1 (ZJM ) (Z} Ji M, ) (Z JiM;] >e , (2.3.6)

Now obviously for Grassmann numbers only terms survive, which contain each Ji only once. Hence we
derivated n-times, we have n"-terms. The second index of M corresponds with J, thus we can write the last
line as

aTL
A > TiM;
0Jp...0J G/, Z H Jp,M P, ee ’. (2.3.7)

P[ ;é[

This sum is best pictured as a block of n X n summands. For Grassmann numbers all terms vanish, which
contain any .Jj, more than once. Then of all the n"-terms only n! terms remain. Since in all of this terms all
permutations of Jj, are present, the derivation with respect to all Jj, leave only terms, which are independent
of J,J outside of the exponent plus terms which still contain J due to the product rule. However if we set
J = J = 0 only the n! permutations independent of J,.J outside of the exponential remain. In the bosonic
case the terms of (2.3.7) are all present but if we derivate with respect to all J again only terms which had
each J present survive. In this way we have arrived at the identity

2n —
_ _a (eZi,jzl JiMigle)
0Jy...0J,0J, ...0Jx

=> Mt MG (2.3.8)
J=i=0 ‘P

Now by setting J = J = 0 in (2.3.5) we arrive at the form

f ‘@¢9¢¢1 ‘Pn@n @16_ Zij @iMi]"FU CPM 1 —1 (2 3 9)
- z : Pnn P1,1 : v
[ 999 e i PM; 0

To write Wick’s theorem in the standard form, one defines so called contractions:
1 _
@a(71)¢5(72) = <<Pa(71)<P5(T2)>0

P5(12)¢a(11) = (Ps(T2)alT1))o - (2.3.10)

Hence the expectation value vanishes, if the two fields are both Grassmann fields, or both convoluted Grass-
mann fields (2.3.10) implies

1
Pa(T1)pp(12) = Pp(12)P0(11) = 0. (2.3.11)
We calculated the two point Green function as (2.2.74) so we can see the contractions as Green functions
(propagators)
1
‘Poz(Tl)‘Pﬁ(ﬁ) = 0,890(T1 — T2)
1
Pp(12)Pa(T1) = (da,89alTL — T2) - (2.3.12)

62



2.3. PERTURBATION THEORY

With this definitions and the representation for the discrete Green function given by (2.2.69), we can write
the Wick Theorem in the standard form

(b, (11) - .. O, (Tn))o = Z all complete contractions (2.3.13)

2.3.1 Feynman Rules for the Partition Function

Since the dipole-dipole interaction will be seen as a two point interaction, we now have to consider a Hamil-
tonian of the form

H =Y eba(ma(r) — 5 3 (B V 1y 8) Bulr)(r s (1)in(r) (2.3.14)
A afBvyd

where we have now written 1, to emphasize that we are dealing with an interacting Hamiltonian. With the
thermal average expressed for any functional F', with the path integral as

(F [$a(10)s 05(15), - - sy (h), 05(0), - -] ) (2.3.15)

_ 1 GEDpe o’ dT Ta T ter-wds p [0 (1), 05(75), - Uy (Th), 5 (72), - - ]
Zo Jy(ng)=cw(0)

we can rewrite the partition function as

7 — / GhPpe i Jo” A7 Tn A (h0rter—p)r+V Do (71)8 (7).t (Th)s (70)-. ]
(hB)=Cu(0)
_ / GEDpek 7 AT Sa A0 ter—n)on o=k 37 ATV (B (B (7)o (r) b (7).
$(hB)=(1(0)

_ Z0<e L[58 47 Vo (r1) g (15).. ww(mwam)..&% _ (2.3.16)

In order to apply perturbation theory, we use the series of the exponential function and rewrite the partition
function as

hB L "
/ ATV (o (T)5(7), . s thy (T)s(T), .. -)] >
0 0

_1\n [hp — —
= < ( 1) / dTl.--dTnV(wa(Tl)wﬁ(Tl)v"'7w7(7_1)w5(7_1)"")
n=0 ’ 0

X ... x V(, (Tn)wﬁ(m) s Yy (1) 5 () s >

0o n % B B
- <Z (n';i)" H |:/O diV(¢a(Tk)¢B(Tk)a R a¢’y(7—k ¢6 Tk; >

=0 k=1
IR R R A A o
= nZ:O T kl;Il/O dry <V(wa(7'k)wﬁ(7'k),...,ww(Tk)¢5(Tk),...)>0 . (2.3.17)
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Considering a two-body interaction like the dipole-dipole interaction it follows from the Hamiltonian (2.3.14)

Z_ (o 8 Sl V0000 )

% 0
/= (=D 1B
- <nZO (2h)"n! al,ﬁlzmﬁl e an,ﬁ§n,5n (1 B1| V [v161) -+ {an Bul V | 6n) /0 dry...dm,
X Do (T1)P5(T1) 8 (1) 85 (T1) - -%(Tn)%(Tn)%(m)%(m)>0
N R R
= Z (2h)"n' H Z <ak /Bk;| Vv |’Yk; 5k;> H |:/ di:| <H ¢a(7—k)¢ﬁ(7—k)ww(7—k)¢6(7—k)> . (2.3.18)
n=0 " k=1 o, Be, Ve Ok k=1 -/0 k=1 0

With the help of Wick’s theorem it is now possible to justify Feynman rules for the series expansion. Since we
can expand the expectation value with the help of Wick’s theorem in all the contractions, one represents the
contractions, which are according to (2.3.12) Green functions, with a directed line from vy, (7;) to ¥y, (75).
The corresponding interaction vertices (o S| V' |k dx) will be represented by vertices with the incoming lines
v; 0 and two outgoing lines ay, Bi. Acting on a time 7. So we introduce:

B
Ti
K ) SEE RS = @BV |v9)
Ti ———__ _ = 0a,p ga(Tj —Ti)
J

Figure 2.1: Diagrammatic representation of propagators and vertices

Going back to formula (2.3.18), we see that each summand of order n has n vertices and (for the two body
interaction) 2n fields in the expectation value, leading to (2n)! contractions. Since the diagrams are seen
just as a representation of the contributing terms, they are not uniquely defined. Merely two diagrams are
equal, if they can be transformed into each other smoothly. That is by conserving the arrows and labels of
the diagram. Finally we must consider the pre-factor (2_711727 for each diagram. But for fermions as can be seen
from formula (2.3.12), each contraction brings a ¢ factor and so one has to find the right sign. Each vertex has
two incoming and two outgoing lines (propagators). Since we are only dealing with complete contractions,
all vertices connections form a closed loop. Each of such a loop consists of less than n vertices. Each vertex
has an even number of fields in it. A specific closed loop uses two of the given fields. Hence even Grassmann
fields commute with even Grassmann fields, the enclosed fields can be brought to the left of a given closed

cycle, so that the closed cycle has the form:

l — — —

iy . Pgthy pthn -, (2.3.19)

—
so the inner contractions ﬁ each lead to a (41) factor, while the outer contraction 1) gives a ¢. Since the
remaining loops are made of the remaining even Grassmann fields, they can be brought in the same form and
have the same sign. So we conclude, that each closed loop leads to the factor ("¢, where n, is the number of
closed loops. Thus we have the following rules for Feynmann diagrams for the partition function.

1 In order to construct all diagrams of order n, one has to draw all distinct diagrams with n vertices
of the Figure 2.1b, and connect these with the propagators (2.1a). The diagrams are distinct, if they
cannot be transformed into each other by conserving labels and propagator direction.
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2 Each propagator gets an index and is assigned the quantity g (7% — 7¢) (2.2.74).
3 Each vertex stands for the matrix element (o 3|V |y 4).

4 Include the sum over each index and the integral over all times, where the integrals run from [0, #53].

5 Include the pre-factor consisting of (2]1%7 (e

It should be mentioned, that one can reduce the number of diagrams dramatically, by analysing which
diagrams lead to the same contribution. In order to do so one has to define the symmetry factor, which in
essence boils down to investigate in which cases the time integration and the spatial integration within the
interaction overlap matrix can be interchanged. However, since we are interested in the Feynman rules for
the Green function, we will skip this discussion here.

2.3.2 Feynman Rules for the Interacting Green Function

We are now going to derive the Feynman rules for the interacting Green function

<6_%fd5v[a,w]¢m (B1) -+ Yo (Br)ba, (BL) - - .Ea’l(ﬁi)>
<6_%fd6VW,¢]>

G™ (B ... anBula B ... ahB,) = 0 (2.3.20)

0

The external time are now denoted [ to distinguish these from the internal time. We now want to apply the
so called replica trick, for that matter we introduce the n fields {EK, Q,Z)K}, with 1 < o < n and define:

._L "o p - / - INo—t Soin [T 305 X (h0r+ex—p) 3 +V [07 47
Gon '_26”/011% DY a(B1) - Y (B, (Br) - Ty (Bh)e eV
(2.3.21)

Before we proceed in developing the Feynman rules for the interacting Green function it is useful to have a
closer look at formula (2.3.20). According to formula (2.3.6), we can develop the nominator and denominator
with the help of the above given perturbation theory. Then we see immediately that in the denominator
only contractions between the interaction arise, which are not connected to the external fields, 1,(/3), while
the nominator does couple the interaction with the external fields. One now expects that the disconnected
parts, that is disconnected to the external field, cancel with the disconnected fields in the denominator. We
will now see, with the help of the replica method, that this is indeed the case. We already know that the
Green function describes the expectation value of the system if a particle is (inserted) or removed in the
system at a time 71 and (removed) inserted at a time 75. If the above expression is evaluated with the help of
perturbation theory, the interacting Green function will be given, as the free Green function added by some
correction terms.
Noting that the two fields corresponding to one time 7 are an even number apart, it follows

G = Zi / [T 29" 247 e, (1) (B)e™ 7 T2 S o7 Tn G300+ er—pug+VIY" 071
0 o=1 '

1
zpt

= (A DI (3007450

X
2

/ H .@Etjgwawag (,82) o wan (671)@04% (67’1) o 'Eo/ (6&)6*% S fdrYy E)\(ﬁaq—JrE)\*u)w)\V[Ea,dJ”]
o=2

— . . m—1
(S VTN (5a) . BT, (80) - T (B))
0
(2.3.22)

0
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Now G, produces G(™ (2.3.21) for m = 0. Now we can expand G,, as follows

Gim = Z—lm / 1 297 20765, (B1) - .- b (B P, (BL) - . Wy (Br)e 1 2o [ 47 T s h0mter =1 o= X [ drV[5707]
0 o=1

(2.3.23)
Expanding the series
o 0 P o
ek S [arV[Fue] -5 <hp2!pl}1%j/d¢kv [ 4]
=1+ % ; / arv |57 0| + (_212)!2 ; / dridnyV [0 67|V [67 07|
(1P ¥ S
+ng hp?!pg;/d%v [w "y ] : (2.3.24)

then yields
1

m
<0

n (_Tlazl/dﬁ [%/01—[1@E"@zﬁ"e_%ZUdez*w(w”Le*_”)wK%l(51)@0/1(61)1/ |:E0'1w0'1:|]

Gn = s [ T] 90 90 2o o 2 0arsen-saes
o=1

+35 2 [ dndn l% / [[ 99" Fueeh o FarEaik0occeniiyy, ()5, BV [7707 ] v [Ew]]
o=1

g102
N (—=1)P i ﬁ Z/di 1 / ﬁ GG Py ek T J 4 0B 00, +ex =5
hwp! p=3 k=1 o Zgl o=1

X Yy (B3) - Vi (B Pa, (B) - Vg (B1) - V [ 0]
=1 G [ an (v 0V 5707 )

0

+ (;212)2 Z /d71d7'2<¢a2(ﬂ2)aa,2 (ﬁé)V [Eal’wal] % [Eagw@] >O
3 (—1)p - " / o1 o1
+;; ol H;/d7k<¢as(ﬁ3)...wam(ﬁm)...wa,l(ﬁl)v [w W }>0
: — (—1) P P B / _—
:'ng hPp! g;/d7k<g%k(ﬁk)---wa;(ﬁk)v [w i }>O (2.3.25)

As we can see the external vertices 1;(3;) and 1;(B;) are associated with the index ;. The diagrams now
have an index o € [1,m]. The propagators attached to the external fields 1;(3;) and v,(3;) all carry the
index ¢ = 1. Furthermore all propagators connected to the same vertex conserve the replica index, since
the propagators are given by 4 4/ga (71 — 72). So the p parts that are not connected to the external legs are
proportional to the replica index n?. By setting m = 0, we get the Green function and thus only diagrams
which are connected to the external legs.
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2.3. PERTURBATION THEORY

Since we are only dealing with connected diagrams, the diagrams only consist of directed lines and closed
loops connected by the vertex, but not connected over a propagator. Since the propagators within a loop are
directed the time-label is fixed and cannot be permuted within a loop and we are dealing only with connected
diagrams. One time label in a given loop fixes the time label in a connected loop. So by recursion, all time
labels are fixed and cannot be permuted. Since therefore both interchanges of integration are suppressed,
the symmetry factor for the Green function is always S = 1. Now the final task consist in determining the
pre-factor sign of the Wick contractions. By definition of the Green function all Ea; (By,) are an even number
of fields separated from v, (8%), so that the contraction always gives +1. If one now fixes one arbitrary
E% (B;.) and considers the contractions with a permutation of it’s counterpart, the sign changes to ¢ where
P is the necessary permutation. Then one can add the other contractions to form a closed loop. By bringing
them again in the form (2.3.19) one gets the additional factor (™. being the closed propagator loops.

We are now ready to give the Feynman rules for the interacting Green function:

1 First one has to draw all distinct unlabeled diagrams, starting with the n external points and with the
r interaction vertices. The diagrams are distinct if they cannot be transformed into each other by fixing
the external points and keeping the direction of the propagators fixed.

2 The external legs are given by the to be calculated Green function, which have to be assigned first to
the interaction vertices. Then the free legs have to be connected with propagators and each propagator
is given an index. Then each propagator is assigned with the propagator (2.1a) .

3 Then include for each vertex the matrix element (o 8|V |y9).

4 Finally for each internal index one includes a sum and for each internal time label one integral, where
the integration runs from [0, A 3].

5 Finally the pre-factor (—1)"¢*¢" is included.
Finally we note, that we can produce the n-particle Green function over a generating function defined by

G(Jx, J\) = <6_% Jo? dr 52, [7W%+EJ*]>

— %/DE}\D'[#)\G_%IOHB dr 30 P (Or — ) oA+H[Px x|+ Taor+PIn ] (2.3.26)

Where the average is now to be taken with respect to the source field. Note that we have suppressed the 7
of the functions, but kept it on the integral for better readabillity. Now the thermal n-point Green function
can be expressed as

(n) /B . h—2n (52nG(j)\,J)\)
G"(aqTy ... anm|oqT) .. ay,T,) = — — - .
(" 00y (1) -+ 0T 0, (Tn)0Tas, (Th) - 0T (T1) [ 7= =0

(2.3.27)

Connected Green Function

Now that we have derived the Feynman rules for the Green function we see, that the diagrams are connected
to all the external fields. However the diagrams are not all connected, which means they are build out of
lower order Green functions. It is therefore useful to cut these parts off once again. Naturally this can be
done with the replica technique once again. The connected parts will then again be proportional to p. So
this time we simply write

_ 9
Wz, )] Zzlg% a—pG(JA,JA)p

=log (G(Jx, J)) (2.3.28)
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and the connected n-point Green function is then given by

5" W (Jx, Jx)
0J oy (1) ... 0 q, (Tn)6Jar (1)) -+ 5JO/1 (11) |[F=7=0

G (a7 ... apmalddT) .. alrh) =" (2.3.29)

2.4 Derivation of Dyson’s Equation

In this section we will derive the Dyson equation and define the self energy. By using the previously derived
Feynman rules for the interacting Green function, we can derive the Feynman rules for the self-energy. Using
these rules we will then derive the Hartree-Fock equations in first order perturbation theory. First we define
the so called average field as the derivative of the generator of the connected Green functions

)
ox = (a)7.5 = (5JAW[J 1,
— )
ox= (Va7 = 57 —W[Jx D], (2.4.1)

and perform a Legendre transformation. Here we define the Legendre transformation in a functional sense. It
should be noted, that the Legendre transformation can not be defined in the usual way, that is analog to one

dimensional functions f (%) (%x — f. Where the standard way in physics is to let the y-axis show in the

negative direction, in order to let the Legendre transformation work for convex functions rather than concave
ones. Here the definition is tailor made to work with the Grassmann derivative as we shall see shortly. So we
take the Legendre transformation

Dips il = - W il = 3 [ d [oady + Tan] (24.2)
A

Note that if W[J,J] is of the form W [J, J] = Uy, tu, + Gu,Guw, then oy is of the form Gy, tw, + TwyGuw, -
Likewise , will be of the form @) = Uy, guw, + G, Uw, therefore @5,y € U™. In order to apply the chain
rule (2.1.98) it is necessary that J,J € U™, derivating I with respect to ¢ yields.

0Ty, 03] / { op ~ 8oy 8T, }
—_— = dr’ — + —J +P(J)—=— + =
0P 5%\ Z 5%\ 5%\ ( )5<P,\ 0P %

:_E_Z/ oo {corigt + s+ S

[ [T s [

:_Z/dT {_ﬁ ﬁ%]—;/d#{...}

-3 [ [<§f”@ e <X o o o e

_Z/dT [ ”5% 5; ] Z/dT {C%&OA giz" gZ,\ ]

-y / dr' [ 1,6, 8(r — )] = (7). (2.4.3)
-

68



2.4. DERIVATION OF DYSON’S EQUATION

The counterpart can be evaluated to

0T [Pr: Al / { 5 — Sy O, }
- _ J + P(J, +
dpx 5% Z 5% 5% ( )590)\ 5%@
dp §J,
_ - 2l el
B 5% Z/dT {C@W R +5s0x 7}

:_;/df’ [%gv 5‘;‘12?/ ;/dT’{...}
Z/dT’{...}

:_Z/dT [ C—
ol
J (5 oJ

:Z/C”'[;U ] Z 5%
—Z/dT[WC M ] > dT{%éﬁﬂkuw%}

|
Euln

o
= _CZ/dle'Yé%/\é(T —7) = —(JI\(1) . (2.4.4)
ol

So now in order to derive the Dyson equation we need the following terms
0prs(T3) 0 { ] Z/ [MQ 82w N 6Ty, O*W }
580/\1 (7_1) 580/\1 5J/\3 5¢A1 5J)\2 57/\3 5@)\1 57)\25J/\3
6T 2w T W
54,0)\1 590)\2 (5J,\25J)\3 5<PA15A2 (5J,\25J)\3

QF 2 2F 2
:Z/dm[ — il +¢ 0 W } (2.4.5)
" 5<PA1 590)\2 (5J,\25J,\3 54,0)\1 5)\2 (5J,\25J)\3

The next term is given by
0Pxy(T3) _ 0 [ ] CZ/dT [5@2 CW 0Dy OW ]
0Py, (11) S 5J)\3 0Bx, 62,005, 0P, 00,000
CZ/d [ 5T 52w 5T 52w }
= — T — — —
? 5@)\1580)\2 5J/\25J/\3 5@)\1580)\2 5J/\25J/\3

5T 2w 52T W ]
= dry | == = + == : 2.4.6
/\22 / ? I:(S@)\légo/\Q 5J/\25J)\3 Cégo)\l 5@)\2 5J)\25J)\3 ( )

Now we calculate
Pra(m3) 0 [ ] Z/ {57& W 0Dy 8W ]
6@1 (7—1) 6@1 (7—1) 5!]>\3 6@)\1 5<]>\26<]>\3 6@)\1 6<]>\2 6<]>\3
/ [ 5T 2w 5°r 2w }
= — Z dT2 - — — —~
580)\1 PAo 5<]>\2 5!])\3 5@)\1690/\2 5‘])\2 5‘])\3
52T 52 52T 52
— Z / dry [45_ W + s W ] , (2.4.7)
Ao Sp)q PAo 5‘])\26J>\3 90/\1 @)\2 6<]>\26<]>\3
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and finally

Pr(13) 0 [ ]_—CZ/ [57& 82w L0 §2W ]
530>\1 (Tl) 53”\1 5‘])\3 530>\1 57)@ 5!])\3 690)\1 5‘])\2 5‘])\3
5°r 2w 52T 2w
:_Cz/dm[ca 5ox, 67 T Spn 0y, 0 w}
W O 0PNy 0 3,05, O 0Py, 00,00,

52r 52w 52T 2w ]
= dr — + — . 2.4.8
%:/ ? [5%1 0Py 0T, 0.5, C5SOA1590A2 65,005, (248)

So now we can rewrite the four equations in matrix form i.e.

52T PW PW

&PA 590)\ 0P, 0P 83y 07 2 <5J>\ 87 10
Z/dT er - gt ¢ 2w’ P | = a0 =)o) (24.9)
Opr0pn, 0Py 0pn, 5J,\ 20 0y 8,000,

From this equation we immediately see that the matrix of the right hand side is the inverse of the matrix on
the left hand side, which in itself consists of the connected Green function. With the notation

52T 52T 52T 5°r
_ o I = 2.4.1
© T S00gp #5005 v = 5560 and PP 550p ( 0)
we can rewrite the inverse matrix as
— —\ —1
Lo Fw) <<ww> <ww>)
' = _ . 2.4.11
<Fs0,eo F¢:<P ¢ <¢¢> <7/)¢> ( )

In the absence of symmetry breaking the Green functions which consists of an unequal number of ¢ and 1)
vanish and the above equations reduce to

Z/dT2Gg1)()\3T3|)\2T2)F<P>\17<P_A2 = 5)\37)\15(7'3 — Tl) 5
A2

Z/dTQG,(Zl)()\3T3‘)\27'2)F¢/\17¢)\2 =0 0 0(T3 — T1) - (2.4.12)
A

This gives us the inverse Green function immediately as
—1
G (N3 h) =Ty, 5, - (2.4.13)

It is now convenient to express FWI,%Q in terms of the self-energy ¥, which is defined as the difference

between the vertex function or inverse Green function of the interacting system and non interacting system.
That is

_ 1
FSO/\1:¢A2 B F%’)\l@,\Q T EQOM’@)\Q ’ (2414)
or equivalently
G'l=G,'+3. (2.4.15)

Now multiplying this equation by G from the right and Gg from the left, and doing so successively one
obtains the Dyson equation

G =Gy —GpXG =Gy — GGy + GpXGpXGg... . (2.4.16)
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Which has of course to be read as a matrix equation, including summation over all indices and integration
over internal ones. The Dyson equation can now be expressed diagrammatically via

I
|
+
|

Figure 2.2: Digrammatic expression of the Dyson equation.

As can be seen in Figure 2.2, the Dyson equation is dressed. That means the whole Green function stand
on both sided of the equation. In Figure 2.2 this is indicated the the double arrow. In the second line
the full Green function has been inserted and only the first terms are considered. This corresponds to a
perturbative description. So we can see, that if we calculate the self-energy we get the correction of the
non-interacting Green function to the interacting Green function. Where the interacting Green function is
now reduced to the connected Green function. Finally we want to see, how we can express the self-energy
in terms of the diagrammatic perturbation theory derived for the interacting Green function. Therefore two
standard definitions are required. The corrections to the connected Green function consists of all diagrams,
which are connected and have, in the case of the one-particle Green function one incoming and one outgoing
line. We will now define the so called amputated diagrams. A diagram is called amputated, if one removes
the two external lines ¥, (5) and E,a(ﬁ’) of a connected diagram. This means the incoming and outgoing
non interacting Green functions are not connected to a propagator. Therefore each external point must be
connected directly to the interaction. Further a diagram is called n-particle irreducible, if it can not be
disconnected into two or more disconnected pieces by separating internal propagators. Hence we are already
dealing with the connected Green functions, it follows now, that the self-energy is given by all the irreducible
amputated diagrams connecting the points (a1,72) and (ag,72). The Feynman rules for the self-energy
therefore are given by

1 First we have to construct all unlabeled one-particle irreducible amputated diagrams consisting of the
n-interaction vertices. The ingoing line is labeled by («, 3) and the outgoing line by (o/, 5). All the
inner vertices are connected by propagators. Two diagrams are equal if they can be transformed into
each other by conserving the external legs, and the direction of the propagators.

2 For each internal time label include the propagator g, (71 — 72).

3 For each vertex the matrix (a 5|V |y d) has to be added. If the external legs are connected to the same
interaction vertex, the factor §(8 — 8') has to be added.

4 Now one has to sum over all internal single-particle indices and integrate over all time labels 7;, where
the integrals run over [0, h/3].

5 Finally one must add the pre-factor (—1)"~!¢"¢, where n, is the number of closed loops.
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"Do not trust arguments based on the lowest
order of perturbation theory"

Steven Weinberg [49]

2.4.1 Hartree-Fock Equation

We are now in the position to derive the Hartree-Fock equation in first order perturbation theory. The first
2 diagrams given by the above Feynman rules are

PIVIING oo,

(a) (b)
Figure 2.3: The Hartree (left) and Fock (right) diagrams for the self-energy.

From these diagrams we obtain the self-energy

(o BrlagBs) = 6(B1 — Ba) Z ((m A VD | ) + ¢ (g | VI |y a2>) Ny . (2.4.17)
2

The Hartree-Fock equation thus gives us the self-energy to a given interaction. We are now ready to calculate
the self-energy for dipolar interaction. As long as we are dealing with a homogeneous system, we can transfer
to the Fourier space by rewriting the Fourier transformation and simply substituting the relative positions
R =r; — ry. Then one integration can be carried out; in particular

D, D
d r d | ) eirl'

<k1 kg‘ V(int) (I‘l — 1‘2) ‘kg k4> L= / (kliks)v(int)(rl — I‘2)€ir2'(k27k4)

V2
_ / dDI‘}ZdU 1/ (int) (R) i(RAT2) (ki —ks) yirz-(ka—ka)
_ / de‘{/CleQ (i) () R k) iz (s o~k —ke)
:/d‘[/)_?vv(int)(R)eiR(klkg)/ivr?eirg-(kﬂrkzkgkz;)
= / dDTR(Skﬁkg,kﬁm V(imt) (R)eiR(ki—ks) (2.4.18)

Now we see that for the Hartree, term for which we have ko = ky, follows that we have to evaluate V(k = 0).

% (ki B lkaf) = 8 (81 = B2) Y ((ak VO koke) + € (ko k| V™) kko) )
k

-5 (,81 - ,82) Z / dDR (51(1 +k7k2+kv(int)(R)eiR(klka) + Cékl-l—k,k—f—kQV(int) (R)eiR(kl*k)) Nk
k

d°R , , . ,
—5(B—5)Y / d”R <5k17kgv(1nt)(R)ezR(klfkg) n C(Skhkgv(mt)(R)ezR(kﬁkg)) -

” V
d°R . . . A
=5(B—P2)). / — (V(‘Ht)(R)ezRO n Cv(mt)(R)ezR(kl—k)) -
K

(2.4.19)
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Since in this form the self-energy only depends on k; — ko, we can rewrite it as

1

E(kl) = V

Z |:V(int) (k — 0) + Cv(int) (kl — k) Nk - (2420)
k
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Chapter 3

Ultracold Fermions in a Homogeneous
System

3.1 Dipolar Interaction

In the following chapter we investigate how the interaction of an ultracold quantum gas affects its properties.
In order to do so we will use the classical derived interaction energies of dipole-dipole interaction and Coulomb
interaction. In a real system of course all interactions are present, but depending on the chosen substance
the dipolar or Coulomb interaction or other interactions, will be more dominant. The classical dipole-dipole
interaction formula, which we are going to use, is in itself an approximation and it seems reasonable to recap
shortly how the Coulomb potential and the dipole-dipole interaction are defined. In a 3-dimensional system
the Coulomb potential is given by

e 1 ) e
] =

(3.1.1)

@Cou(r) = 47T€0 ‘I‘ —_r ’I' _ r/’ 9

where r is the location of the potential and r’ is the location of the charge and e is the charge of the particle.
Here and in the following pages K will always be 47350 and gg is the vacuum permittivity. The Coulomb
potential is given here as the solution for a point charge of the Poisson equation in three dimensions. The
two dimensional Poisson equation can naturally also be solved, but is then not a representation of the real
law of nature. Here we will use the three-dimensional law and restrict it to two dimensions. To describe a
dipole it is easiest to create one out of two point particles of opposite charges. It is pointed out, that the
formula of a dipole is defined as the result of this simple construction, and normally just identified with this
formula in a multipole expansion. So if two point charges of opposite charges are given at a distance, then

by simply adding the respective potentials of two point charges, we get

¢=¢1+¢226K<rl,—l,>:eK< ! ! >, (3.1.2)

2 ror =g Jroxt g

where d is the distance of the two point charges. Now approximating the denominator, by assuming 2R > d,
for which the derived potential will only be valid, with

d cos (o) d\?
Lk —==+ (ﬁ>

-1 p
~1F— 1.
F 5 cos(a), (3.1.3)

where R :=r — r; and « describes the angle between d and R, one gets the classical potential of a dipole
d-R

¢ ~eK i

(3.1.4)
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Together with the definition for the dipole moment p = ed we get the commonly known potential

‘R
$pip(r) = p}Tg : (3.1.5)

Now with the potential we can calculate the electric field of a dipole by simply taking the gradient.

R3
3(p-njn-p
R3 '

B vom k[TER e (L)

=K (3.1.6)

where n = % is the distance between the two point-charges.

3.1.1 Dipolar Interaction Energy

We are now calculating the interaction energy of two dipoles. In order to do so, we consider one dipole in the
potential of the other. The electrostatic energy is then given by [50]

W = /d%p(r)gp(r) . (3.1.7)

By Taylor expansion of the external field ¢(r) and bringing the expansion in the right form, so that the
classical dipole field (3.1.6) is recognized, one gets

o(r) = p(0) —r - E(0) — ... (3.1.8)

where we have neglected the quadrupole moment and higher momenta. With this expression the energy is
given by

W =ep(0) —p-E0)+.... (3.1.9)

Here the dipole moment is defined by p = [ dV p(r/)r/, which is equivalent to the above definition for the
special charge distribution

p(r') =ed <r’ — g) —ed <r’ + g) . (3.1.10)

The dipole-dipole interaction can now be derived by inserting the field (3.1.6) in (3.1.8). The result is

p1 - P2 — 3(p1 -n)(p2 - n) _

vy — 13|

(3.1.11)
:1:;; denotes the direction between the two dipoles. This formula represents the dipole-dipole
interaction, that we will use in this form as a two-body interaction for the rest of this work. It is customary
to write V for the dipole-dipole interaction. Furthermore it will be useful to define the first and second part
of the dipole-dipole interaction in the following way

where n = |

P1 - P2 K(pl-n) (p2 - n)
[r1 — 1o [r1 — rof

pnt) — it | yn _ g (3.1.12)
Furthermore we will often restrict ourselves to the case, that the two dipoles are parallel and restricted to
the x-z plane. That is momentarily writing q for ps ¢1 = p1, g3 = p3 and go = po = 0. The second part of
the dipole-dipole interaction (3.1.12) then reads
. . 2,2
Va(z,y) = —3Kw§pzn) = 3k (3.1.13)
’ (2% + )2
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3.1. DIPOLAR INTERACTION

In order to work with (3.1.11), we will switch to spherical coordinates or polar coordinates, respectively. To
do this, we will now introduce the following angle definitions

Z A

X

Figure 3.1: Definitions of the angles for a configuration of two dipoles.

sin () cos (51) sin (az2) cos (52) sin (¢9) cos ()
p1 =p1 | sin(oq)sin(By) |, p2 = p2 | sin(ag)sin (B2) |, r=r|sin(@)sin(p) | . (3.1.14)
cos (aq) cos (ag) cos ()

The dipoles p; and py are now described by the angles given in (3.1.14) as illustrated in Figure 3.1. These
definitions will now be used to derive the dipole-dipole interaction for the special cases of parallel dipoles in
three and two dimensions respectively.
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3.1.2 Dipole-Dipole Interaction for Parallel Dipoles in Three Dimensions

. A A

(}

X X X

Figure 3.3: The angles for two dipoles in the two-
dimensional plane. The dipoles are restricted to the
x-7z plane, therefore the ¢ angle changes the relative
orientation of the two.

Figure 3.2: Angles ¢ and ¢ for two parallel dipoles
in three dimensions. Since the two dipoles are al-
ways parallel, only the ¥ angle is relevant.

If we now assume that we apply an external electric

field, which is strong enough to align all dipoles along IB?P (cos (V)
it, as in Figure 3.2, we have p1||p2. By denoting the T
angle between p; and n, according to (3.1.14) as 9 , 05l
we get
(int) _ -P1D2 _ 2 [ n 25
Vili(r) = K 3 (1 —3cos® (9)) _os| 2 36
2p1 p2 ;
=—-K 3 Py(cos (V) (3.1.15) 10!
where P(z) = % (322 — 1) is the second Legendre  -15]

polynom. Here the electric field is directed in z-
direction. The first dipole is set in the origin of a

-2.0¢F

given coordinate system and the second dipole is at a
distance r. Since the dipoles are parallel and always
pointing in the z-direction, the system is symmetric

Figure 3.4: Plot of —2P(cos(¥)). The function
changes from negative (attractive) to positive (re-
pulsive).

regarding the azimuth angle ¢.

The whole setting of these configurations is then given by the angle . For ¢ = 7 the dipoles are restricted

to the x-y plane for ¥ = 0, the dipoles are in front of each other, where we expect the peak of attraction.
This holds true by looking at the sign change of the function as shown in Figure 3.4. The critical angle for

which the interaction changes from repulsive to attractive is the magic angle ¥ := arccos (%) which is well

known from NMR [51]. As we can see from Figure 3.4, the interaction is repulsive for ¢ with

11 1 1 2
55° = —© ~ arccos <—) <9 < m — arccos <—) ~ 2om =125°.

5 7 7 50 (3.1.16)
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3.1.3 Dipole-Dipole Interaction for Parallel Dipoles in Two Dimensions

If we now turn to the two-dimensional system it turns out that, if we consider the dipoles parallel in the x-y
plane, the angular dependencies of the dipole-dipole interaction vanishes. Therefore we consider the electric
field to be tilted against the z-direction. By doing so, and starting from (3.1.14) and setting ay — a3 =:
a, B — (1, and B — 0 we arrive at

b1 Dp2

int _
y/ (int) (r)=K 3

[1 - 3sin?(a)cos® (¢)] . (3.1.17)

Now here the angle a describes the tilting of the
dipole’s towards the z-direction and ¢ describes the
angle in the plane of their relative position. Because y A
we have set 5 = 0 both dipoles will only move in
the x-z plane, so if they are tilted they will always
point in x-direction see Figure 3.3. For ¢ = 0 and
a = 5 the two dipoles are aligned in the x-axis.
The head of one pointing to the tail of the other.
In this scenario, we have the strongest attraction.
In contrast for = § and ¢ = 7, the two dipoles
are lying in the x-y plane and we have repulsion. If
we now consider @ = 0 the dipoles will be parallel
for every ¢ and the interaction is the same since
they are simply parallel. This can also directly be
seen in (3.1.17). Obviously it does not matter if
the second dipole lies left or right to the first dipole
and likewise the interaction will be the same, if the
second dipole lies above the first one or under the

first one so the only angles we have to consider are

0 < a,¢ < 5. Inthe two dimensional case the crit- Figure 3.5: Aerial view on the x-y plane of the two-

ical angle @, where the interaction potential van- dimensional dipole-dipole configuration for the four
ishes, depends on the orientation of «. Explicitly angles ¢ = 0,

Tomom
this dependency is given by 682

:
T

1
P = arccos <7> . (3.1.18)

3sin? (o)

We will later look for the 4 different angles o = 0, §, §, 5, which are shown in Figure 3.5 at the dispersion

relation. The interaction potential changes then as shown in Figure 3.6.

3.2 Fourier Transformation for Dipole-Dipole and Coulomb Interaction

In order to solve the Hartree-Fock equation we will transform to Fourier space. This is only possible, because
we have a translation invariant system. We will derive the Fourier transformation for the three and two
dimensional system and compare them later.
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1 — 3sin? (@) cos? ()

0. 05 1. 15 2. 25 3.

Figure 3.6: in Dipole-dipole interaction changes from attractive to repulsive for the four different positions of
the orientation of the dipole to the z axis. The angles a used are 0 (red) § (blue) % (green) and 3 (black).

3.2.1 Fourier Transformation of the Three-Dimensional Dipole-Dipole Interaction

We will now set the k-vector in the z-direction, so « is then the angle between z and p;. The electric field
aligns the dipoles, so that it points also in the direction of p;.The Fourier transformation of (3.1.11) reads in

spherical coordinates

2m . _ . . .
VDIpOle K/ d’l“’l“ / dl?SlIl / dg@ P1- P2 3(p1 n)(pZ n)efzkrcos(ﬂ) (321)

r3

= Kpipo / dr—/ dd sin ( / dip e~ krcos (ﬂ){[sin (1) sin (a2) cos (B1 — B2) + cos (o) cos (az)]
[cos 2(9) cos(aq) cos(ag) + sin? () sin(ay ) sin(ag) cos(f1 — ) cos(Bz — )

+ cos(9) sin(19) [cos(p) cos(B2 — @) sin(ag) + cos(B1 — ¢) sin(ay) cos(as)] },

where we have introduced the two cutoff parameters € and R to be discussed at the end. The ¢ integration
can now immediately be executed and leads to

2
VDlpole - K / / A SlIl / dy P1 P2 — 3(p1 )(p2 ) n) o~ tkr cos ()

r3
:Kw/ dr—/ d sin (19)e "k cos ()
€ ™ Jo

X {sin (1) sin () cos (Br — fBa) [2 — 3sin’ (9)] 4 cos () cos (az) [2 — 6 cos” (9] } .

(3.2.2)
Now we calculate
/7r sin (¢)d9 [2 — 3sin? (19)] g~ throos (9) — /1 d [2 —-3(1— 2)] e~ tkrn — 4sin (kr) + 12 cos (kr) — 128in (kr)
0 — ! Tk (kr)? (hr)®
(3.2.3)
In quite the same way we can derive
T ~ ! ; 8sin (kr)  24sin(kr)  24cos (kr)
dosin (9) [2 — 6 2 9 —ikr cos () :/ anl2 — 6 27 —ikrn _ _ -
/0 sin (9) [ cos” (¥)] e B nl n°le o + (kr)3 (kr)2

(3.2.4)
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Combining these results we get the intermediate result the intermediate result

2m _ . )
VD”DOle K/ drr? / dd sin (9 / de PL P2 3(p§ n)(pz n)eilkrmsw) (3.2.5)
T
dr 4sin (kr)  12cos (kr) sin (kr) R dr [24sin (kr)  24cos (kr)  8sin (kr)
=A + - B — - - ,
kr (kr)? (kr)3 . T (kr)3 (kr)? kr

where we have set

A := mp1pa sin (a1) sin (ag) cos (51 — P2) , B := mp1pa cos (1) cos (ag) . (3.2.6)
The respective L(ka integrals can now be brought in the following form via partial integration
/b drsin (2041“) _ [sin (aa)  sin (ab)} —l—a/b PR (ar)
o r a b o r
b cos(ar) 1 [cos(aa) cos(ab) a [sin(aa) sin(ab)] o [P cos(ar)
arS ) _ - ~ _ @ . o festan g,
“ r3 2 a? b2 2 a b 2/, r
/b drsin (ar) 1 [sin(aa) sin(ab) 4o [eos aa)  cos(ab)]
a rd 3 a3 b3 6 a? b2 |
o? [sin(aa) sin(ab)] o [° . cos(ar)
@ - S g 2.
6 [ a b | 6 /a T (3:2.7)

Then the first part yields

} __4sin (ke) 4sin(kR) 4cos(ke) 4cos(kR)

/R dr 4sin (kr) | 12cos(kr) 128in (kr) L+ _
- kr2 k23 k3r4 k3e3 k3R3 k22 k2R?
jl(kR) jl(k‘ﬁ)
=4 — 2.
< kR ke ’ (3:28)
where j; denotes the spherical Bessel function
sin(x cos (x
Ji(z) == ;2 ) _ x( ) . (3.2.9)
In the same way the second term leads
/R dr [24sin (kr)  24cos (kr)  8sin(kr)| _ 3 Ji(ke)  ji(kR) (3.2.10)
. T (kr)3 (kr)? kr B ke kR ' -

The whole Fourier transformation (3.2.6) then reduces to

27r . —_ . . .
VDlpole — K / drr? / A sm / d@pl P2 3([’; Il) (p2 Il) e tkr cos (9)
T

MR 309)) | o (Al0) _ A)Y)

= 4K [A( kR ke ke kR
— 4 Kpips [Sin (a1) sin (a2) cos (B — Ba) (jlli’jf) - jlg?)
+2cos (1) cos () (jll(f) - jlli’?)ﬂ L (32.11)
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We now check the calculation for the case that the two dipoles are parallel, that is if a3 = ao and 81 = fs.
We then have

— p2{4sin2 (o) (j1(kR) B jl(ks)) + 8cos? (ay) (ﬁ(k:e) N Jl(k:R)) }

kR ke ke kR

jl (k:e) _ jl(kR)
ke kR

= 81 Kpipo ( > Py(cos (o)) , (3.2.12)
which agrees with the result of Ref. [35].

We will now try to take the limits of both cutoff parameters. If k > 0 is arbitrarily given, the limits can be
taken for ¢ — 0 and R — oo and the terms tend to % and 0 accordingly. Explicitly writing down the series
representation for sin and cos

i@ 1 (sin@) _cos(@)) e[ 1 L] o
r ;< 72 ) _T;)(—l) [(2n+1)! — )l 222
- n 2n n— > 1 n—2 -1 R
= ;(—1) +1 {m} 2202 < nZ:l §x2 2 _ ) =0, (3.2.13)
~———

>0

gives the limit for R — oco. In order to see the limit for ¢ — 0, we simply observe that the exact sum in
(3.2.13) start with % and all higher terms are of positive powers of z. So the final formula in the limit ¢ — 0
and R — oo yields

_ 8mKpip:

Vst (k) = ==

Py(cos (o)) - (3.2.14)

3.2.2 Fourier Transformation for Two-Dimensional Dipole-Dipole Interaction

We will now consider the two-dimensional case. In order to derive the Fourier transformation in two-
dimensions we have to use polar coordinates. Furthermore the dipoles are now restricted to the x-y plane, so
naturally the r vector will also be restricted to the x-y plane, i.e. we have ¢ = 7. Thus from (3.1.14) follows
directly

P1 - P2 = p1p2 [sin (aq) sin (o) cos (B1 — B2) + cos (aq) cos (a2)]
(p1-n)(p2 - n) = p1p2 [cos(B1 — @) cos(Ba — ) sin(aq) sin(az)] . (3.2.15)
Before we will start to tackle the task of deriving the Fourier transformation it will be necessary to previously

assemble some integrals and relations for Bessel functions. We start with the integral representation in [52]
for the Bessel functions, which follows directly from the Poisson’s integral representation

2 )
/ dpe @8 — o Jo(x)  Vex > 0. (3.2.16)
0
We also need the two following recurrence relations for Bessel functions 53]
dJ,(z) v
=—J, —J,(2), 2.1
T Ju+1(z) + zJ (2) (3.2.17a)
2vd,

v Z(z) = Jyi1(2) + Joa(z) . (3.2.17b)

The Bessel functions obey also the following symmetry [53]
J_u(z) = (=1)"J,(2) . (3.2.18)
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In order to calculate the Fourier integral, we will need the following identities

27 2T 27
/ de cos> ((p)efikr cos (p) _ / d(pefikr cos (p) _ / dep sin? ((p)efikr cos () ] (32 19)
0 0 0

The second integral is now determined by differentiating twice under the integral sign and partial integration,
as well as relations (3.2.17a), (3.2.18)

/ 7 gin? ()e-reos(e) = L / T dpsin (p) D e-ihreoste) - L [ 0 / 7 dpeibreon (@)
0 ikr Jo oy ikr a(kr) Jo

-1 0 2m
= — Jo(kr) = —J1(k 3.2.20
kr d(kr) o(kr) kr (k) ( )
so that we now also obtain the integral (3.2.19) by using (3.2.17b)
2 )
/ dip cos? (go)e_”““"cos2 ) = 27 [Jo(k:r) - %} =27 [%kr) - Jg(k"l“):| . (3.2.21)
0 r r

To integrate over r we will need the following integrals, where we have used partial integration as well as
relation (3.2.17a):

B qr 1 1 kR

ﬁl]o(k"l“) = gJo(ks) - EJO(k‘R) —k[J1(kR) — Jy(ke)] — k dzxJo(x) . (3.2.22)
€ ke
Next we observe, that by the same procedure we get the relation
R R R R
1 k k

/ dr‘b(;) - [_—Jg(k:r)} +k/ k) 2/ Jz(zr) . (3.2.23)

R r r . . r . r

Since we have now the same integrals on both sides of the equation we can rewrite equation (3.2.23) as

3/€Rdr‘]j(;) - [—%Jg(kr)]R+k/€R Sk 4,

r
_ [‘]2(:5) - ‘]2(}];]%)] 4 k[J1(kR) — Ji(ke)] + k/kR To(x)da . (3.2.24)
ke
Finally we look at the integral, by using (3.2.21) and (3.2.20)
/% dp cos(f1 — ) cos(fa — @)e_ikr cos()
‘ 2 . 2m .
= cos(f) COS(,BQ)/ dip cos? (p)e kT cos(#) 4 sin(f2) sin(ﬁl)/ dipsin®(p)e~ k" cos()
0 0

= 2r fcos(pn) cos() (L) — (o)) +sin(a)sn) 2|

=27 _cos(ﬂl - ﬁg)% — cos (1) 008(52)%]

=27 |cos(B1 — fB2) [%Jg(k‘?‘) + %Jg(kr)} — cos(B1) cos(ﬁg)leil;T)]

=27 -cos(ﬁl - ﬁg)JO(QkT) + <COS(512_ Ba) cos(f1) cos(ﬁg)> JZ}iiT)]

= 7 |cos(B1 — B2)Jo(kr) — [cos(B1) cos(B2) — sin(fy) sin(fS2)] JQIE:I;T)}

=T cos(ﬂl — ﬂg)J()(k?“) — COS(,@l + ’82)J2]§7kjr)] . (3.2.25)
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Now we are in position to derive the Fourier transformation

2
VDlpole K/ Td?“/ ngVQD zkrcos(go) (3226)
27 ‘
= Kplpg/ T_Q/ dap{[cos(al) cos(arg) + cos(B1 — B2) sin(ay ) sin(arg )] e T oos(#)
€ 0

— 3sin(aq) sin(az) cos(B1 — @) cos(fy — @)e_“‘”’ Cos(gp)} '

The ¢ integration yields using (3.2.25)
Dipol R 2 )
‘/QDlpo e (k) _ K/ Td’l"/ d@VQD(T7 (p)e_Zk'T' cos () (3227)
€ 0

R dr
= 27er1p2/ i—Q{[cos(al) cos(a) + cos(f1 — B2) sin(ay) sin(aw)] Jo(kr)

_ gsin(m) sin(az) (005(51 — B2)Jo(kr) — cos(B1 + B2) JQISY)> }

R dr
= 1Kpips / % {[2 cos(a1) cos(ag) — cos(f1 — B2) sin(a) sin(ag)] Jo(kr) (3.2.28)

JQ(k‘T
kr

+3sin(aq ) sin(az) cos(By + f2)

~—
H/_/

The r-integration can be done with the relations (3.2.22), (3.2.24)

Vpirole (1) = K ppo {[2 cos (1) o () — sin () sin (2) cos (B1 — B)] [ ( (::e) Jo(}lzR)> 3.2.29)
—k[J1(kR) — Jy(ke)] — k/kl:R JQ(x)dx] [sin (av1) sin (arg) cos (81 + B2)] [(JQ Jg(}l;R)>

b kLA RR) — Jy(ke)] + & / E Jg(:c)d:c]}

k

In the case, that the two dipoles are parallel, we have as = a7 and 81 = 39, and therefore

[2 cos (1) cos () — sin (o) sin (ag) cos (B — B2)] = 2cos? (ag) — sin? (ay) cos (0) = 2Py (cos (a1)) ,
[sin (1) sin () cos (B + B2)] = sin? (o) cos (231) - (3.2.30)

Thus we obtain the final result

. kR
Vop P (k) = 2 K p1pa Pa(cos (a1)) { (‘]O(fs) - ‘]O%R)> — k[Ji(kR) — Ji(ke)] — k /k Jg(x)dx}
kR
+ 7K pip2sin (a1)? cos (261) { <J2(€k€) - J2(£R)) + k[J1(kR) — Ji(ke)] + k/k Jg(x)dx} .

(3.2.31)

This result agrees with the one given in Ref. [35]. Now due to the behaviour of the Bessel functions the only
terms that remain in the limit ¢ — 0 and R — oo are the integrals, and the first term, which diverges. We
keep the term with its % behavior and get

i 1
Vool (k) = 27 K pypg Py (cos (1)) (E — k> + mKpipoksin? (ay) cos (261) . (3.2.32)
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Mandatory to calculate the integral it was necessary to introduce the ultraviolet cutoff e. Now one runs
into the problem, that the Fourier transformation diverges for € — 0. The only chance one has to obtain a
final result is, if the Hartree and Fock diagrams cancel out this ultraviolet divergency. This happens in the
homogeneous case, which makes it possible to carry out the calculation. We will use this obtained knowledge

later in the trapped case to gain finite results.

3.2.3 Fourier Transformation for Three-Dimensional Coulomb Interaction

To calculate the Fourier transformation of the Coulomb potential

1 1

V)= K— = K —
W= T My

we will use the Schwinger trick by rewriting the integral representation of the Gamma function as

11 /00 drr®lema®
a*  T(z) Jo ’

With this we can now simply rewrite the Fourier transformation as

1 . 1 . 1 R 1 2 .
K / PR—e MR =K [ PR——e* R = PR dr 72 le TR kR
IR VR?2 r(3) 0

s / e / PRe™(TR¥HER)
VT Jo

completing the square now leads to

o0 i 2
:Ki/ dTT_%eg/d‘gRe_(ﬁR_%) ,
VT Jo

and with the substitution

(e ()

we conclude that

T

sp_ 1 kR R
K | d&°R—e =Knm dr —e i .
R| 0
The last integration can be performed with the substitution u := % and we arrive at

1 . 47
K [ d*R—e &R - g~
/ R|* k2

3.2.4 Fourier Transformation for Two-Dimensional Coulomb Interaction

In two dimensions we can do the Fourier transformation as follows, first we note

[e'e] 2 1 . ] [e'e] 2 ) ] [e'e]
K / rdr / dp —etfreos(e) — / dr / dp e*reos(®) — or K / dr Jo(kr)
0 0 r 0 0 0
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where we have used (3.2.16) to get the Bessel function Jy. Now in order to calculate the second integral one
has to use a trick analog to the three-dimensional Yukawa trick, by introducing a converging making factor
as follows

00 1 0o 2w ) ]
/ dre " Jo(kr) = — dr 6_0”/ dep e~k cos @ >0
0 21 Jo 0

1 27 0 )
- dg@/ dr ef[aJrzkcos ()]r
0

2T 0
2

R P S e
27 Jo a + ik cos (p) 0

1 [ 1
— dp———
27 Jo a + ik cos (p)

1 2

2m /a2 — (—ik)?

1

= (3.2.41)

JaZ 1 I2

where we have used the Kepler integral. Now with o = 0 and for k& > 0 follows

)

Vi (k) = K- (3.2.42)

3.3 Self-Energy Derivation for a Homogeneous System within Hartree-
Fock Approximation

3.3.1 For Dipole-Dipole Interaction in Three Dimensions

7 A

k/
"l)k

Yk —
\7‘

Figure 3.7: Illustration of considered angles. The figure is adapted from [35] .
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3.3. SELF-ENERGY DERIVATION FOR A HOMOGENEOUS SYSTEM

If we are dealing with ultracold gases T' &~ 0 the Fermi function tends towards the ©-distribution and we can
substitute the sum with the integral

1 1 d*K 1
=y e — [ 3.1
v%:|k—k/|2”k /(%)2 k—K[2’ (3:3.1)

where the integration extends over the Fermi sphere.

Before we proceed we again stress the point, that (2.4.20) are the Hartree-Fock equation in first order
perturbation theory. That is we will not solve the self-consistent Hartree Fock equation, which would change
the distribution ny in (2.4.20) and consequently deforme the Fermi sphere in the upcoming integrals. While
higher perturbations have already been considered [54|, we are not aware of a fully self-consistent calculation
at the present time. We now calculate the Hartree-Fock self-energy for the homogeneous system. We start
by inserting the Fourier transformation (3.2.14) in equation (2.4.20):

Sip (k) = % 3" [Van(k = 0) — Vip(k — K)] nie
k/

_ _8nKp:-p2

> > Py(cos (ap—pr) ) - (3.3.2)

k/
We will now replace again the sum with the integration, as explained in (3.3.1). Then we get

_ 81Kp1-p2
3

3 1./
SHE (1) — /k » (‘;W";gpg(cos (1) | (3.3.3)

The angle aj,_j denotes the angle between the z-axes and the vector k — k/ and can be expressed according
to Figure 3.7. !
kcos (V) — k' cos (V)  kcos (Vy) — K cos ()

) 7 (3.3.7)
k — K| \/k2 + k2 — 2kK/ cos (ap_p)

cos (k) =

where Yy and Yy are the angles between the z-axis and k, k/ and « is the angle between k and k’. If we
write cos (ag_p) = sin (Jk) sin (Jyr) cos (gx — k) + cos (Uk) cos (V) we get

k cos () — K cos (9y/)

cos (ag_gr) = . (3.3.8)
\/k2 + k2 — 2kK/ [sin () sin (Y1) cos (@i — @ir) + cos (V) cos (9 )]
! A more pedestrian way to see this relation is
sin(a) cos (B) sin(Jx) cos(ipk) sin(93,) cos(py)
q=q | sin(a)sin (B) k =k [ sin(Yx) cos(pxk) k' = k' | sin(¥},) cos(¢k) (3.3.4)
cos(a) cos () cos(Vy)
2-q=(k—k')=(k— k) cos(a) = kcos(9x) — k' cos(d%) (3.3.5)
k Jx) — 9
cos(ap_pr) = cos( |11:)_ k(’:|OS( k) (3.3.6)
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Together with the definition of the Legendre polynomials, it follows

87TKp1 P2 / d3]€,
S (k) = —————= ——=Ps(cos (a_ps 3.3.9
3p (k) 3 ver, 217 5 (cos (ag—k1)) (3.3.9)
__Kpi-p2
32
y / B 3(k cos (9y) — k' cos (Vyr))? _/ d3k'l
K <kp 2 (k2 + k2’ — 2kK/ [sin (V) sin (9i) cos (px — @ir) + cos (V) cos (V)] Jw<r 2

:=Int 4

The second integral can be evaluated immediately

1 1 ke ok
—/ BE = —/dQ/ Kdk = 8 (3.3.10)
2 Jw<un 2 0 3

Now lets evaluate the first integral. We first note that, due to the cylindrical symmetry, we can project the k
vector in the k, — k; plane, i.e. we put ¢ = 0. Furthermore we shall define the following shorthand notations

A = 3K sin (9 [k cos (Vi) — k' cos (ﬁk/)]Q ,
B =2[k* + k' — 2kk' cos (9) cos (V)]
C = —4kkK' sin (Vy), (3.3.11)

so with this notation we get

kp , T 2 A
0 0 3 0 B C cos(pw) ( )

This is the Kepler integral, which can be solved analytically as long as the following relations (3.3.13) are
fulfilled. Now we note that 0 < 9y < 7 and 0 < 9 <7 and k, k" > 0. So we have

0<4(k—K)<B?<4(k+k)*
- ( —4k?)k1,_< o2 2 0( ) — B?2_(C? >0 Vk¢k/v19719/¢7r , (3313)
so we can use the following formula
2m A T dpw 24
/ dpy——— = 2A/ L = . (3.3.14)
0 B+ C cos(pk) o B+Ccos(pw) +/B2-C2
Now we can concentrate on the v integral. Again it will be necessary to introduce some new notations
u = cos (Jg),
K=k + K
Ly = 2kK/,
H, = K2 — L?sin? (¥y),
H2 = 2K1L1 COSs (7.91{) . (3315)
If we now return to the integral keeping in mind, that we have to change the measure #ﬁ/ = —sin (Yy) and
have u(0) = 1 as well u(m) = —1, we can switch the integral immediately and use the minus sign as follows

du

/ Ay - L (3.3.16)
0 \/[k2 + k% — 2K/ cos (y) cos (Vg )]2 — 4k2k"? sin (¥y)? -1 VHi + Liu? — Hyu

3rk'? sin (Y ) [k cos (9x) — k' cos (V)] /1 3K [k cos (9) — K'u)?
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again introducing new notations and expanding the integrand we arrive at

/1 du3k’27r [k cos (%) — K'u)® _ [ du 11 .
VHi+ L3u? — Hau VHi+ L3u? — Hau
[ [ du T2 Yy Isu” (3.3.17)
VHi+ L3u? — Hyu  J-1 /Hy+ L2u? — Hou
with
I = 37k?k'? cos (Yx),
I, = —6mkk’® cos (Vx),
Iy = 3nk'™. (3.3.18)
The integrals can be solved in the following way as long as
AL?Hy — (—H)? = 16k%k3 (k? — k2)? sin (¥y) 20 : (3.3.19)

which is the case as long as k # k’. Note that the integral can also be solved for k = k. Just its form is
different. Using the following integrals

2ax + b
—arsinh| — | + (1, 3.3.20
/\/a:c 24+ br+c \/_ (\/ c—b2) ! ( )

/dm _\/axQ—l—bx—i-c_i[iarsmh(2ax—|—b>+c }
m a % | Va Viac—12) %
z? x  3b ) 3b? —4dac [ 1 2ax + b
dt—————=— - — an—l—bx—l—c—l—i[—arsinh(i)—l—C] ,
Var? +br +c <2a 4a? 8a? Va Vidac — b2 ’
we can simplify the expression (3.3.17) to
1 12 0,12
/ du3k 7 [k cos (Vx) — K'u] (3.3.21)
_ \/H1+L2u2—H2u

I I,Hy s 3H2 L%Hl - QL% + Hy - —QL% + Hy
= —_— arsin B ———— — arsin y—————
2 212\/I2 8L, /L2 \/4L2H1 P VALZH, — H2
I 3HyI3 5 5 5 5
[L—% -4t ] (\/L1+H2+H1— NI 2L2 VI3 Hy ot Hy+\/ L3 — Hy+ Hy )

We will first look at the argument of the arsinh in the following way

+213 — Hy
=, (3.3.22)
VA4LiHy — H3
and use the identity
arsinh(z) = log (ac +Vva2+ 1) , (3.3.23)
with which we can deduce
2L + H -2l +H ! -k
arsinh B T arsinh S I log [M ta (ﬁk>] —log [Lk) tan <—k>}
VALIH, — H3 VALIH, — H3 (k— k) 2 (k+ k) 2
(k+ k)2
=1 3.3.24
* [(k %) (3320
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The next step is to evaluate the square root terms. First notice

\/L% + Hy, + H = \/k2 + k2 £ 2Kk cos2(9k) = k* + K% + 2kK cos (Vy) - (3.3.25)
In the last step we could leave the square root, due to the fact that k, k' > 0 and 0 < ¥y < 7 and hence
K2+ K2+ 2kE cos (0x) > k2 + K2 + 2kK cos (n) = k> + K2 + 2K = (k+K)? >0
2+ K% — 2kk cos (0x) > k2 + K% + 2kK cos (0) = k> + K — 2kK = (k— k)2 > 0. (3.3.26)

With that we can finally write this cumbersome expression in the simple form

VI3 + Hy + Hy —\JL? — Hy + Hy = —4kK' cos (93,

\/L§+H2+H1+ \/L§ — Hy+ Hy =2(K* + K7). (3.3.27)

Next we evaluate the other terms, keeping in mind, that we are not really interested in simplifying them yet.
We sort by &/, and start with

I I 3b% — dac\]  3km [3cos? (Vi) — 1] o 3 [3cos? (Yk) — 1] 13
Va 2a\/— 8a2\/a N 16 8k
3 [3cos? (Yk) — 1] 1
16k3 ’
I,  3bl3 —15mcos (V) ,, = 9mcos (Jk) .3
— = = . 3.2
{ a  4a? } 16k W 16k3 F (3:3.28)

We already calculated the last factor, so we are ready to put it together and define new constants
/1 " 3% [k cos (V) — K'u®
VHi+ L3u? — Hou
_ 3k [3cos? (k) — 1] ¥ log (k+ k)% 3 [3cos® (W) — 1] ¥ log (k+ K')?
16 (k — k)2 8k (k — k)2

3 [3cos? (Vx) — 1] 516 [ (k + K')? } 5cos Jk) + 1] 2 373 cos? (Vy) — 1] z
)?
k

16k3 k—k 4k2
(k + k)2 Bl k + K
——— + Gk
( o k:’) + G2
where we have introduced

3k [3cos? (Vi) — 1]

_|_
2 !
= G1K log 3 } + Gsk’ lo [M} + G+ GEY, (3.3.29)

2 (k — k)

37 [3cos? (Vi) — 1]

&= 16 Gr=- 8k
G — 3 [3cos? (Vi) — 1] G 35 cos? (V) + 1]
5 163 e 1
_ 3m[3cos (0x)? — 1]
Gs = — S . (3.3.30)

The integration over k can now be done analytically. Since the logarithm is zero at the point one, all integrals
vanish at the lower boundary and we get

kp [(k -+ EkN2T 1 k+kp)?
/0 dk' k' log m =3 (k%—kQ) log [Ek—ki;} + 2kkp |
hr (k4 k)] 1 k+kp)?] K
/0 dk' k" log ﬁ :Z(kfl —k4)log[gk_k§;2} +§k%+k3kF,
ke :(k:+k’)2: 1 (k + kp)? 2 2 2
dk' K'°1 = Z (k% — k9)1 4 Z kKD + KK + Sk 3.3.31
/0 %% | = w2] =6 Jog | 57| T hRF gk ke + 5k ke (3:3:31)
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Remembering the first integral we calculated immediately at the start (3.3.10), and also keeping in mind that
it has a minus sign, we can write the integral over P» as

3km (3008(791()2—1)- 1 (k + kr)?
dk' Py(cos (ox_y)) = [— k% — k%) 1o <7F> + 2kk ]
/];/<kF 2( ( k k)) ]_6 2( F ) g (k_kF)Q F
(37 (Bcos> () — 1) | 1., (k + kp)? 5 o3
- ~ (k- kY1 kb + Kk
(37 (Bcos> () — )| [1,.6 6 (k+kp)2\ 2 5 2.4 2.
~ (kS — K91 ZkkY + SEES + SEOk
* 16%° B )Og((k—kp)2>+15 P ghiE T g F}
37 (5cos? (Uy) + 1) |
N 7 (5cos? (Vi) + 1) L
4
37 (3cos? (Jk) — 1) ] 5
— -y
A2
2
- gk:} . (3.3.32)

™ T 3 T 2
[ s (s = (seost 1)~ 1) [ TR 10—k + TEE T aa iy (B AR

9\ 3
k\? 1 3<1_(%)) 11+ =
et ) g 3 () Sy ()

= Py(cos(dy))k3Isp (%) , (3.3.33)

with the definition

T 1 3(1—.%'2)3 |1+ z|

I —— 2 _ a9 1 .3.34
3p () 13 [356 3:62 + 8+ 5.3 0g<|1_$|) (3.3.34)

The whole integral follows the same notations as introduced in [35]

Kpips k
Ui (k) = —k% 32 Py(cos(Vx))Isp (E)
k
= 2\ B3P Py(cos(Vy)) Isp | — | (3.3.35)
with defining the dimensionless dipolar interactions
K k h2k?

A= % and the Fermi energy E,?? = QmF (3.3.36)
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’
5 ,/
____________________ ,,
—4 1":]0 7
| ?;/ ,/’,
=] 7’
23 28 >
5 L
21 -
1 N —
0
0 1 2 3 4 5 0 1 2 3 4
e i
Figure 3.8: The integral I3p as a function of %7 Figure 3.9: Comparison of the whole energy (green)
converging for large k, against 4%. with the free dispersion (red).

k.

kp

The function (3.3.34) shown in Figure 3.8 converges
against %’r. Therefore the self-energy (3.3.35) will
be lowered by a constant factor for high momenta
k. This behaviour can also be seen in Figure 3.9. 051
Where the whole energy dispersion is compared to
the free dispersion. The convergence of (3.3.34)
manifests itself in the curvature of the dispersion,
which is dominated by the free dispersion. The
Fermi surface in Figure 3.10 shown for A = %
is now elongated along the k, direction. This is
expected since the dipoles are directed in the z-
direction. The ratio of dilatation in z-direction of %
is an accompanied by a compression in x-direction
of approximately %- The strength of the deforma- Figure 3.10: The Fermi surface in first order pertur-
tion certainly changes with the chosen value of A. bation theory for the dipolar interaction compared

to the Fermi surface with spherical symmetric in-

1

teraction for A = o
T

3.3.2 For Dipole-Dipole Interaction in Two Dimensions

We use the two-dimensional potential as from (3.2.32) in order to calculate the Hartree-Fock energy (2.4.20)
1
HF (1) _ _ !
Zap (k) = 3 Ek,: [Vap (k = 0) — Vap |k — K'|)] nye

= 27Kp1 - p2 ¥ Pa(cos())[k — K |me — 7Kp1 - p2 Y [k — K/|sin® (a) cos (2811 ) e -
K’ K/
Again we take § — oo and arrive at the integral

2

SHE (k) = 21 Kp ~p/ Tk p (cos(a))|k—k'|—7rd2/ @k
2P e k<kp (27)? ? k<kp (27)?

k — K| sin? (o) cos (2Bk_1’) -
(3.3.37)

These are the integrals we want to solve, but we will start a little bit different to control the divergence for
¢ — 0. Fortunately it will cancel due to the difference, as we shall see now. For that matter we first look at
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the difference

Vap(k = 0) — Vap(Jk — X'|) = 27 Kpy - p2P2(cos())|k — k'| — 7Kp; - polk — K| sin? () cos (20k—x’) -
(3.3.38)

Now to control the cos (2x) we use the identity cos(2x) = 2cos? (x) — 1, since we have the angle between the
x-axis and the vector k — k’ the following identity holds true

ki cos (k) — K’ cos (pw)
|k — K|

COS (ﬁk—k’) = (3.3.39)

Inserting both yields to

Vap(k = 0) — Vap(|k — k) (3.3.40)

= mKp1 - p2 [2Ps(cos(a)) + sin® ()] \/k2 + k'? — 2Kk’ cos (¢ — ¢}) — 2mKpy - p2sin? (ap)

1 2 (op
« k‘2 0082 (ka) k/2 COsS (‘Pk )
V2 + K2 — 2KH cos (on — 0} V2 + K2 — 2KH cos (on — 0}
—2kK' cos (k) cos (i)
VR + k2 — 2KH cos (on — 0}
=: Int; + Inty (3341)

where

Inty : = 7Kpy - p2 [2P2(cos(a)) + sin® (a)] \/k2 + k'? — 2Kk cos (px — ¢
Inty : = rest . (3.3.42)

First we rewrite the integral

2w 1 2w 1 2T —pp 1
/ d(pk/ m = / d@k/ = / dO'
0 0 \/k2 + k% — 2kk/ cos (¢ — @i{) —¢x \/k2 + k% — 2k’ cos (o)

1

2m 1
= / do - /
0 \/k2 + k'* — 2Kk’ cos (J) V(k+F) \/1 k+k/)2 sin? (w)

4 2V EkE
=——K|—— | . (3.3.43)
b+ 12\ VT m?)
Here we have introduced the elliptic integral
/ : d ! (3.3.44)
= ® , 3.
0 V1 — 22sin? ()

which is also shown in Figure 3.11. Second we will evaluate the integrals over ¢y.

2m , 2m 2 , 2m—pg 2
/ dor colj f{lf / do cos® (i) _ / i cos® (o + ¢k)
0 | R TR 2kk cos (o —¢f) T/l K — 2Kk cos (o)
(3.3.45)
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101 =
Figure 3.11: Elliptic Integral K. Figure 3.12: Elliptic Integral E.
Now we separate the cos? (o + ¢y ) as follows
) 11 ) . .
cos” (0 + ¢k) = 5~ 5 cos (2¢x) + cos (2¢x ) cos” (o) — 2 cos (pk) sin (i) cos (o) sin (o) (3.3.46)

and write the first integral as

/QWd coslow) 14 2V ) lCO‘(2 ) ———— 2R
o k-] T2 \VExrRZE) 20 T R i+ k)2
+ cos (2¢k) /27T do cos® (9)
0 k2 K2 - 2k cos (o)
2m cos (o) sin (o
— 2cos (px) sin (gok)/ do (0)sin (o) (3.3.47)
0

V2 + k2 — 2Kk cos (o)

The last integral must be zero since the integrand is an odd function. The next integral can be written with
the help of the relation for elliptic integrals

2 cos? (o) —sa(a—b)E (/- 25) + 420> + K (/- 25)

d

g = )
0 va—bcos (o) 3vVa —bb?

where we again introduced the elliptic integral

E(z):= /02 dpy/1 — 22 sin? (p) | (3.3.49)

which is also shown in Figure 3.12. Further we need the following relations

(3.3.48)

K(ia)z@K(\/li—JJ’

o
E(ic) =1+ 0%FE (7> ) 3.3.50
(o) Vito? (3.3.50)
so we can write the integral as:
_ _ 2 g 2 2 1 o
27rd cos? (a) 8a(a — b)V1+ 02E (m> +4(2a° +b )\/1+02K (\/1+02) (3.351)

g =
0 Va—bcos (o) 3va — bb?
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With ¢ = ‘/a2_7bb’ and resubstituting a = k? + k' as well as b = 2kk’, we can rewrite the whole integral as

2 2
/ do cos? (o)
0 k2 K2 - 2k cos (o)

_9(1.2 ’2 N2 2V kR 4 4 2702 1 2VEE
2(k* + k') (k+ K')2E <\/m) +2(k* + K + 4k°k )\/(k;—i—k;’)?K (\/(k-i-k’)?)
= YEINE . (3.3.52)

By adding all together, we arrive at

2m cos? (¢ir) 2 2VEE 2 2VEE
dpy = K — cos (2 K
/0 kK (21 &1 72

(k+ k)2 (k+ k) (k+ k)2
o912 /2 N 2k 4 4 2742 1 2vVkk!
+ o 2o 2(k* + k') (k+ K')2E (7\/W> +2(k* + k' + 4k°k )\/(k+k/)2K (\/(k+k’)2>
k
3k2k?
(3.3.53)

Finally we have to solve the following integral

2 cos / 2 cos (o . 2 sin (o
/ dwkfﬁ = cos (gpk)/ do (o) — sin (gok)/ do () .
0 [k — K| 0 R~ 2k cos (o) N

(3.3.54)

The second integral vanishes again, by the same argument as above, so again the function is uneven and
integrated over a symmetric interval, that leaves us with:

2 2w

cos (¢x’) cos (o)

/ Ao k—k| % (‘Pk)/ do - : (3.3.55)
0 0 k2 K2 - 2k cos (0)

This time we need the following relation
2m 4 2b 2b
g0 _ b—a)B (/- taK /- . (3.3.56)
0 \/a—bcos(a) va—>bb a—b a—2>

Together with the relation from above we can rewrite it as So we have for this integral

k2 + k" K( 2Vkk' 2)_\/mE (ﬂ)] (3.3.57)

(k + k)2 (k+ K (k+ K')?

/%d cos (o) _ 2 cos (¢k)
o K-k Kk
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Now we will rewrite the second term of the original integral
4 2V kK 2 2V kE
K + kK K
(k+ k)2 (k+ k)2 (k+ k)2 (k+ k)2
2 K 2V kK
(k4 k)2 (k+ k)2

Inty = 27K p; - ppsin® () [k:2 cos? (i)

— k"% cos (2¢x)

+ K cos (2¢x)

o 2 /2 Y 2VEkk' 4 14 21.12 1 2Vkk!
2(k? + k%) \/(k + ¥) E(i\/m> (kY + K+ 4Rk )\/(Hk/)QK(\/(M,)Q)

X

3k2k'?

4COS(<pk)k2K( AL > 2008(24pk)k’2[(( 2Vkk ) 2k’2K( 2VER >

(k)2 V2 ) V(kE+k)2
(k+k)? (k+ k) (k+ k')
2V kK 2V kK

The last term of (3.3.58) does not carry a cos (2¢k) and we will remove it from this second anisotropic part
and carry it over to Inty of (3.3.41). Without this last term (3.3.58) reads

A/ /
Intani := Inty — 2 (k‘ + k")QE %
(k4 k)2
7/ /
= 27sin? (o) | —K cos (2¢k) 4 K 2vkk
V(O
—2(k? k;/Q L+ EVZE M) (k4 k/4 4]{2]{:/2 1 K< N )
+ k' cos (2¢x) W FIETE) <\/(k‘+k’)2 +H2RT R+ )\/(k+k')2 V(k+k)2
3k2k'>
2V kK
Rl FHRPE e ) 3.3.59
A < (k—i—k’)?) (33.59)

Now, before we proceed here, let us carry the lost term to the isotropic part of the whole integral. This now
reads

2V kKK 2V kK
Intiso := Inty + 24/ (k + £k')2FE = 87p1 - palk — K'|Py(cos (ap))E | ——— | . (3.3.60
so 1 < k‘—l— k") > P1 pQ‘ ‘ 2( ( 0)) ( (k:—l— k")2> ( )

Returning to the anisotropic part and simplify it a little more

Intan = 20K Py - posin? (ag) cos (201 )/ (k + k)2 322 [(k — k')2 K <%> + (2k% — k’2)E <%>] .

(3.3.61)

Next we can perform the integration of the second part, keeping in mind, that we still need the k&’ factor from
the Jacobian, so we get

2 k
Liso = gk%[(pl - pasin (ag) cos (2 ) [N <k_> , (3.3.62)
F
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3

K
k
=
g

Iiso/ani

10- IAni

I
k.
Er
Figure 3.13: The functions Iéslg and Iggi.

with the definition

1
i 1 N ! N
Lp(z) : = 27T/ da's' <\[(z +2)? | (z — :c’)2 K| 222 )4 (2952 _ x’Q) B 22T

0 2

(z + ') (z + 2/)*
1 ! !
2vza! 2V za!
Cor [T a2 i (2T (202 a?) 2V (3.3.63)
0 T T+ s

Now we write the isotropic part in a similar way, again keeping in mind, that we need the k" factor from the
Jacobian as

2 ~ k
Intiso = ngl - paPy(cos (ap)) kI I5S (E) , (3.3.64)
with the definition
o [ K ! 2Vxx!
i <_> _ 1277/ da's |¢ — 2| E ( o ) . (3.3.65)
kF 0 T+
The whole energy can now be written as, remembering the factor ﬁ coming out of the Fourier transfor-
mation
S ) = “EU BT £ cos (@) 155 (- ) — sind (@) cos (20 35 7=
- k ok
= \3spEj, { Py(cos (o)) 155 (k_) — sin? (@) cos (21 ) T30 (k_>} , (3.3.66)
F F
with the notation of
Ny« — Kpi1 - pomkp
3D 3m2h?
h2k?
By, = QmF : (3.3.67)

97



CHAPTER 3. ULTRACOLD FERMIONS IN A HOMOGENEOUS SYSTEM

As we can see the Fermi surface in two-dimensions
resembles a circle for the case a« = 0. This is a di-
rect consequence of the isotropy of the system. If
the dipoles are tilted towards the critical angle 0
the elongation along the k, axies reaches the max-
imal value. In Figure 3.13 the functions I5S(z)
and I38(z) are shown, hence P (cos («)) only runs
in in intervall [—%,1], the main contribution to
the self-energy comes from the isotropic part. As
we have seen the scenarios of dipole-diople inter-
action are quite different in two and three dimen-
sions. The anisotropy of the dipole-dipole inter-
action camouflages the main contribution a little,
hence the anisotropy and the more divergent poten-
tial in two-dimensions contribute to the self-energy.
Therefore we will look at the Coulomb interaction
in the next chapter to estimate how strong the con-
straining to two-dimension affects the self-energy.
Before we do so, we shall look at the dispersion in
more detail.

0.1F
005+

—~
<l£-0.05F

~—
zL\]I
=0.151
-02r
-0.251
-0.3¢t

0.2 04 0.6 0.8 1.

Figure 3.14: Deformed Fermi surfaces for the angles

a = 0 (black), o = arccos (%) (red) and the angle

a = % (blue) for lambda = 0.02.
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W03
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Figure 3.15: The self-energy for four different settings « of the dipole-dipole interaction. For each setting
four different settings of ¢y 0 (red), & (blue), § (green), 5 (black) are given. A\ = 0.02.

In Figure 3.15 the self-energy is given for four dipole settings «.. For each setting four different dispersion
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directions ¢y are shown. In the first Figure 3.15a the configuration a = 0 is shown. Since the dipole-dipole
interaction (3.1.17) is isotropic in that case the dispersion is also the same for each value px. The next
Figure 3.15b shows the dispersion relation for a = . Due to the anisotropy of the dipole-dipole interaction
a splitting occurs depending on the propagation of the quasiparticle. The dipoles are restricted to the x-z
plane, pointing in x-direction. As can be seen from the figure the propagation along the x-direction, that is
pk = 0 is lower than a propagation with a perpendicular component. The positive curvature indicates, that
the dipole-dipole interaction is still repulsive and that the system is stable. The Figure 3.15¢ shows that once
the critical angle is passed, the curvature of the dispersion relies on the angle . This corresponds with
our previous observations regarding the angle dependency (3.1.18) for the dipole-dipole interaction. For the
angle a = § Figure 3.15d the change from a negative curvature to a positive one happens for greater ¢j.
This dependency also corresponds with our observations in Figure 3.6 .

3.3.3 For Coulomb interaction in Three-Dimensions

In order to get a better understanding of what happens when a three-dimensional system is restricted to a
two-dimensional plane, we will also consider a Coulomb gas in three and two dimensions. At first we notice
that for the Coulomb interaction the Hartree term is infinity. This is a well known problem for the Coulomb
gas, which is normally bypassed by demanding the gas to be neutral of charge and adding a term of the form
> et o 42—52 pk@klf k> Wk, Which neutralizes the Hartree term. This model is commonly referred to as Jellium
model. We will therefore neglect the Hartree term as well. The Fourier transformation (3.2.39) yields to solve
the integral

/ dgk/ 1 B / dBk/ 1
(2m)? [k — K/|? - (27)3 k2 + k% — 2kk/ cos ()
1 br 172 ! 1

We now first evaluate the u-integral, for this we make the substitutions A4 := k? 4+ &’ 2
and B := 2kk’' so we get

! d log (k2 + k' — 2kk')  log (k* + k"> + 2Kk’
/ — _ o7+ ) log (K™ + K" +2kK) (3.3.69)
1 k2 + K —2kk'u 2kK 2kk’
Next we evaluate the integrals of the form
1 ke 1.7 2 12 /
iﬁ dk'k' log (k° + k'~ £ 2kK') | (3.3.70)
0

so we will have a closer look at

k' o
5 log (K + K? + Qkk’)]

kr
+ / dk'K log (K* + K'* + 2kk') = +
0
0

k‘F kl3 k’F k/2
¥ / Ak’ k:/ dk' ——>——— . (3.3.71)
0 k2 + k'° £ 2kK 0 k2 + k'° £ 2kK
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Next we evaluate the two remaining integrals, we start with

kp k‘/3 kp k?,3 kt+kp —k 3
/ k' ——— :/ i :/ da%
0 K2+ k2 +2kk o (kLK) . o

[/kikF —k3 4+ 3k%« — 3ka? + ag]
da
k

a2

(3.3.72)

>] : (3.3.73)

k2kp k2 k+kp
= 2kkp + £ + 3k%1
{¢kikF¢ Pt og(‘ k

and now we can do the integral

k‘F k/2 k‘F k/Q
/ ——dk = / —dk
o k24 K?+2%kkK o (k+k?)

kEkF (o — k)2 kLkp 2.4 k2 _ 90k
_ i/ %da _ i/ do TR = 20k
k « k «

kxkp

kk
=k 2k 1
Pt e T og(‘

) . (3.3.74)

Now we can go back to our original integral with

kp k?2 2 k?2
/ K log (k* + k"> + 2kK') = =5 log (k2 + k% + 2kk2) — [ MEE kg + " 4 312 10g <k J;fF)]
0

_k—i-kF 92
kkp k+ kp
—k:[k:F—l—k+kF—2k:log( ? )]
k2 k2 k+k
:7F10g(k2+k%+2kk%)+kkF—7F—k2log( 2F> (3.3.75)

and

ke k2 Kk k2 k—k
—/ log (k? + k"> — 2kk') = — | ~“E log (k? + k% — 2kkp) | + "4 okkp 4+ -£ + 3k log a
0 2 k— kp 2 k

kkp k—kr
— 2k 1
k[kp—i-k 3 + kog( ? )}

- hF
2

—k? k k—Fk
:TF1og(k2+k%—2kkF)+kkF+7F+k21og (' £

) . (3.3.76)

)|

We keep in mind, that we need the factor ﬁ, so this yields to

B 1 AT o ke K2 k. (|k+ke
= £ 2 X _F 2
/(%)3 k—K]?  (27) (L;k 0g (K" + kp + 2kkp) + Og( 2

k% 2 12 krp k2 k k—kp
_tey —9 MELME LT
+[ i og (k° + k% kkp) + 5 +4k+2og k
kp k2 — k2 k+ kg
= 2F o ] . 3.
87r2[ ATy (8:3.77)
Finally we derived
Br 1 kp k2, — k2 k+ kp
S S S 1 3.3.78
/(%)3 k- K2 87r2[ T ek 8 (‘k—kp )} ’ ( )
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Figure 3.16: The dispersion relation in contrast to the free electron gas in three (left) and (two) dimensions

and we define the element as

1 1
ICW( )= = 24+ — (1—x2)log<

The Hartree-Fock energy can then be written as

r—1

v+l m : (3.3.79)

h2k? k
Spr(k) = —— — 87 K— ol G B 3.3.80
(k) =0 (1) (3.3.50)
For the electron gas it is customary [55| to introduce the electron density pg as
1 4T 4
—=— 3.3.81
p() 3 a'O/r.S Y ( )

where ag = %Ts—; is the Bohr radius and r, is a dimensionless parameter. One can see from (3.3.81) that

rsaqg defines the radius of a sphere which on average includes one electron or particle. The Fermi wave vector
can now be expressed via the electron density as

W=

kp = (37°po) (3.3.82)
Suitable units to describe the electron gas are then
W2k K2k \?[1.92)\5 1.92\ €2 97 3
L . Php = C with  (Z2) ~1.92, (3.3.83)
om 2ma0 k:F T T ag 4
and since W = KQQ , we can Plot (3.3.80) in units of 2:;3 .

3.3.4 For Coulomb interaction in Two Dimensions

The integral is now very similar to the dipole case, so we keep the integration here short. We start with

/2# 1 2T — 1
dop ———— = / da
0 [k — K| ¢k \/k:2 + k'? — 2kK/ cos ()

[T 1 1
_/0 da\/(k+k’)2—4kk’cos2(% V‘H’f’\/ B\/1—L’ 2(8)

Tt k)2 sin
4 2vV kE!
K( v )

- 3.3.84
|k + K| |k + K| ( )
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1.
k
Fr

Figure 3.17: The correction function to the free electron interaction in Hartree-Fock approximation in two
dimensions.

Where K is the elliptic integral (3.3.44) Now we will rewrite the &’ integral as follows:
K1 1 [k 4 2VEE
/ 2 T 2/ dk' K / K !
2m)? |k —-k| (2m)2 J, |k + K| |k + K|
g [ A (20
(2m)? 0 kp|lx + 2| x|z + 2|

krp [1 1 2v/xa!
_ir / dz’ 2’ g =iy oy (3.3.85)
0 |z + 2|

Finally we define

1/t 1 2/ xa!
129 (2 = /O o'da’ K( o ) . (3.3.86)

T2 v |z + 2/| |z + 2/

and we can write the Hartree-Fock energy in two dimensions as

h%k? e? k
2D _ (2D)
As we can see from Figure 3.16 the difference of the self-energy in dependence of the dispersion ﬁ is almost

twice as big as the self-energy for the three-dimensional case. In contrast to the dipole-dipole interaction the
Coulomb interaction is one power of r less divergent and yet the difference between two and three dimensions is
significant. These observation together with the difference between the isotropic and anisotropic contributions
in (3.3.66) let us conclude that the main contributions for the self-energy comes from the long range character
of the dipole-dipole interaction.
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Chapter 4

Two-Dimensional Fermi Gas with Dipolar
Interaction within a Harmonic Trap

Until now we have considered a homogeneous systems without any external trapping potential. In any
experiment of ultracold system the atoms must be trapped. For a two-dimensional system this can for
example be done with a reflecting laser beam forming a standing wave and therefore forming a so called
pancake trap. In reality the system is then quasi two-dimensional. That is the third dimension is highly
surepressd. We will take the electronic or optical trap in the Hamiltonian in the following form

2
mw
V() = == (a® +4°) . (4.0.1)
The Hy Hamiltonian now reads
h2
Hy=——V2 4 v{tap)(x) (4.0.2)
2m

Since this is the known one-particle Hamiltonian for the harmonic oscillator, we can give the eigenfunctions

2 2 1
_ mw;z; 1 mw; \ 1 [ mw;

To calculate the self-energy according to the theory outlined above one has to evaluate the self-energy matrix
in the eigenfunctions of Hp. Therefore one has to calculate (2.4.17) with the following matrix elements

as

<Oz"y’ V(int) ’5'7> _ /er/d2r” <a’y]r' I,//> V(int) <I‘,r"‘5’y>
— /d2rld2ruwa(I'/)E,Y(I‘”)V(mt)(I’l _ I'”)¢5(I‘,)¢,y(r”)
<Oz"y’ V(int) ’75> _ /d2r/d2r" <a’y]r' I,//> V(int) <I‘/I‘//"‘y5>
= / &' P P ()b, (2 )V O (2 — 2, () 5 (2 (4.0.4)
and then diagonalize the whole Hamiltonian with respect to the quantum numbers. This approach however
is to cumbersome dealing with fermions, where we have to take the n, sum only up to the Fermi edge. In
order to proceed we will therefore calculate the self-energy matrix in position space. The self-energy matrix
given by the Fourier transformation of the relative coordinates and the center of mass is a quantity frequently

used in the field of ultracold quantum gases [29,56]. We will calculate the Hartree and Fock self-energy
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Y (k,R) systematically within leading orders of the particle number N as well as within the semiclassical
approximation often used in the field of ultracold quantum gases. The semiclassical approximation is well
established approximation in this field, however the combination of the strong dipole-dipole interactions
combined with the restriction to two-dimensions motivates us to investigate the self-energy as the simplest
quantity possible to compare both approaches.

4.1 Large N Approximation for the Hartree-Fock Self-Energy
We will start with evaluating the matrix elements of (2.4.17) in position space as follows
Es(ﬁ Tilra 72) = 6(T1 — 72) (r17| v Ir2y)
=6(m1 — 72) /d2r’d2r”< e’ ") v nt) (pf — ") (r'r"|rg )
=0(r — ) / d*r'd*r"5(ry — 1), (" )V IO (2 — 1")5(x) — 12)1)5 (")
= an = 72) [ 31— r2)un (V) 1~ 6, (1)
= §(r1 — m)3(r1 — 12) / 2p (1)VE) (21 — £ )b () (4.1.1)

25(1‘1 T1‘I‘2 Tg) = —(5(7‘1 — Tg) <I‘1 ’y\ V(int) "'}/ I‘2>
— _5(71 _ 7_2) /d2r/d2r//< 'Y‘r/ //> V(int)(r/ - )< r ”"Yr >

= —§(1 — 7o) /d2r'd2r"(5(r1 — r')@v(r”)v(mt)(r’ r" )y, (r)o(x" — 1)

= —6(71 — 7o), (x2) VI (1) — 12)0h (r1) - (4.1.2)

Since the Green functions are all evaluated at the same vertex, we can integrate out the imaginary time
by using the Fourier transformation. Here w,, are the antiperiodic Matsubara frequencies. The Fourier
transformation then reads

hB3 )
2 (K, wm,R) := / d(m — 1) (MTIN (K R, 1 — 1), (4.1.3)
0

and can immediately be executed for the Hartree and Fock term. Next we will perform the Fourier transfor-
mation for the relative coordinates of the Fock term. For the Hartree term, we will just need to perform the
Fourier transformation of the relative coordinate. Before we proceed we introduce the relative and the center
of mass coordinate

r,:=r;—7ry rl:r1;r2+r1;r2:R+r_2r7
Rofifrz L _nitrz norn o Ir (4.1.4)
2 2 2 2

For the Hartree and Fock matrices (4.1.1), (4.1.2) this yields
SR = [ o, (R -0 VO, (R - ),
F — _ 2 _r (int) —ikr
>F(k,R) = /dw7 (r 2>v ) (x) e, (R+2> . (4.1.5)
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With these two matrix elements, we arrive at the following formula for the self-energy in the center of mass
and relative momentum representation

> (k,R) = Z/d2rv<im>(r) [zpw (R—1)0 (R — 1) — ¢, (R - g) ", (R + g) e*ikr] ny . (4.16)
Y

Since the dipole-dipole interaction is highly divergent at the point » = 0, we will have to find a way to control
the divergence. In order to do so we will add a zero in the following form

SR)=) [ v { R0, (R =) = R = [, (R = 3) v, (Rot ) ™ = fRn)] o,
(4.1.7)

The above introduced function f(R,r) has yet to be determined. Roughly speaking the function f(R,r) has to
be chosen in such a way that it cancels the probability density ¢ (R—r)iy(R—r) and ¢, (R — 5) ¢, (R + %)
in the limit r — 0, respectively. In order to make the notation more clear, we will write the new Hartree and
Fock contributions to the self-energy as

SR = 3 [ V) [ (R 1) 6 (R = 1)~ fR.)]
> (k, R) Z/er V) (¢ q,z)y ( g) " <R+ g) ek _ f(R, r)] n . (4.1.8)

Next we approximate the wave functions with the help of the Stirling approximation [57| for Hermite poly-
nomes

1

z(%)i\/%n'<2§> 2005<\/7\/_x—n ><1—n}§§2) b (4.1.9)

which is valid for large quantum numbers n, that is high energies E,, = hw (n + %) In the following we will
use in various expressions that the oscillating part of the wave function can be neglected for high energy
levels when integrating over the position. We will demonstrate this approximation exemplarily within the
evaluation of the normalization constant of i, (z).

2hn
mw 1 2n\" 2n
/d5C |¢n /\/md v N (ﬂ'h) 2nnl (?) 2 (@)

th 1 n 1
mw\iz 1 2n 2n 2 (1 1 mw
/ N () (—) 2(7%_ hxa) [5*5‘308(2\/7””5“‘””)]-
(4.

NI

cos? ( %\/27130 — n%)

By using

V2n m \/_ 1 1
d —— =2 dr————— 4.1.11
BV ”/1 iVipeh (4-1.11)

V2n on
/ dry| —— 5 5 COS (\/ nr —n— ) = cos (nm)V2 / dx \/_cos (4nz) . (4.1.12)
—V7n n—x
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we obtain for large n that the cos integrand is highly oscillating compared to the smooth root function on the
interval [—1, 1], so we can neglect it. The non oscillating part of the integral (4.1.10) can easily be performed
and we get

2hn

/\/ e 2 / 1 [2nh /1 L onh
= Uu == .
2hn — /2rm _ %;ﬂ mw J_q V1 — u? mwﬂ
The N factor is then given by
_ )
N=, 2" . (4.1.13)
V2rn"ta

With this, we arrive at the normalized wave function that we are going to use

1
1 4 4
Yn(x) = D————— cos ( %\/ 2nx — n%) with D := < mw> o (4.1.14)

(2n — %aﬂ)% m2h

These eigenfunction approximations (4.1.14) maybe recognized as the WKB wave functions of the harmonic
oscillator. The wave functions certainly only consider the probability density within the harmonic trap.
Naturally there exists a probability density outside of the harmonic potential which decays exponentially.
Here these regions are neglected and set to zero. Note that this neglection as well as the neglection of the
oscillatory terms in the wave function used further below is exact when we are interested in the leading
N — oo behaviour likewise for of the self-energy and particle number. This is mainly based on the fact, that
in leading order N — oo both quantities are diverging meaning, that in the n, sum (4.1.8) large quantum
numbers n are most important.

4.1.1 Derivation of the Hartree Self-Energy for Large Particle Numbers

Now we will rewrite the Hartree term in two dimensions first ignoring the artificial subtraction term. Before
we do so, we will use the Poisson sum formula [39], which justifies for N — oo that the summation over the
quantum numbers n can be converted to an integral.

> f(m Z/ dzf(z)e?™ (4.1.15)
n=-—00 l=—00"

In our case this yields

1 12mhz
—e¢ . 4.1.16
; " / rr,%wx2 % 7332 /22’ _ %12 ( )

Here we have used that the wave function is considered zero outside of the trap. Now as long as the function
f in (4.1.15) does not vary much over the interval 2w, the Fourier coefficient on the right hand side will
oscillate heavily and the only contribution to the sum comes from the ¢ = 0 term. Therefore it is safe to
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substitute the sum with the integral. We will put this now into action in the first part of the Hartree term.

SRy = ) / d dy VO™ (2, )b (X = 2)n (X = 2)to (Y = 9o (Y — )

Y <np

D4 np—ﬁ(Y—y)2 nFp—ni 1 1
:—/ ’ dnl/ dng/dx/dyvmt)xy
2 Ja(x—a)? (Y —y)? V= 5(X —2)? (/ng — 5 (Y —y)?
X cos> ( %\/in (X —z)— n1§> cos? <, / T\/2n2 (Y —y) — n2§>

1D4 np—5(Y —y)? np—ni 1 1
/ ’ dnl/ dng/dx/dy V(lrlt (z,y)
ST Sy 07 Vi 5P /507 P
1

2

A np—5 (Y- y)? (int) 1 ngp—ni
D /dm/dy/ dn V" (2, y) / dn2
V= 5(X —2)? Jey—yp  T/na— 5 —y)?

5(Y-y)? , o) By —
D4 / dz / dy / dny V) (2. ) Ve —m) — 50—y (4.1.17)
£ (X—a)” v — 5(X —x)?

Where we have used the following canonical definition

mw
= —, 4.1.18
=" (4.1.18)
and wrote ny and ns for the quantum numbers v. Next we will calculate the n; integral, which can also be
done analytically

/np—%()(—aﬁ)2 (nF _ nl) _ % (Y _ y)2 _ /nF—%(X—av)2 ng [( - E) ~ g (Y - y)Q]

dnl K 2 n K 2
(Y —y)? ny— 5 (X — ) (Y —y)? nr(pt — gp= (X —2)7)

155 (X —a) 1—u)— 5 (Y —y)?
:nF/ np " (1-u) =5 (Y —y)

K
2np

For W Y —y)* + ﬁ (X — x)* < 1 then follows

-5 (X =) (1-u) - 5= (X —2)° 1 1
/ du = arctan(0) — (— (X —z)+ — (Y —y)* - 1) arctan(oo)
i (V=) u— g (Y = y)? 2np 2np —
T E v o Bx a2
=3 {%F Y —y)* + np (X —x) 1} . (4.1.20)

Here we have executed the n integrals first. However, since we can exchange the order of integration, the
previous argument about the x integration still holds and we can neglect the oscillating part. In order to
proceed we will now need to look at the subtracting factor f(R,k), (4.1.8) as well. To make the calculation
more clear, we will at first focus on the first part (3.1.12) of the dipole-dipole interaction. The restriction
of the WKB wave function to the interior of the harmonic trap gives the following integration region for the
x, y-integration in (4.1.17)

mw

T(X_x)2+_w(y_y)2§2np (4.1.21)

h
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To fulfill it, we will switch to polar coordinates. We now proceed with introducing

(X—2) . n=rcos(y)

n x
§=Y —y) § = rsin(p)

} — (X —1n)*+ (Y —&? = R* + 7% — 2r[X cos(ip) + Y sin(p)] .

Here we have written R = v X2 + Y2, As we can see from (4.1.17) with (4.1.20) the Hartree integral without
the subtraction term is still divergent at the point » = 0. In order to get rid of this divergence we will now
choose the function f(R,r) as

[ p— ! (/55 vam (=) =G ) cos (@%(Y—w—nﬂ).

Ccos
V211 — kX2 /2ny — KY 2 2
(4.1.22)

Then we can do the same approximation within the n; and ns integrals as before and obtain for the modified
Hartree self-energy, were the integration boundary (4.1.21) is denoted by circle

EH,(l) (k’ R) —

KD*npr 1
- b p / doedy——— [¢(X — 2)? + (Y —y)* - 1]
8 circle (562 + y2)2

1 2 2
_/dedym [CX?+ (Y _1]}
:_WKD%FPIM{ dody— LTV Ty, YD } 1123
i L. = - g J Vi —eEf

Here we have set ¢ := ﬁ and V' denotes the whole volume. Furthermore the (1) indicates that we are only
dealing with the first part of the dipole-dipole interaction. By introducing a parametrization for X and Y in
the form of

X\ /s os [cos(V)
(Y) = VXY <sin(19) '
we can further simplify the expression to

2hn

4
SH) (¢ R) = — AL EPLPaT / =
0

27 (CT2 o 1)
3 Tdr/o dgp[

R2 4+ 12— 2Rr cos(p — 19)]%

0 2 2
R -1
— / rdr/ dp ¢ 3
0 0 [R? + 12 — 2Rr cos(p — ¥)]2
2hnp o

_ KD'npp: - por e ((r* — R?)
- _ rdr dy 3
8 0 0 [R2 + r2 — 2Rr cos(p — )2

e’} 2m 2 _ 1
- rdr/ dp R = - (4.1.24)
\/ g 0 [R2 +1r2 — 2Rr cos(¢ — V)]

In the final step the integrals have been rewritten in such a way, that the one on the left hand side is convergent
at 7 = R and the integral on the right hand side is then of course convergent on the interval [2np, o).
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The same procedure must now be done for the second part of the dipole-dipole interaction. Here we will
restrict ourselves to the case, that the two dipoles are again parallel and restricted to the x-z plane (3.1.13).
The contribution of the second part to L/ yields

hn
37TKD4an% / QmwF
8 0

2m 2 2 . .2 2 _ p2
EH/(2) (k, R) — TdT/ dSOC(X 2X’I" COS(@) + T Co8 (SO))(/,: R )
0

[R2 + 72 — 2Rr cos(p — 9)]?

X2 —2Xrcos(p) + 72 cos?(p)

2
/ - rdr/ T z
\ SE [R? 4 r2 — 2Rrcos(ep — V)]2

We can now write the whole Hartree term as

(CR* — 1)} : (4.1.25)

> (k,R) =
2hn
_ KD'npp; - par / = rdr /27r dy ((r* = R?)
8 0 0 [R2+412—2Rrcos(p— V)2
00 2 2
CR2—1
—/ — rdr/ de 3

V 2nE 0 [R? + 12 — 2Rr cos(p — 9)]2

n 31K Dnpp? / T rdr /27r dgoC(XQ —2X7rcos(p) + 12 cos?(p))(r? — R?)
8 0 0 [R2 + 12 — 2Rrcos(p — 79)]%

27 2 2 o2
X —-2X 3
/ / rcos(p) + 17 cos’() (CR2=1)¢ .  (4.1.26)
Vi 2h"F [R? + 12 — 2Rrcos(p — 9)]2
In order to calculate the Hartree contribution, these four integrals have to be solved. This can be done
analytically, if the r-integration is executed first, however the result is extremely cumbersome. Below we
shall show that the Fock self-energy is much larger than the Hartree self-energy for N — oo, which leads us

to not show this analytical result and treat the rest numerically as it is mandatory in the Fock term. Finally
to see the N dependence, we will rewrite the Hartree term with the relation

np=v2N , (4.1.27)

where N is the particle number. The verification of (4.1.27) will be shown below, after we have derived both
approximations. The final form of the Hertree self-energy now reads

¥k R) =

1 3 2 2 _ p2
Kp; - P2 2 Ni / Td?“/ G - ) 3
oix R2+r2—2chos(go—19)]§

21 P2
R -1
—/ ?“dT/ dp— = 3
1 [R? + 12 — 2Rr cos(p — ¥)]2

—Kp% % N / Tdr/%dap 2 —2X7rcos(p) + 1% cos?(p))(r? — R?)
247 [R2 + 72 — 2Rr cos(p — )]

2m 2_ 7 COS r2 cos?
e d@mef_Qérlfsw_mﬁ?)( 1>}. (11.28)

+

ol Qo

ot
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where we have defined dimensionless quantities as follows.

R=——— and X:i=—2 . (4.1.29)

4.1.2 Derivation of the Fock Self-Energy for Large Particle Numbers

We will now look at the Fock term (4.1.8). Before we proceed, we will rewrite the appearing cosine terms in
(4.1.8), and again introduce some short notations.

\/>\/_ X—— —n— cos< %\/%(X+g)—ng>

_ bl
=: COS (a1X - al% - b1) COS (alX + alg — b1>
1 1
=3 cos(arz) + 3 cos(2a; X — 2by) (4.1.30)

and similarly with ay and by. Now we multiply out

1 1 1
1 cos(aix) cos(agy) + 1 cos(aix) cos(2a2Y — 2by) + 1 cos(2ag X — 2by) cos(agy)

1

+ 1 cos(2a1 X — 2by) cos(2a2Y — 2by) , (4.1.31)
and we are in position to rewrite the Fock term (4.1.34) as
»F(k,R) = D* Z /dxdyV ) (2, )
ning
1 1 1 1

X

1

(2m1 — K(X + 52T (20 — k(Y — $)2)T (2na — k(Y + §)2)1

PN

(2n1 — k(X - £)?)

1 1 1 1 :
X (5 cos(arx) + 3 cos(2a1 X — 261)) <§ cos(agy) + 3 cos(2a2Y — 262)) e~ Hkazthyy)

1 1
a V2n1 — kX2 /2n9 — KY?

x (% 4 %cos(Zal(X . 2b1)> G 4 %cos(zaz(y _y)— 2b2)>} L (4132)

For large quantum numbers we are again neglecting the oscillating parts of the integrals. However this time
we cannot neglect the first term in (4.1.31) since this term exactly cuts the r» > 0 divergence of the non-
oscillating second term in (4.1.32). The other cosine terms in (4.1.31) can be neglected since they are again
highly oscillating and will not contribute in leading order to the n-integral. For more details see Appendix
A. The Fock term then reads

1 1
> (k,R) —KD4 / dadyV ) (z, y){ (4.1.33)
7;:2 (2n; — k(X — %)2)% (2ny — k(X + %)2)i
1 1 , 1 1
cos(arz) cos(agy e Farthyy) _ )
(2ny — k(Y — £)? )% (2ny — k(Y + 4)? )1 (azy)e V2ni, — kX2 /2ng — KY 2
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The main contribution to the integral for N — oo comes from the integration region /r < 1, which leads
us to the neglection of the r-depndence of the prefactor of the first term in (4.1.33) and further on we can

extend the integration region to the whole x — y plane leading to
7 (k,R) ~ D* Y / dx / dyV it () (4.1.34)
ning
1 1 1 , 1 1 1
X 4= cos(ayz) cos(agy)e e thyy) _ — }
{4\/2n1—/€X2 V2n9 — KY 2 (a1) cos(azy) 4201 — kX2 /2n9 — KY 2

in 1 1 b
D4 Z /dx/dyV( a,y) NeTIES CING T e {cos(alx) cos(agy)ekeatkyy) _ ] .

ning

Concentrating ourselves on the first part of the dipole-dipole interaction, we get

EF/(I) (k R)

= p2 ! L —i(k k
= KD4 /dx/d [COS ai1x) cos(a e t(kex+kyy) 1]
Z Y (22 + 3 V211 — kX2 /20y — KY?2 (a1z) cos(azy)

ning
Rf 27 1 1
_KD4p1 pQZ/ dr/ dy
- V21 — kX2 /2ny — KY 2
1

X — [cos (a1 cos(p)) cos (cos(agr sin(yp)) e~ Hrercos (@) +hyrsin ()] _ 1} . (4.1.35)
T

Together with the subtraction part the whole angle integration over ¢ is given by

27
/ dp [cos(alr cos()) cos(agr sin(yp))e~ kT cosle)+hyrsin(p)] _ 1}
0

- g [JO <\/(a1 — kg)? + (az — k:y)2r> — 1+ Jg <\/(a1 — ky)? + (a2 + ky)%) 1
+Jo <\/(a1 + k)2 + (ap — ky)2r> 1+ (\/(al + k)2 + (az + ky)2r> - 1] . (4.1.36)

We now rewrite a1 and as as a1 = /kv/2n1 as = /kv/2ny and execute the r-integration after substituting
out of the square roots, which leads to

EFl(l)(k’R) D4\/—P1 pam Z N
ni

nin2

1
— mX2 V2ny — kY2

(i) s (- )

(4.1.37)

N2 N\ 2 N2 ~ N\ 2 N2 N\ 2
(V=) (VI )+ (v k) = (vEm ) (vEm ) (VB )
Here we have introduced the dimensionless wave vector components l%g = % If we now replace the sum
with the integral, which is possible due to the Poisson formula approximation argued above we arrive at the

integral

EF/(l) (k R)

P1 - P27T e 1 1 PR - -
SRR / i /ﬂ a2 V201 — kX2 \/2ny — KY? [\/( 2= k) (V22 =y

VB~ k)2 4 (VI + k)2 (VIR + R (VB — 2 (VI )2 (V2 )2
(4.1.38)
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We will now also consider the second part of the dipole-dipole interaction. In order to do so, we will again
restrict the dipoles to the condition of being parallel and lying in the x-z plane (3.1.13). Before we start, we
first have to solve the integral:

2m . . .
/ dip cos (2¢) cos (a7 cos (¢)) cos (agr sin (p))e ™ Fer 08 (P)Fhkyrsin(e)) (4.1.39)
0
2m N N .
= cos (299) / dip cos (2(p £ 1)) cos (a17 cos (¢)) cos (agr sin (p))e~ (ke cos (@) Fhyrsin(e)
0

2m N N .
+ sin (F20) / dpsin (2(p + 1)) cos (a17 cos (¢)) cos (agr sin (p))e ke cos (p)Fhyrsin(e))
0

where the ¢ has been introduced in accordance with four parametrizations for a 4 k as

a1 — kg B Y Y cos(dy)

<a2 - l}:y> N \/(al ka)® + (az — ky) <sin(191)

ay — ky B 2 5 [ cos(v2)

(a2 n l%y> = \/(al ka)? + (a2 + ky) (sin(ﬂg)

ay + ks o 7 o [cos(U3)

<a2 — iﬂy> N \/(al +ha)? + (a2 — ky) sin(v3)

a1 + ky _ : o 5 (cos(Vy)
(a2 N ’%y> — (@ + k) + (a2 + y) (Sm(m) . (4.1.40)

The integral can now be executed and yields
2 N N .
/ dip cos (2¢) cos (ayr cos (p)) cos (agrsin (@) )e~ ket o3 (@) +kyrsin () (4.1.41)
0

-2 [cos (201)Js <\/(a1 o) + (az — ky)? r) + cos (209) Jo (\/(a1 ~he)? 4 (a2 + ky)? r)

+ cos (203)Jo (\/(dl + k)2 + (ag — ]%y)2 r> + cos (204) J2 <\/(a1 + k)2 + (ag + ]Afy)Q TH
= —g [cos (2001)Ja(——) + cos (202)J2(—+) + cos (293)Jo(+—) + cos (204) Ja(++)]
= 5 a(==) + Ja(—+) + Ja(+=) + Jo(++)]
— 7 [cos? (91) Jo(——) + cos® (Fa) Jo(—+) + cos? (93) Jo(+—) + cos? (F4) Jo(++)] (4.1.42)

where we have introduced the notation

Jo (4 4) == Jo <\/(a1 + k)2 + (ag + k:y)27“> . (4.1.43)
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To solve the first ¢ integral of (4.1.34) we proceed as before:
27 Lo 2 .
/ dip cos? (p) cos (arr cos (p)) cos (agrsin (p))e i Far cos (@) +Hkyrsin (o))
0

1 [ (har co5 (0)4oyr cos
= 5/ dip cos (arr cos () cos agr sin (p))e ™ Far 08 (P)hyr cos (2))
0

1

2 N -
t3 / dip cos (2¢) cos (ayr cos (@) cos (agr sin @) e~ (ker 008 (P)+hyr cos ()
0

= —% [Jo(==) + Jo(=+) + Jo(+=) + Jo(++)] + % [Jo(—==) + Jo2(—+) + Jo(+=) + Jo(++)]

— g [cos? (91) Ja(——) cos® (¥2) Jo(—+) + cos (U3) Ja(+—) + cos® (9a) Jo(++)] - (4.1.44)

For the r-integration, we again substitute the square roots out of the Bessel functions and bring the —1 of
the subtracted Green function to the Bessel function Jy in order to make it convergent. The integration over

the Bessel functions of second order combined with the factor %2 simply gives % With that said we get:

00 2m - - .
/ dr/ d@% [COS2 () cos (arr cos (¢)) cos (agr sin (p))e ™ ke cos (@) Fhyrsin(p)) _ g2 (ap)] (4.1.45)
0 0 r
= -1 V== +V=F + V= + V]
+ % V= +V—++ V+—+ V++]
- % [cos2 (91)v/—= + cos? (92)v/—+F + cos? (¥3)v/+— + cos? (Da)V++]

__Tr — — — o (al_ifz)z (al—l%m)Q (a1+l%x)2 (al—i—f%)Q
=5 [V—=+V—F+V+-+V++] 6[\/:+\/:+\/+——+\/ﬂ

where we have introduced in accordance with (4.1.43) the short-hand notation

VES) = \/(al + l%gc)2 n <a2 + /%y>2 . (4.1.46)

The whole second integral can now be written as:

EF/(2) (k’ R)

3p? 1 1 1 o
= -KD'=7 /dwd —— <x2 cos (a1z) cos (agy)e {karthyy) x2>
4 2 V2n1 — kX2 /20y — KY? y(x2+y2)g (ar2) cos (azy)

ninz

p? 1 1
:KD4% 3 S s [V VT VS V)

ni,n2

+<(a1—z%x)2 Lo k) (@t k) <a1+z%z>2>

= = o=t (4.1.47)
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We can now combine the first (4.1.38) and second (4.1.47) part of the dipole-dipole interaction to

1 1
V211 — kX2 \/2ny — KY2

{wiw:wr—wm

1 in
>F(k,R) = —ZKD‘* > / dzdyV 0 (2, y)

ni,n2

<cos (a1z) cos (agy)e*i(k”*’%yy) — 1)

2
™ 1 1
= KD*=—3
8 > V2ni — X2\/2ny — Y2

ni,n2

(al - ];5:)3)2 + (al - ]231)2 + (Cll + ];5:):)2 + (al + ];5:)3)2
= s T e

The final form for the Fock term reads then explicitly

7.[.p2 nr ngp—mni
»¥(k,R) = KD*\/r—=3 / dny / dns
8 kX2 kY2
2 2

y {pz

+\/<x/ﬁ+l%x)2+< 2n2—l%y)2+\/(\/%+l%x)2+<x/%+l%y)2

+p}

} . (4.1.48)

1 1
V2101 — kX2 \/2n9 — KY 2

(k) + (vEm k) (Va2 + (v &)

+pi = — + (\/2—72;_]%“”)2 -
Jm k) - (v e k) (v k) (v k)

. (V21 — ko)’ . (V21 + ko)?
\/(m+z;x)2+ %-@)2 \/(\/mwz)ﬁ(\/%ﬂ%yf

(4.1.49)

Finally we will rewrite the Fock term in such a way that we can see the N dependence upon it. As in the
case of the Hartree self-energy we use (4.1.27). The final form then reads

1 3 1 1—nq 1 1
Sk, R) = K (@) 2 Ni/ dnl/ dns _ _
2% h X2 2 Vg — X2 /ng — V2

x{p?», \/(\/n_l—l%z)2+<\/—2 >2+\/<\/n—1_%m>2+(\/n_2+1%y)2

s — &,
~ \ 2 ~ \2 ~ \2 ~\2
+\/(\/n_1+kx) +<\/n_2—ky> +\/(\/n_1+km> +(\/n_2+ky>

+ (v/n1 — %:v)Z n (v/n1+ ];5:1:)2
Y ei) s (m-h) (k) s ()’
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Where we have set

Xy

kpi=———  and X;:= "
3

Ni )

mw mw

(4.1.51)

=

N

4.2 Semiclassical Approximation for the Hartree-Fock Self-Energy

The standard way to calculate the self-energy for ultracold quantum gases would be to use the semiclassical
approximation. In order to do compare our results, we will now evaluate the Hartree Fock diagrams (2.3)
with the semiclassical Green functions which is given for equal times by [58]

G(X T’X 7—) = _ Lﬁeip(X1_X2) 1 (42 1)
e (27h)? eB(H[x1,x2;p]—1) 4 1 2
where the Hamiltionian is evaluated as follows
2
o= P (trap) [ X1 1 X2
a = m Pl=—— ) 4.2.2
[x1,X2; D] 2m—|—V < 5 > m ( )

We will now evaluate the Hartree-Fock equations with the semiclassical Green function. We start again with
the Hartree term

SH (e, 1i|rg, 1) = (M O(T — ) / d’r3d?ry (rir3| V|rory) G(ry7|rs7)
= —0(11 — T9) /d2r3d2r45(r1 —12)d(r3 —rg)V(re — ry)G(ry7|rsr)
= —5(11 — ) d(r; —1r2) / eV (rp — 1) G (r, 7|1, 1)
= —§(1 — 72)d(r1 — rg)/dzr" Vit ("G (r1 =", mfry — 1", 71)

= —0(r — 12)d(x,) / d*r" v ()G (R + % —r', 7 5

R+5—ﬂﬁ). (4.2.3)
In the same manner we get the following term for the Fock diagram
S (ry, 7lre, 7) = 0(1 — ) / d?r3d’ry (r1r3| V |rars) G(ry7|rsT)

=6(11 — 72) / d2r3d2r45(r1 —14)0(rs — rg)V(mt)(m —19)G(ry7|r3T)
=0(r1 = )V (r) — 19)G(r1, 71 [r2, 72) - (4.2.4)

and in analogy to above we again perform the Fourier transformation in time and relative space

EH(k/, R) _ / dzrre*ik/'”é(r,«) /er// V(int) (r//) G (R + % - I‘//, 7_1

R+ 1'2_1" —I‘”,T1>

= - / " V") G (R-1", 1R —1",7) . (4.2.5)
For the Fock term we arrive at
EF(k/7 R) — 5(7_1 _ 7_2) /err e—ik/rrV(int) (I'T) G (R + % R - r_27‘> . (426)
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To control the singularity at V(0) we add
/ PrviY(r) GR,R) , (4.2.7)

to the Hartree term and again subtract it from the Fock term. We will again write these terms with the
prime and arrive for the Hartree term at

SH(K R) = — / "V (G (R -1, 7R —1t" 1) - G(R,R)} (4.2.8)

= / d2r” v mt) ()
{ e /%d@k/ kdk@(Ef—ﬁ—V(R— )>
/%d@k/ kdk© <Ef— Tk - V(R )> }

= /d2r" V) (1) { (2:;712 [Ef ~-VR-1")]O0(Er-V(R-1")) - (2:;712 [E; - V(R)]} .

Where we have evaluated the Greens function for 7'~ 0 as

r, r, K e h2k?
G(R+7 1“7) -/ 2ne° @<Ef‘%‘V<R>> (4.2.9)
as well as
A’k h2k>2
RR = [ “"“o(e -2 _vm)) . 4.2.1
R ) (4:2.10

Now we subtract again the term [ d*r, V(r,)G(R,R) and arrive at the following Fock term

Sk R) = / e VO () {G (R+ TR - T) e — GR,R)}

: d?k ) h2k? h2k?
— _ 2 (int) —irr(k'—Kk) A - A
/d r, V (rr)/ oo {e e (Ef - V(R)) e (Ef - V(R))}

- / (;z;z; [V —x) - viR Kk =0)} e <Ef - ? - V(R)>

_ / (;i’; [V —0) - v —x} e (Ef - % - V(R)) (4.2.11)

4.2.1 Semiclassical Derivation of the Hartree Self-Energy
Due to the Theta function the first integral of the Hartree term has to be taken over the following region

2B,
mw?’

(X —2")2+ (Y —y")? < (4.2.12)
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The second integral has to be taken over the whole volume. We arrive at the following semiclassical Hartree
term

m m

A% _ 21y (nt) (1 TR, — AN / 2, ny (int) oy E, —
W) = i [ BV By - VR =) - Gl [ v i v

. 2
_ (27:T)Lh2 {/ l d(I,'”dy”V(mt) (x,y) <Ef _ % [(X — x//)Q + (Y — y/)2]>
circle

2
_ / 22"V ) () [Ef B m;u (X2 +Y2)}}
v

2 2
= (2:;152 {/ 1 dQnV(int) (z,v) [Ef _ %(1% +§2)] _ /VdQ??V(int)(w,y) [Ef B 7717&1()(2 +Y2)]} .
(4.2.13)

As we can see this integral corresponds exactly to our previous derived Hartree integral (4.1.23).

4.2.2 Semiclassical Derivation of the Fock Self-Energy

The Fock term can most easily be evaluated with the help of the previous derived Fourier transformation

SF(K/,R) = / (;l:;z {vﬁnﬁ) (k = 0) — VoK — k)} e (Ef - g - V(X)>

Vi (Er—V(X)) 2
- / kedk / dgpk{V(
0 0

int) (k _ 0) _ V(int) (k/ i k)}

= <\/2?m {Ef — mTM (X2 + Y2)D : (4.2.14)

Here we have used the solution for the homogeneous case 2" (3.3.66). Therefore we get for the Fock term

9 1 3 N B 3
SF(K,R) = §W}(plmﬁj\f% (%) 2 [1 . (X2 + Y2>] 2 (4.2.15)

k k

\/1—(X2+§72) \/1—(X2+372>

where we have again used the dimensionless quantities (4.1.29).

x { Py(cos (o) I%59

— sin? () cos (2 ) T30

4.2.3 Determination of Chemical Potential

In order to compare the results, we have to calculate the chemical potentials within the large N and semi-
classical approximation independently. The particle number is defined as

N = /d2rn(r). (4.2.16)

For the large N calculation the density has to be evaluated as

D4 ng ng—ni 1 1
n(r) =Y lpy(r)*n, = —/ dnl/ dny
; gl v 4 Jg? e V2n1 — k1% \/2ny — Ky?
Drmw [ 5 4 2np 2np 5 o
__Dimmw _2nelg(2nE 2 9 421
16 h [w Y K © K v v ( )
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Here we have again used that the cosine terms can be neglected for the n-integration, see also Appendix A
Therefore we get

D* VEE 2 2 2
_ _@/ Tdr/ de [73 _ ﬂ] = Ir (4.2.18)
0

16 h 0 K 2

If we substitute Er := hwnp we get

Ef
=— 4.2.1
2w?2h2 ( 9)
The same calculation can now be done for the semiclassical approximation as
d’k h2k?
= O|Ep—— -V
)= [ oy © (B - oy~ V)
1 [2m muw?
=— |—& (EBp - —(a? 2 4.2.20
e )| (1.2.20)
So now we can calculate N for
/2EF 9 9
mw? mw E
E 24| = L 4.2.21
47r / /QEF / [2Ep [ Fmy — @ty )] 2w2h?2 ( )

As we can see the two probability densities (4.2.17) and (4.2.20) are the same. So the difference of the two
approximations lies in the off diagonal elements of the Green function.
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4.3 Discussion

In the following we use XM and XF as dimensionless self-energies calculated from (4.1.28) and (4.1.50) by
setting K'p; - p2 (%)g = 1. Where we have considered parallel dipoles and calulculatd the components for
each given dipole setting a. By comparing (4.1.28) with (4.1.50) in the large N approximation or (4.2.15)
with (4.2.13) respectively we see that the Fock self-energy dominates over the Hartree-energy by a factor NV 3
for large particle numbers. Furthermore the Hartree contribution has no k£ dependencies and therefore only
provides a constant shift in the one-particle energy. For that matter we will consider the Hartree and Fock
self-energy separately

4.3.1 Discussion of the Hartree Self-Energy

-18 ‘ ‘ ‘

X|

Figure 4.1: Shown are the Hartree contribution to the self-energy =% as a function of X for ¥ = 0 and for
the four different dipole settings o = 0 (red), § (blue), § (green) and 7 (black).

As already mentioned the large N and the semiclassical approximation for the Hartree self-energy coincide.
Due to the divergence of the Hartree and Fock self-energies separately, which has its origin in the strong
dipole-dipole interaction in two dimensions, we had the freedom to choose the function f(R,k) in (4.1.8)
in order to make them each finite. Similar holds true for the semiclassical approximation. For that reason
the Hartree contribution to the self-energy in both approximations is equal only by construction. We note
here that the so calculated semiclassical Hartree self-energy (4.2.13) includes non-local contributions to the
self-energy, which exceed the local density approximation. These contributions are clearly beyond the first
order gradient approximation. In Figure 4.1 we show the dimensionless Hartree self-energy as a function
of X and Y = 0 for various dipole settings. The convex-concave behaviour of the curves is independent of
the chosen value of Y. We obtain from the figure, that by passing the critical angle ¥ the curvature of the
Hartree self-energy changes from concave to convex. This behaviour corresponds with the Fock self-energy
given below.

4.3.2 Discussion of the Fock Self-Energy

In contrast to the Hartree self-energy the dominant Fock self-energies differ in the Large N and semiclassical
approximation. First we will look at the Fock self-energy as a function of X for Y =0 for various k directions
given by @i and |k| = % For this we show in Figure 4.2 X¥ for the large N approximation (left panel)
and the semiclassical approximation (right panel) where each row corresponds to one dipole setting. We see
from Figure 4.2 that the Fock self-energy varies for different values of . This splitting increases for larger
values of a. This corresponds to the increasing instability of the dipole-dipole interaction for larger a-values.
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By passing the critical angle ¥ the Fock self-energy even switches within the stable region from a concave to
a convex behaviour. This general behaviour is in general independent of the chosen value of \l~<\ > 0. For
|R| = 0 the splitting vanishes. We obtain further from Figure 4.2 that the two approximations to the Fock
self-energy coincide at X = 0. This is true in general independent of the chosen values for «, k at the origin
R = 0. In Figure 4.3 we show SF for exemplary selected (o, ¢}, ) configurations for ¥ = 0 and |k| = \[ Here
both approximations to the self-energy are shown in one plot. We obtain from the figure that for increasing
a-values the difference between the large N and the semiclassical approximation increases. In the instability
region of the dipole-dipole interaction the differences between both approximations increase drastically.
Within the Thomas-Fermi picture, we interpret the calculated local self-energy X’ (R, k) + X7 (R, k)
together with the free energy as the energy of a quasiparticle added to the system at position R with
momentum k. The whole Green function within the gradient expansion is in general given by G~!(k,R) =
Gy'(k,R) + X(k,R). This relation is not to be confused with the matrix equation (2.4.15) and is only valid
within the gradient expansion. For details we refer to [59]. Within the semiclassical approximation the G !

is given by (w . (R)) The spatial spectrum is then given by F(k,R) = h2k2 -2X(k,R)+V(R). In

2m
oder to give the same interpretation using the large N approximation one would also have to evaluate Gi1
However this interpretation only becomes interesting once the spatial self-energy is experimentally accebslble

We show in Figure 4.4 the Fock self-energy %f/(R, k) as a function of [k| for R = 0 for various o and
K settings within both approximations. In correspondence with the discussion above we obtain a larger
dispersion splitting as a function of ¢y for increasing values of a. The curvature of the self-energy even
becomes negative in the instability regions of the dipole-dipole interaction. This behaviour then corresponds
to the dispersion behaviour of the homogeneous system already discussed in (3.3.2). We obtain furthermore
from the figure no deviations of the Fock self-energy within the large N and the semiclassical approximation.
This behaviour is only exactly fulfilled at the center of the trap, where the trap potential varies least. In Figure
4.5 we now show the Fock energy dispersion away from the center of the trap, for X = % and Y = 0 for both
approximation. Corresponding to the previous discussion, concerning the dispersion behaviour in the stable
and unstable regions of the dipole-dipole interaction, we obtain here a similar behaviour. We furthermore
obtain from the figure, that now even in the stable configurations of the interaction the deviations of the
semiclassical and large N approximations are significant.

We note here, that the assumption of large particle numbers N > 1 is in general fulfilled in ultracold
trapped Fermi systems. This means that our large N approximation for the self-energy is almost exact
within the Hartree-Fock approximation. This is not fulfilled for the semiclassical approximation of the
Hartree-Fock self-energy, which uses a short-time short-distance, approximation for the non-interacting Green
function. This approximation even neglects leading terms in A being important for high energy levels. One
well known example that this neglection can be substantial is known from the semiclassical approach to
quantum chaos [39], where this short-time, short-distance approximation to the Green function leads only to
the classical smeared contribution to the density of states. In fact the true density of states for high energy
levels in quantum systems is largely affected by approximations going beyond short-time, short-distance for
the Green function.

Finally we like to address the possibility to access the spatial self-energy experimentally. To our knowledge
it is not yet possible to measure the one-particle excitation spectrum experimentally. Experiments, which have
be carried out in this direction use Raman-Bragg spectroscopy [60] and photon emission spectroscopy [61]. For
the Bragg experiments in a homogeneous system the structure factor is directly correlated with the spectrum
of the system [62|. Within the local density approximation the local structure factor can be determined. The
local structure is then weighted by the local particle number in order to obtain the global experimentally
accessible structure factor. In that sense the local excitation spectrum can be determined. This is a rather
rough approximation where the differences between the self-energy calculated in semiclassical and large N
approximation should not be seen. The situation certainly changes once, as proposed in [61], the spatial
energy spectrum is accessible.
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Chapter 5

Summary and Outlook

5.1 Summary

The description of Many-Body quantum systems from first principles is only possible by taking into ac-
count several approximations. One approximation often made in the field of ultracold quantum gases is
the assumption that one deals with dilute weak interacting systems. Further accounting for the fact that a
low-dimensional system such as the here considered dipolar interaction within two dimensions increases the
ultraviolet divergence, it is worth to recapitulate if standard assumptions are still valid. For that matter we
started by deriving the fermionic coherent state path integral, which is often just carried on the side of the
bosonic coherent state path integral [34,46,48|, not really outlining the Grassmann character of the theory.
Therefore, we made an extra effort and started by deriving all needed calculation rules for the underlying
Grassmann algebra. Beyond some standard rules the main goals of this part were to derive the product as
well as the chain rule for Grassmann functions (2.1.29), (2.1.31), (2.1.37) and functionals (2.1.86), (2.1.91),
(2.1.98). For the product rule the order of the derivated and non-derivated terms now matter. The same
holds true for the chain rule, were the order of the inner and outer derivative is now important. We registered,
that one has to distinguish between the chaining of the analytic functions with Grassmann functions (2.1.31)
or functionals (2.1.91), respectively, and the chaining of Grassmann functions/functionals with Grassmann
functions/functionals (2.1.37), (2.1.98). As it turned out for Grassmann functions and functionals the chain
rule only holds true for certain functions. For details see (2.1.31), (2.1.37) and (2.1.91), (2.1.98). The chain-
rule for Grassmann functions was later used to derive the Wick theorem (2.3.9). The product rule and chain
rule for Grassmann functionals were needed to derive the Dyson equation (2.4.16) from which we then derived
our main Hartree-Fock equations (2.4.17). Once the Grassmann algebra rules were assembled, the fermionic
coherent states could be constructed (2.1.113) and their overcompletness (2.1.121) was proven. Equipped
with the necessary tools we derived the fermionic coherent state path integral (2.2.15) and derived expres-
sions such as the partition function (2.2.23) and the imaginary-time Green function (2.2.66). For the free
system we derived the Fermi-Dirac statistic (2.2.73) and the free imaginary Green function (2.2.74). While
the free system can be threated analytically, the situation changes when interactions come into play. In order
to consider interactions, we used perturbation theory. Using the path integral (2.2.23) and the Wick theorem
(2.3.9), we could establish the Feynman rules for the partition function (2.3.1), which then again were used to
derive the Feynman rules for the interacting Green function (2.3.2). By deriving the Dyson equation (2.4.16)
and further reducing the Feynman graphs by only considering the connected Green function (2.3.29), we
could finally develop the Feynman rules for the self-energy (2.4). Taking the first-order Feynman graphs, we
arrived at the Hartree-Fock equation for the self-energy (2.4.17) in first order perturbation theory.

The second part starts by taking a closer look at the dipole-dipole interaction (3.1.11). We derived the
special cases for parallel dipoles in three dimensions (3.1.15) and parallel dipoles in two-dimensions (3.1.17).
Considering parallel dipoles was motivated by the assumption, that one considers a system with an external
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electric field, which polarizes the dipoles. The anisotropy of the interaction causes the existence of stable and
unstable regions depending on the angle between the dipoles and the external electric field. While in three-
dimensions the change from stable to unstable systems is characterized by the critical angle ¥ in (3.1.16), the
two-dimensional stability depends not only on the orientation of the dipoles to the electric field, but also on
the orientation between the two dipoles Figure 3.6 . Having discussed the dipole-dipole interaction, we next
calculated the Hartree-Fock equations for the self-energy in first order perturbation theory for a homogeneous
Fermi gas at 7'~ 0 (2.4.20). Due to the translational invariance of the system, the self-energy can be derived
using Fourier transformation. As it turned out the Fourier transformation for the dipole-dipole interaction in
three-dimensions is well defined (3.2.14), while the Fourier transformation for the dipole-dipole interaction in
two-dimensions contains an ultraviolet divergence (3.2.32). This divergence originates in the Tig dependence of
the dipole-dipole interaction and is not present in the Fourier transformation of the two-dimensional Coulomb
interaction (3.2.42). The Coulomb interaction was mainly considered to compare the two interactions in two
and three dimensions. Using the Fourier transformation we calculated the self-energy for the three and two-
dimensional system. The calculation for the three-dimensional system leads to the solution (3.3.35). The
anisotropic character of the self-energy only depends on the orientation of the dipoles and the dispersion is
independent of the azimuth angle. Compared to the three-dimensional system the two-dimensional calculation
inherits the subtlety that, as mentioned before, the Fourier transformation is divergent in two dimensions.
However, since the divergence turns out to appear in the Hartree and Fock term it canceled out in (2.4.20)
and the final result is finite. The result was then given in (3.3.66). As already mentioned, the repulsive or
attractive interaction depends not only on the orientation of the dipoles towards the electric field, but also
on the orientation of the dipoles to each other. This behaviour manifests itself in the calculated quasiparticle
dispersions, which changes from a positive (stable) to negative (unstable) curvature as can be seen in Figure
3.15. We then shortly proceeded in calculating the self-energy for the Coulomb interaction as well (3.3.87).
As can be seen in Figure 3.16, the self-energy to free-energy ratio is significantly larger in two dimensions than
in three. The same holds true for the dipole-dipole interaction, where the ratio is even larger, as can be seen
from Figure 3.13. We also mention that we cannot say that the difference between the %3 dependence of the
dipole-dipole interaction compared to the %2 dependence of the Coulomb interaction causes the divergence,
as the Hartree term is divergent in the case of the Coulomb interaction and the self-energy was only derived
by assuming there exists an equally large background field, due to charge neutrality, so the negative divergent
Hartree term cancels with this positive background field.

In the next chapter we investigated an ultracold Fermi gas within an electric trapping potential in two-
dimensions (4.0.1). Starting from the Hartree-Fock equations (2.4.17) we evaluate them in position space,
before transforming to relative and center-of-mass coordinates, so we arrived at the self-energy expression
for ¥(k,R). As observed in the homogeneous case (3.3.66), while the Hartree and Fock terms are divergent
separately, they converge together. By introducing the function f(R,k) (4.1.22) we were able to make the
Hartree and Fock term convergent separately. We approximated the exact Green function systematically in
leading order of large particle numbers N and derived expressions for the Hartree (4.1.28) and Fock self-energy
(4.1.50). Next we took the semiclassical Green function (4.2.1), and calculated the Hartree and Fock diagrams
(2.3) by making them convergent using the same technique as in the large N approximation. It turns out the
Hartree terms are the same in both approximations, however due to the freedom of choosing f(R, k), they are
equal only by construction. In contrast to the Hartree term, the Fock term in the large N and semiclassical
approximation are different. Finally we compared the results for both approximations starting with the Fock
self-energy dependence of X for the value Y = 0 and ]l~<] = % We saw that both approximations reveal a
characteristic ¢y dependence of the self-energy. This ¢y dependence splitting increases for larger values of
«, that is the more the dipoles are tilted towards the plane. This behaviour is in correspondence with the
stability behaviour of the dipole-dipole interaction. The self-energy even switches from a concave behaviour
(stable) to a convex (unstable) behaviour according to Figure (4.2). Independent of the chosen values of a and
k| the two approximations coincide at the center of the trap R = 0. In accordance with this we saw that the
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dispersion relation within the center of the trap is identical for the large N and semiclassical approximation
Figure 4.4. This behaviour only holds true for the center of the trap and away from the center of mass we saw
significant differences Figure (4.2) within the dispersion relation. As noted before the large particle number
assumption N > 1 is in general fulfilled in ultracold systems making our large N approximation almost
exact within the Hartree-Fock approximation. We also pointed out, that this does not hold in general for the
semiclassical Green function, which uses a short-time short-distance approximation.

5.2 Outlook

The investigation of degenerated Fermi systems in two dimensions represents a relatively fresh research
field just on the boundary of experimental breakthrough. Therefore, the theoretical descriptions for real
systems become more interesting. Descriptions of ultracold Fermi systems are either made in the collisonless
or hydrodynamic limit. A more accurate description considers the regime in between of these two extreme
cases. Here the self-energy has a significant contribution. However we have to say that already the calculation
of the local self-energy lies on the boundary of what is possible analytically, so it is questionable if the large
N approximation can be used further in this form. However it would be interesting trying to calculate
the real spectrum within the large N approximation. Also it would be interesting to calculate the large N
approximation in three-dimensions and again compare the two approximations.
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Appendix A

Saddle Point Approximation for n
Integration

So far we have just stated that the cosine terms vanish when the integration over the quantum numbers
n is executed. To see that the cos (\/ 2nxr — n%) can indeed be neglect for the n-integration, we will now

demonstrate, that exemplary in one dimension. For that matter we look at the integral:

ne cos(2v2nx — nm)

COS (\/_IL' — n /

1 1 nr
dn———— / dn
V2on — x? \/2n — x2 V2n — x?

The integral we are interested in is
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The suppressions away from the saddle point is then the same as for the n-integration (4.1.12). So the only

integration regime remaining to discuss is around the saddle point. If we define the function
a(x) = 2V2nx — nr.

We can make a saddle point approximation around ng where a/(ns) = 0.

a'(n) = \/—Q_nx -7
T
() = an%
d(ng) =0=n, = 27T_n;
a(n —ng) = a(n —ng) + ' (ng)An? = % - 8L;An2,
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APPENDIX A. SADDLE POINT APPROXIMATION FOR N INTEGRATION

where An :=mn — ng. We now just look on one of the integrals (A.0.2) np > 1

ng 1 0w . 3 ng 1 222 oS
~ dnﬁel%izgngnQ — dniez ™ Z812n2
z2 V2ns —x 2 204
22 s 22 4
2 2 € (W2 1)
2 [ 1 T
=e'n dn e'"m e 8a¥ng (A.0.5)
z2 4
2 x2(ﬁ — 1)
3
2 8 e
i2z V322 2
=€ 7 YR §z dne e, (A06>
(4—72)m J x2
42z

The integral (A.0.6) is finite. Therefore the contribution to (A.0.1) is neglectable compared to the leading
divergent terms.
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Appendix B

Baker-Campbell-Hausdorff Formula

The Baker-Campbell-Hausdorff formula is used various times throughout this text. For a proof we refer
to [39]. Here we want to show how to use the linear map ad,[y] in (2.1.44) to arrive at the relation (2.1.46)

from the integral representation.
ee¥ = e

1
1
Z=X +/ dtg (e*d=e ™) [y] mit g(2) = ZZOg (f) .
0 _

First we use the following series representation for the logarithm

log (2) = Z;) (El_i):) (z—1)"*L.

Now we can write

Zzil[(z—l)—§(z—1)2+§(z—1)3—i(z—1)4+g(z—1)5_ }
2 —1)2 2—1)3 2 —1)4 2 1)°
e e -
1 -2 o (o (1)
_Z—1<(2_1)_ 2 T3 1 5
z— 3 y— 4 P 5 s 6
+(z—1)2—( 21) 4 31) _ 41) ( 61) B )
_<1—(""1) (-1 (z=1° (=D
2 3 4 5
S SR PR RGN

139

(B.0.1)

(B.0.2)

(B.0.3)



APPENDIX B. BAKER-CAMPBELL-HAUSDORFF FORMULA

: 1 1 m+1 m 1
and with (E - m—l—l) = m(nirJrl) T m(m+1) ~ m(m+1) we get
> 1
=1 — ("1™, B.0.
o) =14 3 e (D™ e - (B.0.5)
Then we expand the expression
ad, tady __ - (adz)n - t(ady)k
(o (ad) | (ady)? | (ad,)? tady) | 2 (ad,)? | £ (ad,)?
—(1+ 1 + o1 + 3 +.. 1+ 1 o 3] +

£ (ad)(ady)’ | £ (ada)*(ady)? | £ (ad,)ad,)?
113! 213! 313!
ady | tlady) | (ady)? £ (ady)? | t(ady)(ad)
1! 1! 21 21 111!
(adx)?’ n 3 (amdy)3 t (adm)z(ady) 12 (adm)(ady)2
3! 3! 211! 1121

: 2 (ady)2(ad,)? £ (ady)2(ad,)?
+ B s

(B.0.6)

and now consider

(Z _ 1) — (eadxetadx _ 1)
ad, tad, (ad;)? t*(ady)? = t(ad;)(ady)
ETRREY o g !
(ad.)®  t*(ad,)®  t(ad)*(ady) | t*(ad,)?(ad,)?
st T3 T am 112! T

(B.0.7)
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The second term is then given by
(eadz etady _ 1)2

- (-

(ade)' | £ (ady) (o)t (ade)(ad,) £ (ady)?(ad )
TR TE] 112011 112!

+-+-+-
I

ti(ady)?t  t*(ady)(ad;)?(ady) = t3(ad,)(ad,)?(ad,)?
* 113! + 1'2'1' + 111121

2'2' 212!

t(ad;)3(ady)  (ady)®

+ ...

211!1! 213!
(ad,)?(ad,)? |t (ad,)4(ad,) zt?<adac>4<ady>2+
213 2'2'1' 21112!

.
2'2' 212! 21111
t*(ady)*(ad,)* | #(ady)® #*(ady)*(ad,)(ady) | #1(ad,)*(ads)*(ad,)?
2131 213! 2'2'1' 2112

Y e
11112v T

t*(ad,)(ad, ) (ads)(ady)  t(ads)(ady)(ads)” | 1 (ads)(ad,)"
1! 113! 113!

2 (ady ady)(ady 2 ad, 3 (ady ady)(ady 2 ady 2
= )(1!1!)2(!1! ot 2 )(1!135!2! _— +> ‘ (B0E)

Now we will have a look at the third term

ady)? dy)?
ad; + tad, —i-( 2|) —l—] [ad + tad, (a 2') —i—]

= ad2 + t (ad,)(ad,) + (a(; )’ + t(ady)(ad,) + t*(ady)? + t(ady;ﬂ
ad;)?  t(ad,)?(ad ad,,
: 2!) ( ;!( 2 (2!23 R (B.0.9)
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(ady)2 7"
{adw +tady + 91

ad,)* t (ad,) (ady) (ady)”
e 6 e
(ad,)* T t(adx)3(ady) (ad,)®
2! 2! 212!

o) P e ad)
2!
+

+
+-+ 2 (ady;(adm)z i t (ady)(ads)® i t* (ady)(ady)* (ady)

2! 2!
t (ady)(adm)4 (adgc)4 t (adx)?’(ady) (adgc)5 t (adm)z(ady)(adx
ol T T g SE 21
2 (adz)Q(ady)Q (adz)Zady (adw)2 (adm)S (adz)4(ady) (adx)ﬁ
+t I R T TR 1D 212191 (B.0.10)

Then we can write g as

1

q (eadzetady) —14= T t(ady)
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1
g (eadxetady) =1+ §adz + tady

e
T — I
e

6

Jr-Jr t(adz)z (@) | tads)(ady)(ads) t?(ad, )(ady)2 Jr-

— 1+ ﬂ + tad
2
1 1 1
12 (ad )2+ EtQ(ad 2+ gt(adz)(ady) - Et(ady)(adx)
+ 1—12t(ad )?ad, + ZtQ(ady)(adx)(ady) - 1—12t(adz)(ady)(adx) - EtQ(adx)(ady)Q . (B.0.12)
The integration now yields
! a a
/0 dtg (eadzetady) 1 + % + j
1
12 (ad ) 36(3Ld ) 6(ad )(ady) — B — (ady)(ady)
1 1
24(ad )?ad, t 135 (ad )(adz)(ady) — 24(adx)(ady)(ad$) - %(adfg)(ady)2 +
(B.0.13)
1dt ady tady _ 1 1 1
|t (et ) = 4 o + ol + gl ) + g o)
+ <l 9l) = 25l [,
+ gl Lo [y ulll + 5l o o, 1]
— 53l o bl = 55 s o, 1)
=y 3l 9] + g5k )] - 35l )
- ﬂ[ax, [y, [z, y]]] + ... . (B.0.14)
And so we finally get
1
y=1 eadwetady —
+/0 dtg ( ) [v]
vty + gl + o (o [ ol) — s leol]) — gl bl ulll (B.0.15)
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Appendix C

(GGauss Integrals

Gauss Integrals

While dealing with the path integral the use of Gaussian integrals is unavoidable, here we shortly assemble
the most needed properties: We start with the standard Gauss integral, as it is well known, the derivation
start by taking the square and switching to polar coordinates. The result reads

/_Z dze ™ = /. (C.0.1)

The next step to take is making a simple substitution, which leads to

o o 1 o0
/ dx e~ :/ dg e~ (Var)* = %/ dne™ = \/g. (C.0.2)

The next step is to take a linear term into account. The formula can then be brought to the standard form
(C.0.1) by a quadratic expansion.

o0 [ee] b b2 2
/ dg e~0wbe :/ dee VTR i \/gez_a Re(a) > 0. (C.0.3)

—00

Complex Gauss integrals are defined as
/d(?, z)e *W* = / Re(z) / Im(z) e *"%. (C.0.4)
—0o0 —0o0
By rewriting the complex numbers with the their real and imaginary part as z = z, + 12, and w = w, + 1w,

(22 — i2y) (wy + dwy) (2 +i2y) = (wy + iwy) 22 + (wy + iwy)zg = w22 + wzi (C.0.5)

the complex Gauss integral (C.0.4) can be solved with the help of (C.0.1)

/d(?, z)e W = / dzx/ dzye_(wzg+wzg) = 1/1/ dzge V% = z Re(w) > 0. (C.0.6)
—0o0 —0o0 W J 0 w

In the same way we can can solve

00 00
/d(f, Z)G—sz-l—ﬂz-l—EU _ / dzze—wz?c—l—(ﬂ-l—v)zgc / dZy e—wzi—f—i(ﬂ—v)zy

—00 —00

T (Etv)2—(@—v)? T @ v +2mv—u2—v24+2u0
= —e€ 4w = —e€ 4w
w w
T m
=—ew Re(w) >0. (C.0.7)
w
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APPENDIX C. GAUSS INTEGRALS

Multidimensional Gauss integrals

Based on the above expressions we can now go over to the really needed multidimensional Gauss integrals.
For simplicity we assume a real Matrix A which is symmetric and positive. Then there exits an orthogonal
transforamtion D with D'D = DTD = 1 and DTAD = diag(\1, Az, ..., \n) =: B. With this we can now
solve the integral

/dvevTAv _ /dvevT(DDT)A(DDT)v _ /dve(vTD)DTAD(DTv)

n=1
N N
T } N 1 N 1
= H — | =772 H = T 2
n=1 |: )\n n=1 " )\n HnNzl )\n
1
i (C.0.8)

V/det(A)
The n-dimensional analogue to (C.0.3) can be solved by considering the following matrix transformations
u:v+A_1j :>V:11—A_1j :>VT:uT_jT(A_1)T’
VT Av = 9jTv == [ul T (A7) A[u—A71j] =2 [Tu—jTA"j]
= —ulAu+u’AA Y+ 57 (A*l)T Au—ji" (AHTAA T - 25Tu + 2T AT

— —uwTAu+u’j+iT (A )T Au—jT (AT —2Tu+2TA Y] . (C.0.9)

Due to the fact, tat the inverse of a symmetric matrix is again symmetric, we can write (A_l)T = A1l with
which follows:

VT AV = 2jTv = = [ul T (A7) ] A[u—- A7) =2 [Tu—jTA7Yj]
= —ulAu+u’AA Y+ 57 (A*l)T Au—j" (ATHTAA T - 25T u+ 2T AT
= —u"Au+uTj+iT (A Au—jT (A HTj— 25 u + 2i" AT . (C.0.10)

With this considerations we can solve the following Gauss integral

/dve_VTA"_QjTv = AT /due_“TA“ = ﬂ%éejTAilj . (C.0.11)
det(A)
Other forms of writing the last expressions are
/ dveTAvERTY _ o L Ay (C.0.12)
det(A)

Next we look at the n-dimensional complex Gauss integral. In this case we consider a hermetic Matrix
A, that is A = AT, then there exists a unitary transformation U with UUT = U'U = 1, such that
UTAU = diag(A1, A2, ... Any) =: B where \; € C are the eigenvalues of the matrix A. Then the following
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complex Gauss integral can be solved

/d(V,VT)e"TAV = /d(v,vT)e_VT(UUT)A(UUT)" = /d(v,vT)e_(VTU)UTAU(UTV)

/ aa —aBa_H/ aa —a;Nia;
N

_ ™ 1
i IL A
= wN ! (C.0.13)
det(A) o
By considering the transformation
vi=u +wiA™? v=u+A"lw,
we can conclude
—~viAv+wivaviw = — [uT + WTAfl] A [u + Aflw'] +wl [u + Aflwl] + {uT +wiAT W

= —ufAu—uAA "W - wiATTAu — wiATTAA W + wiu
+wlA W +ufw +wiA W
= —ufAu—u'w - wihu—wiA "W + wiu+ wiA W + ufw + wiA 1w

= —ulAu+wiA"lw, (C.0.14)

and finally solve the following n-dimensional complex Gauss integral
/d(v,vT) = e VIAvIwlviviw /d(u, ufh)euAutwiATiw!

:ewalw//d(u’uT)e—quAu

1 TA—1w/

N wiA™ 'w
= . C.0.15
T det (A)6 ( )

Finally we have to consider the Grassmann Gauss integral.

/dﬁ/dn e (C.0.16)

According to to our convention (2.1.57( and the fact that we can expand the expontental function due to
Baker-Campbell-Hausdorff formula (2.1.44), we can immediately solve the simple Gauss integral

/dﬁ/dn(l—ﬁan)=—a/dﬁ/dnﬁnza/dﬁ/dnnﬁza/dn_nza

Next we use a hermetic transformation UUT = UTU = 1 so that U diagonalizes the matrix A, that is
UTAU = diag(A1, Xa,... Axy) =: B. Now we can solve the Grassmann Gauss integral the same way as the
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complex Gauss integral
/d(vT’V)e_VfAv = [t v)er' A :/d(V,VT)e"T(UUT)A(UTU)V

d(vT, v)eVT (uuh)a(utu)y

Il
—— —

(vt V)eva(UTAU)UTv
1/
/

\; = det (A) . (C.0.17)

du; du; €%

élz

s
Il
—

du; du; (1 — Naug)

éz

=1

L

[y

1=

Next we consider the integral

N
_yt typvt LB A BT — .
/d(vT,v)e VIAvEpIvEvip H/d@dvi e Ui Ai U EP Vit Vipi U,v,p0, p € Grassmann A hermetic ,

(C.0.18)
and make the substitution
u=v-Alp & v=u+Alp or vi:ui—l—A;jlpj
uw=vi-A ) o vi=u+Alp o Ei:ﬂi—l—zijilpj .
(C.0.19)

With this substitution we are in position to rewrite the exponent as

—vIAvV +plv+vip= [uT +pf (A‘l)q Aflu+Ap] +pl (u+ Alp) + (uT +pf (A‘l)T) p

— — [ulAu+ufAATp 4 T (A7) Au+pf (A7) AT
+plu+pfA Yy +ulp+ pf (A’l)T p

= —ulAu—ulp—p (A‘l)T Au—pf (A_l)Jr p+pu+plA~lp+ulp+pf (A‘l)T p
= —ufAu-— qu —pTAT AU — pTA )+ plu+ pTAflp +ulp+ pTAflp
= —ulAu—plu+plu+plA=1)p
= —ufAu+pfA~1p. (C.0.20)

Now we are able to solve the Grassmann Gauss integral as follows

/d(vT’V)e—v*Av—f—p*v—f—v*p _ /d(vfjv)e—u*Au—l—p*Alp

= epTA_lp/d(vT,v)e“TA“

= #2710 det(A) . (C.0.21)
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Appendix D

Solving Differential Equation for Free Green

Function

We have derived the expression for the Green function using the path integral. Thereby it was crucial
to analyse what happens at equal times. It is instructive to see how one can derive the Green function
immediately, if the subtlety of equal times is not given. For completeness this derivation is shown here. We

can also solve the differential equation
(hO; +ex— ) G (A TIAT) =d0(r —7'),

with the boundary condition
G ()\hﬂ|)\7’) = (G ()\ 0|)\7")

First weseta=¢y —pandy:=7—7 = % = ?)_gjj and solve the homogenious part

(hdy + a)G(y)
= G(y) = G(0)e ¥ = Ke nY .

To solve the inhomogenious part, we use the Fourier transformation, therefore we start with

1 [ : 1 [ :
py. / dwg(w)e ™ and  §(y) / dwe™Y |
m —0o0

:% .

SO one gets

1 & : 1 [ , 1
(hoy + a) %/ dwg(w)e ™™ = — dwe™ = gw)=

—0o0
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APPENDIX D. SOLVING DIFFERENTIAL EQUATION FOR FREE GREEN FUNCTION

Im(w)

Now we have to solve
the integral

L[ d L —iwy >0

— w————e a .

2 J_ o a — thw
(D.0.6)

For that look at

R _

i 1 e~ Y duw il

2r J_pa —ihw 0
(D.0.7)

and for the lower con-
tour we have

y(t)=Re ™™ 0<t<0
/

7 (t) = —Re™®
(D.0.8)

Now we can make the estimation

1 1 <
— [ 4q —iwy
2m [y wa—ihwe

i T dt 1 7iyR€7it (—R 7it)
21 Jo  a-— ihRe— " e

1 ™ ez’yR(cos(t)fisin(t)) 1 T 1 Re— Ry sin(t)

~ 27 Joy a — ihRe~% 27 /0 la — ihRe~"|

2 2 —Rysin(t 2

<L [Ty B w_ / dt e~ Fysin(®)

- 27 0 RFL 27Th 0

_ L2/§ dt e—Rysin(t) _ i /5 dt e—Rysin(t)
27Th 0 7TFL 0

c 1 [F dt e vt

=)y T
1L r(l—e ) 1 (1-—e¥R gy

_ — _ 0. ! D.0.9
Th 2R on R (D-0-9)

Where we have used
la — ihRe ™| = |(~1) (~a + ihRe™™) | = [ihRe™" — a| > |hR — a| > hR (D.0.11)

1For any € > 0 there exists an Ry such that %R()E >1& ng <e

‘1767}2

< 14 e ¥F

2
< R < 7 <e VR>R, (D.0.10)

R
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1 ............................... ]
sin ()
2 :
sin (t) > ;t with  0<t<m (D.0.12) 2y :
0 M t
2
So we have
> 1 : S i
dt —wy —wy _ 9o (e
/Oo 0 — ihw' Risoo ,Ra—iﬁwe mi Res(w; ha)
. , ] '
Res(w; —%a) = wEI_n%a <w - (—%a)) p——— e Y
; 1 1
_ oy iy _ 1 —tay D.0.13
sy (=il € —in ( )
Therefore we get
1 [ 1 ; 27 1 1 1 1
— [ 4a —iwy = ST C =gy = —e—faw D.0.14
o ) i o (—me " ) ne (D-0.14)

For y < 0 we take the upper contour
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Im(w)
T—17<0
And the integral leads
dw———e " =0 (D.0.15
/ T T ( )
For the upper contour we have —-R 0 Re(w)
v(t) = Re™ 0<t<0 tw=-x
7' (t) = Re' (D.0.16)
For the upper contour we have the curve. We now write for y < 0
y<0 —diy — iy (D.0.17)
So we can make the estimation
1 1 - 1 (7 1 it 4
— dy—— iwlyl| — _/ dt ——— i|y|Re Riett
2WA Yo —ihw© o7 Jo " a—ihRet" (Rie™)
1 ™ !yl R(cos(t)+isin(t)) 1 ™ Re—ERlylsin(?)
< — - = — t —m———
— 27 Jo a — ihRe® 27 /0 |a — ihRe'|
2 _ .
< 1 g Be = 1 /27r dt e~ Rlvlsin(t)
- 2w 0 RA 2mh 0
_ 1, / gt e Rllsint) _ L[ 44 ~Rlylsin()
2mh 0 wh 0
1 3 2
< dt —R|y\;t
— 27h 0 ¢
L r(l—e WYy 1 (1 —e W)
=— == 0o ! D.0.18
wh 2R 2h R ( )
The general solution reads
a 1
Gly) = Ke Y + %e*%ay 0(y) (D.0.19)
or
/ 1 !
GAT|AT) = Ke nEx-mr=) 4 ﬁe_%(a*_“)(T_T ) o(r —1'). (D.0.20)
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From the boundary condition, we now get for K

Ce 05 — ') — O(~7")

K= h(1 — Ceab)

Inserting now back to

—a(r—r' —af S T -
a7 = e [y e )
Now it is 0 < 7/ < hf3
o 1 a(T;T/) Ce_aﬁ /
)= 5T [y =)
["']:1+e“5<—( T>7 and [ ]—eaﬂg_C ' >r

The result we can combine to

GATIMT) = %e*%(s**“)(fﬂ'/) [(1 +¢np) 0(r —7') + (npb(7’ — 7')] .
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