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We investigate the dominant phonon wavevectors q and the
associated dominant phonon-assisted electronic transitions
implied by the 2D Raman mode of graphene by combining ab
initio calculations with a full two-dimensional integration over
the graphene Brillouin zone. We find that q are highly
anisotropic and rotate with the polarizer:analyzer condition,

providing access to the entire angular extent around K. The
resonant electronic transitions do not lie along the K  M  K 0
line and can be transformed from being apparently ‘‘inner’’ to
‘‘outer’’ with the addition of a reciprocal lattice vector, showing
that both are equivalent. We thus invalidate the notion of
‘‘inner’’ and ‘‘outer’’ processes completely.
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1 Introduction Raman spectroscopy is a quick and
non-destructive means of probing the phonons of graphene
[1] and its allotropes [2]. It is routinely used to determine the
structural characteristics of the sample under investigation
such as the number of graphene layers [3], lattice orientation
[4, 5], and edge structure [6]. It also provides information on
the level of doping [7], disorder [8], and phonon anharmonicities [9]. The ability of the electron and hole quasiparticles
to make phonon-assisted transitions from the valley around
K to an equivalent valley around K0 yields the prominent 2D
Raman mode that occurs at 2700 cm1 for visible
irradiation. The 2D Raman mode probes the iTO phonons
around K and shifts to higher phonon frequencies as the
incident laser frequency is increased [2]. It is theoretically
described, to leading order, by fourth-order perturbation
theory [10, 11], i.e., four interaction Hamiltonians: two
instances of the electron–radiation interaction Hamiltonians
He–R for incoming and outgoing photons and two instances
of the electron–phonon interaction Hamiltonian He–ph (see
Fig. 2). This constitutes second-order Raman scattering
since the G Raman mode that probes the q  0 with
vG  1600 cm1 phonons is described by third-order, and
therefore a lower order of perturbation theory. Inspite of this
the 2D Raman mode of graphene is of comparable intensity
to the G mode since the phonon-assisted scattering is

simulataneously resonant in both the electron and hole
channels for the 2D mode [10].
Due to the allotropy between two-dimensional graphene
and quasi one-dimensional carbon nanotubes and therefore
similarities in their basic physics, Raman investigations [12,
13] of graphene were informed by the extensive literature on
the Raman spectroscopy of carbon nanotubes (see Ref. [14]
for a review). This led to two a priori conjectures for the
study of graphene. The first being that the dominant phonon
wavevectors q probed by the 2D mode were fixed regardless
of the polarization of incoming and outgoing light. The
second conjecture was that that the dominant phononassisted transitions were restricted along the high symmetry
K  M  K 0 line. These transitions were further distinguished into two types, ‘‘inner’’ [11, 13, 15, 16] and ‘‘outer’’
[3, 12, 15] depending on whether they connected the closer or
further edges, respectively, of the equi-excitation energy
contours along the K  M  K 0 line (see Fig. 1).
The two-dimensional nature of graphene warrants a
closer look at the two conjectures. Even at first glance, the
restriction of the two-dimensional phase space to a single
dimensional is liable to miss the effects of quantum
mechanical interference [13, 17]. The one-dimensional
bands, that are also often considered linear, fail to capture
the electron–hole asymmetry of the electronic bands, besides
ß 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 1 (online color at: www.pss-b.com) The ‘‘inner’’ and
‘‘outer’’ dominant phonon-assisted transitions implicated by the
2D Raman mode of graphene.

Figure 2 (online color at: www.pss-b.com) The leading Feynman
diagrams that contribute to the transition matrix T fi ðqÞ of the 2D
mode in graphene. He–R is the vertex corresponding to electron–
radiation interaction Hamiltonian and He–ph is the vertex corresponding to the electron–phonon interaction Hamiltonian. vl and vs are the
incident and scattered photons, repectively, while vph is the induced
phonon. The upper (lower) branch of each diagram describes the
electron (hole) channel.

the trigonal warpings of both the electronic and phonon
bands that become prominent at the visible range of laser
frequencies [18–20]. Lastly, a simplification is made
regarding the wavevector dependence of both the optical
and electron–phonon interaction matrix elements: both are
taken to be constant across the entire Brillouin zone (BZ).
This simplification is emplaced primarily because analytical
expressions for the optical matrix elements [21] and the
electron–phonon matrix elements [22] are rather cumbersome. The neglect of the opical matrix elements, for
instance, precludes the study of the polarization dependence
of the 2D Raman mode.
In this article we calculate the dominant phonon
wavevectors q and the associated dominant phonon-assisted
electronic transitions probed by the 2D Raman mode of
graphene for different polarization:analyzer combinations.
We explicitly include the full two-dimensional electronic
bands and iTO phonon branch around K as well as
the variation of the optical and electron–phonon
matrix elements, all obtained from ab initio calculations
in a full two-dimensionl integration of the transition
matrix.
ß 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

2 Methodology The two-dimensional electronic
eigenfunctions and the optical matrix elements around K
were computed using density functional theory (DFT) within
the local density approximation (LDA). The two-dimensional electron–phonon matrix elements corresponding to
the iTO phonon branch around K were calculated using
density functional perturbation theory (DFPT) [23]. All
calculations were performed using the Quantum ESPRESSO
(QE) [24] suite using the established recipe of Ref [9]. For
the eigenenergies we used two-dimensional, GW-derived
electronic bands [25] fit to a third-nearest neighbor tightbinding description [18], and a fit proposed by Ref. [19] for
the iTO phonon dispersion around K. The transition matrix
T fi ðqÞ of the 2D mode in graphene, corresponding to the
leading terms from fourth-order perturbation theory (see
the Feynman diagrams of Fig. 2) was evaluated with a
single broadening parameter g ¼ 0.05 eV [10, 11] and a full
two-dimensional integration over the graphene BZ. The
dominant phonon-assisted electronic transitions connecting
the initial ki and final kf electron wavevectors were
determined from the arguments of Max½jT fi ðki ; qÞj2  and
the relation expressing quasi-momentum conservation
during the phonon-assisted scattering of the electron and
hole quasiparticles (ki ¼ kf þ q ).
3 Results and discussion In Fig. 3a–c we show the
dominant phonon wavectors q for three distinct polarizer:analyzer combination x: x, y: y, and x: y, repectively. The x
direction corresponds to the zigzag direction while y
corresponds to the armchair direction of the graphene lattice.
The q were extracted from the full two-dimensional
integration of the Raman transition matrix involving all the
Feynman diagrams of Fig. 2. We clearly see that the q are
highly anisotropic, not fixed and do not, in general, lie along
the K  M  K 0 line. Instead, they rotate with the direction
of the polarizer and span the entire angular extent around the
K point. This disproves the first conjecture that q are
restricted along the K  M  K 0 line and are independent of
the polarization condition. The inferred dominant phononassisted transitions connect ki and kf where the product of
the optical absorption and emission matrix elements is
strongest and lie nominally along the K  M  K 0 line (see
Fig. 4a, b, and c, respectively). Nevertheless crucially, they
show a small but significant component along the K  G line

Figure 3 (online color at: www.pss-b.com) The dominant phonon
wavevectors q (in red-orange) corresponding to polarizer:analyzer
orientations: (a) x:x, (b) y:y, and (c) x:y. The underlying green-hued
contours depict the iTO phonon dispersion of Ref. [19] around K.
www.pss-b.com
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Figure 4 (online color at: www.pss-b.com) The dominant electronic transitions (black double-sided arrows) contributing to the 2D mode
connect the equi-excitation energy contours (in red) for EL ¼ 2.33 eV around inequivalent K points. (a) x:x, (b) y:y, and (c) x:y (x: zigzag,
y: armchair orientation of graphene). The two dominant transitions shown for (a) x:x and (c) x:y contribute equally to the 2D mode. The
underlying white-blue contour plot in (a)–(c) is the product of the optical absorption and emission matrix elements corresponding to the
polarizer and analyzer orientations as a function of the electronic wave vector at which the transition occurs. (d) For the x:x case, on adding a
reciprocal lattice vector b2 to ki , from the seemingly ‘‘outer’’ dominant transition (black double-sided arrow) an equivalent ‘‘inner’’
electronic transition (blue double-sided arrow) is obtained.

that sensitively determines the angular location of q.
However, the dominant phonon-assisted electronic transitions are not affected by the structure of the electron–
phonon matrix elements.
Already, the notion of ‘‘inner’’ and ‘‘outer’’ processes
occuring along the high symmetry K  M  K 0 is appearing
questionable since the dominant phonon-assisted transitions
show a component along the K  G direction. Further, we
observe that by adding a reciprocal lattice vector b2 to ki , the
dominant phonon-assisted electronic transition changes
from being seemingly ‘‘outer’’ (the black double sided
arrow connecting the cross hairs located on the equiexcitation energy contours) to an entirely equivalent ‘‘inner’’
transition (the heavy blue double sided arrow) (see Fig. 4d).
In general, each apparently ‘‘inner’’ process posesses an
entirely equivalent ‘‘outer’’ process, thus undermining the
distinction between them. Thus, we are able to dismiss the
notion of ‘‘inner’’ and ‘‘outer’’ processes. They neither lie
along the high symmetry K  M  K 0 line, nor are they
distinct, thereby disproving the second conjecture regarding
distinct ‘‘inner’’ and ‘‘outer’’ processes. A further comment
regarding the validity of inferring the dominant phononassisted transitions from a Raman experiment is in order.
Strictly speaking, the electronic wavevectors k are not
observables of the Raman experiment and therefore
inaccessible as they mutually interfere in the expression for
T fi ðqÞ as intermediate states [26]. Physically, the Raman
experiment only accesses the vðq Þ, where q change
dramatically with the polarizer:analyzer condition. In the
absence of a symmmetry breaking potential, the anisotropy
and rotation of q notwithstanding, q run parallel to the
phonon energy contours (see Fig. 3a–c) yielding the 2D
mode at the same frequency and profile.
The foregoing discussion points to the importance of
determining the polarizer:analyzer orientation with respect
to the lattice orientation of graphene in order to set the q
distribution. In Fig. 5 we show the angular uq and radial
www.pss-b.com

dependence rq of q probed by the 2D mode with the
polarizer and analyzer orientations set parallel to each other.
This suggests that polarized Raman measurements of the 2D
mode on graphene with predetermined lattice orientation,
while sweeping the laser energy, provide a means of
determining the complete two-dimensional iTO dispersion
around K. As an aside we mention that the orientation of the
graphene lattice (e.g., zigzag or armchair) is easily
determined via Raman spectroscopy [4, 5]. Procedurally, a
comprehensive phonon mapping experiment may be performed as follows, first, determine the lattice orientation of
graphene from the procedure given in Ref. [4, 5]. Next, align

Figure 5 (online color
q Kat: www.pss-b.com) (a)
 The
 angular


1 p1ﬃﬃ 2p
of
q
around
K

;
variation uq ¼ atan2 qy K1y
1
3
a with
3
1x
x

polarizer ¼ analyzer orientation relative
to the graphene lattice.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(b) The radial dependence rq ¼ ðqx  K1x Þ2 þ ðqy  K1y Þ2 of
q around K1. The zero of the polarizer orientation corresponds to
the zigzag direction.
ß 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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the polarizer and analyzer parallel to each other and set their
zero position along the zigzag direction of graphene. Finally,
measure the position of the 2D mode for every polarizer/
analyzer orientation with uq and rq given by Fig. 5a and b,
repectively. Increasing the laser frequency shall give access
to the outer reaches of the iTO phonon dispersion around K.
4 Summary We have calculated the dominant phonon
wavectors q and the associated dominant phonon-assisted
electronic transitions for the 2D Raman mode of graphene.
We explicitly included the two-dimensional electronic bands
and the iTO phonon branch around q besides the k and q
dependence of the optical and electron–phonon matrix
elements from ab initio calculations in a full twodimensional integration for the transition matrix. We found
that q display a highly anisotropic structure and rotate with
the polarizer:analyzer orientation with respect to the crystallographic orientation of graphene, probing the entire angular
dependence of the phonons about K. The associated
dominant electronic transitions are neither fixed, nor parallel
to the K  M  K0 direction. Instead, a small but significant
contribution of the K  G direction is discerned, connecting
regions where the product of the optical absorption and
emission matrix elements for given polarizer:analyzer
orientation is strongest. Each apparently ‘‘inner’’ process
can be transformed by translation of ki with a reciprocal
lattice vector into an entirely equivalent ‘‘outer’’ process and
vice versa. Thus, we are able to completely dismiss the
concept of ‘‘inner’’ and ‘‘outer’’ processes and rather
commend the use of the characteristic q as the illuminating
notion instead. Our findings are expected to be crucial for the
correct interpretation of Raman 2D and the theoretically
closely-related, defect-activated D mode measurements on
both pristine and strained graphene [27].
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