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We compare experimental one- and two-photon luminescence excitation spectra of single-walled carbon
nanotubes at room temperature to ab initio calculations. The experimental spectra reveal a Rydberg-like
series of excitonic states. The energy splitting between these states is a clear fingerprint of excitonic correlations in carbon nanotubes. From those spectra, we derive exciton binding energies of 0.3 – 0.4 eV for
nanotubes with diameters between 6.8 Å and 9.0 Å. These energies are in quantitative agreement with our
theoretical calculations, which predict the symmetries of the relevant excitonic wave functions and indicate that a low-lying optically dark excitonic state may be responsible for the low luminescence quantum
yields in nanotubes.
© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Introduction

The influence of excitonic effects on linear and nonlinear optical spectra has been an important topic in
carbon nanotube research during the last two years. Initially, when luminescence was discovered from
individual nanotubes in stable aqueous solutions [1, 2], the optical absorption and luminescence spectra
of carbon nanotubes were interpreted in terms of single-particle excitations [2], governed by the vanHove singularities in the density of states of a quasi-one-dimensional system [3]. More recently, different
theoretical studies have predicted that the Coulomb interaction between the excited electron and hole is
strong and affects both the transition frequencies and the shape of the optical spectra [4–9], in analogy to
previous experimental and theoretical studies on other, e.g., GaAs-based, quasi-one-dimensional systems
[10]. In contrast to conventional bulk semiconductors, the strong quantum confinement of electron and
hole in the quasi-one-dimensional nanotube was expected to result in large exciton binding energies.
Values ranging from a few tens of meV to about 1 eV have been suggested, depending on tube diameter,
chirality, and dielectric screening [5–7]. These theoretical predictions have recently triggered first ex-
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perimental studies using nonlinear optical spectroscopy to probe excitonic correlations [11–13] and
binding energies of several hundred meV have been demonstrated.
Here, we give a detailed account of our experimental studies of one- and two-photon luminescence
excitation spectra of single-walled carbon nanotubes and compare these results to first principles calculations of linear and nonlinear optical spectra. Together, experiment and theory show that optical spectra of
these nanostructures are fully governed by excitonic correlations, and allow to extract exciton binding
energies and symmetries of the optically active excitonic states.

2 Experimental
The concept of our experiment is outlined in Fig. 1(a). The idea is to make use of the different selection
rules for one- and two-photon photoluminescence to specifically address excitonic states with different
symmetry. In carbon nanotubes, one expects for each allowed interband transition a series of transitions
to optically active exciton states with odd (u) symmetry with respect to rotations by π about the U axis of
the tube [Fig. 1(a)]. Two-photon excitation couples to the otherwise optically inactive even (g) states
[Fig. 1(b)]. The energetic splitting between the one- and two-photon active states indicates the strength
of Coulomb correlations [14].
Experimentally, we use 100 fs laser pulses from a Ti:sapphire oscillator, operating at a repetition rate
of 80 MHz and tunable between 700 and 970 nm for one-photon-excitation. The Ti:sapphire laser also
pumps an optical parametric oscillator, delivering sub 150 fs pulses at 80 MHz repetition range in the
wavelength range between 1150 and 2000 nm. For two-photon spectroscopy, these pulses are focussed to
a spot size of about 3 µm into a solution of single-walled carbon nanotubes suspended in D2O with sodium dodecyl sulfate as surfactant. The tubes were produced by the HiPCO method. Photoluminescence

Fig. 1 (online colour at: www.pss-b.com) (a) Schematic picture of one-photon absorption and emission
in carbon nanotubes. E11 indicates the single-particle transition between the lowest subbands. One-photon
excitations couple to excitonic states with odd (u) symmetry with respect to π rotations about the U axis.
The U axis is perpendicular to the tube axis through the center of the C hexagons [15]. (b) Schematic of
the experimental setup. Spectrally tunable 100 fs laser pulses from a Ti:sapphire oscillator pumping an
optical parametric oscillator are used for one- and two-photon excitation and focused into the nanotube
solution using a microscope objective. Nanotube photoluminescence is collected at an angle of 90° with a
second microscope objective, spectrally dispersed in a monochromator and detected with a CCD camera.
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Fig. 2 Typical nanotube photoluminescence spectrum for onephoton excitation at 800 nm. Between 850 nm and 1070 nm the
luminescence from 6 different nanotube species [(6,4), (9,1), (8,3),
(6,5), (7,5) and (9,4)] is identified.

from the sample was collected in a 90° configuration using a second microscope objective, spectrally
dispersed in an 0.5 m monochromator and detected with a liquid nitrogen cooled charge coupled (CCD)
device. All experiments were performed at room temperature.
A typical photoluminescence spectrum of our nanotube sample for one-photon excitation at 800 nm is
shown in Fig. 2. Between 850 and 1150 nm we can identify the luminescence from 6 different nanotube
species [(6,4), (9,1), (8,3), (6,5), (7,5) and (9,4)]. The assignment of the chiral indices (n1, n2) of these
tubes is based on previous Raman [16, 17] and luminescence [2] data. The steep decay of the luminescence intensity for wavelengths above 1050 nm is mainly given by the spectral sensitivity of the redenhanced silicon-based CCD camera.

3 Results and discussion
Figure 3 shows a spectrally-resolved two-photon luminescence excitation spectrum of our sample for
below band gap excitation between 1210 and 1970 nm. In these experiments, the excitation wavelength
is changed in 10 nm steps by tuning the optical parametric oscillator. For each excitation wavelength the
laser power is kept constant at 60 mW, corresponding to an excitation intensity of about 30 GW/cm2 and
the photoluminescence spectrum is integrated over 60 seconds. For each tube, we find a maximum in the
luminescence intensity at an excitation wavelength far above the emission wavelength, but significantly
smaller than twice this wavelength. We assign these absorption maxima to resonant two-photon excitation of the lowest two-photon allowed exciton state (2g). The positions of the maxima thus correspond to
half the energy of this state. Emission results from relaxation into the lowest one-photon active 1u state
[Fig. 1(a)]. The energetic shift between both states is a clear signature of the excitonic nature of the
optical absorption and emission processes at room temperature. The magnitude of this shift of about

Fig. 3 (online colour at: www.pss-b.com) Twophoton luminescence excitation spectra of carbon
nanotubes. The luminescence intensity is plotted as
a function of excitation and detection wavelength.
The sample is excited with spectrally tunable
150 fs laser pulses with 60 mW average power,
focussed to a spot size of 3 µm.
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Fig. 4 (online colour at: www.pss-b.com) Excitation-power (in
mW) dependence of the two-photon luminescence intensity. The
power dependence is recorded for the (7,5) tube emitting at 1045 nm
for an excitation wavelength of 1720 nm.

240–320 meV shows that exciton binding energies in carbon nanotubes correspond to almost one fourth
of the band-gap energy. An analysis of the power dependence of the emission intensity supports the
assignment to two-photon absorption (Fig. 4). At low excitation powers, the luminescence intensity increases indeed quadratically. We observe a saturation into a linear increase above 40 mW, showing that
the spectra in Fig. 3 are in fact recorded in the linear intensity regime.
For a quantitative analysis, we directly compare one- and two-photon spectra for the same nanotube in
Fig. 5. In these spectra, the emission intensity is plotted as a function of the excess energy, i.e,
E ex - E111u = ω - E111u for one-photon, and 2ω - E111u for two-photon excitation, respectively. The twophoton spectrum simply shows a single resonance, roughly 240 meV above the luminescent state. Similar spectra and splittings (between 240 and 325 meV) are also found for the other nanotubes species
investigated. They are in agreement with recent experimental findings in Ref. [12]. Interestingly, the onephoton luminescence excitation spectrum of the (7,5) tube also shows a weak resonance at an excess
energy of 200 meV, i.e., only slightly below the first two-photon resonance at 240 meV. The same resonance is also observed in the excitation spectrum of the second subband (E22). This makes it very likely
that all these resonances reflect one-photon excitation of higher-lying exciton states. Alternative suggestions for the origin of these peaks, e.g., phonon sidebands and exciton-phonon excitations [18, 19], appear less likely.
A quantitative interpretation of these experimental results requires an adequate theoretical description
of the optical spectra. Such a description is challenging because of the large number of atoms in the carbon nanotube unit cell. We use the approach reported in Ref. [5] which fully accounts for the nanotube
helical symmetry. We start from single-particle wave functions obtained by density functional theory and

Fig. 5 (online colour at: www.pss-b.com) Comparison of one-photon (a) and two-photon (b) luminescence excitation spectra of the (7,5) tube emitting at 1045 ± 5 nm. The abscissa gives the difference between the absorption and emission energy. For one-photon absorption, E11 and E22 indicate the first- and
second-subband transitions, respectively. The peak at 0.2 eV is assigned to the 2u exciton resonance. In
two-photon absorption, the 2g state is excited at 0.24 eV above the 1u emission, pointing to an exciton
binding energy of about 300 meV.
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Fig. 6 (online colour at: www.pss-b.com) Ab initio-calculated (a) one-photon and (b) two-photon absorption for the (6,4) tube with a Lorentzian broadening of 0.1 eV. Black solid (red dashed) lines are with
(without) electron – hole (e – h) interactions. The black circles in two-photon absorption denote the probability amplitude for two-photon scattering to the exciton states 1g, 1u, 2u, and 2g. The probability amplitude of scattering to the final state without e – h interaction is indicated by a red diamond.

adopt the GW approximation for the self-energy operator [20]. The optical properties are then calculated
by solving the Bethe–Salpeter equation (BSE) for the two-particle electron–hole excitations. The BSE is
expanded in a localized Gaussian basis set which is symmetric with respect to the screw axis of the tube.
This approach allows us to calculate wave functions and binding energies of bound electron–hole
pairs [21–23]. It gives a symmetry characterization of the excited states including their optical selection
rules.
One- and two-photon absorption spectra for the (6,4) tube, calculated using this approach in the presence and absence of exciton interactions, are shown in Fig. 6 on the same energy axis as in Fig. 5. In the
absence of electron-hole interaction, both one- and two-photon spectra show peaks at an energy corresponding to the difference between the lowest nanotube subband in the conduction and valence band,
E11. In the one-photon spectrum, the spectral shape reflects the one-dimensional density of states, apart
from the finite broadening of the spectrum. In the calculations, a relatively large broadening of 100 meV
was assumed to account for both homogeneous and inhomogeneous broadening in the experimental
spectra. Switching on the electron–hole interaction shifts the lowest one-photon active transition
strongly to the red, indicating an exciting binding energy of 0.50 eV. The shape of this spectrum reflects
the excitonic density of the states and their broadening, the free carrier continuum is almost completely
suppressed. As in the experiment, the two-photon spectrum essentially shows a single resonance,
340 meV above the lowest one-photon active resonance, and below the E11 energy.
The theoretical calculations not only provide a quantitative description of our experimental results but
also allows us to analyze the exciton states in more detail. We find four bound exciton states below the
single-particle gap (gray line), with binding energies of 0.54 (1g), 0.50 (1u), 0.16 (2g) and 0.16 eV
(2u) [24].
The first observation is the grouping of energies of the (1g , 1u ) and ( 2g , 2u ) states, respectively. This
can easily be rationalized within a simplified cylindrical model, which describes an electron and
hole moving under attractive Coulomb interaction on a the surface of a cylinder. In this model, the Coulomb potential is given by V ( z , θ , R) = e 2 /ε z 2 + R 2 cos 2 (θ / 2) with the relative coordinate ( z , θ ) and
tube diameter 2R. We have numerically solved the Schrödinger equation for such a cylindrical geometry
and find a lowest energy state with a symmetric exciton relative wave function ψ 1 ( z ) which is localized
along the axis and essentially fully delocalized along the circumference of the tube. The next higher
bound exciton state has an antisymmetric relative wave function ψ 2 ( z ), which is more delocalized along
the tube axis. With an effective dielectric constant ε ª 10.5 we obtain for the (6,4) tube an energy splitting between these states of 325 meV, matching the experimental value. The shape of the numerically calculated wave functions is similar to that of the trial functions, ψ 1 ( z; a) = exp ( - a | z |) and
ψ 2 ( z; b)  z exp ( -b | z |) , used for approximate variational solution of this cylinder model reported in
Ref. [11].
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Fig. 7 (online colour at: www.pss-b.com) Lowest-energy excitonic wave functions for the (6,4) tube
from ab initio calculations. The panels (a) and (b) correspond to the 1g, 1u and 2g, and 2u states, respectively, and show the probability of finding the electron on the tube surface when the hole is fixed at the
center of the panel z = 0. The vertical direction corresponds to the circumference (2.1 nm) and the horizontal direction with a length of 15.9 nm to the tube axis. The bottom four panels (c) are blowups of the
same states. They display the wave-function amplitude of the electron when the hole is placed in the center of the bond at z = 0 and show the parity under rotation by 180° about the U axis. The linear color scale
is in arbitrary units.

In general, the overall shape of the exciton relative wave function predicted by this simplified cylinder
model agrees quite well with the results of the full ab initio calculations. The lowest exciton wave function (1g, 1u) extends over several nm along the tube axis and is delocalized along the circumference
[Fig. 7(a)]. The higher exciton states (2g, 2u) are more extended along the tube axis and have a nodal
plane at z = 0, see Fig. 7(b). The calculated wave functions are thus Wannier-like and are only weakly
dependent on the circumference direction.
In contrast to the simplified cylinder model, the ab initio calculations take the local electronic density
for each carbon atom within the unit cell of the nanotube into account by using a large basis set of Gaussian orbitals for the individual atoms. A zoom into the wave functions of the different excitonic states is
displayed in Fig. 7(c) and shows their symmetry with respect to π-rotation about the U axis (RU). The
four panels display the amplitude of the electron when the hole is placed in the center of the bond at
z = 0. They show that the strongly bound low energy 1g and 1u states have different parities under RU.
This parity governs the optical dipole selection rules in carbon nanotubes: the u states are one-photon
active, whereas g states are two-photon allowed. Also for the weakly bound excitons with a more delocalized relative wave function, we find a splitting into a pair of a (weakly) one-photon active 2u and a
two-photon active 2g state.
These results suggest that the 1u exciton state dominates the optical absorption spectra of carbon
nanotubes. The most strongly bound 1g exciton state, however, is optically inactive in one-photon absorption and weak in two-photon absorption [8]. Assuming a fast relaxation from the bright 1u into the
dark 1g state, dark exciton states might explain the short luminescence lifetime [26] and small luminescence quantum yield in carbon nanotubes which is observed even at low temperatures. Additional timeresolved studies should be able to give insight into the microscopic physical mechanism underlying this
exciton relaxation.
The calculations predict that the 1g state is only weakly two-photon active. Since its observation in
two-photon photoluminescence spectra requires exciton relaxation into the higher lying optically 1u
state, it is unlikely to be observable in such experiments. The application of sufficiently strong magnetic
fields, however, induces a mixing of dark and bright states and a transfer of oscillator strength to the
optically forbidden 1g state. Indeed recent magneto-optical experiments give experimental evidence for
the presence of these optically dark states, the field-induced state mixing and the transfer of oscillator
strength. Our theoretical model shows that the 2g exciton resonance dominates the experimental twophoton luminescence spectra. From the energy splitting between 2g and 1u states, the exciton binding
energy can be derived provided that an appropriate model for the Coulomb interaction and the dimenwww.pss-b.com
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Fig. 8 Energy splitting between two-photon allowed 2g and the
and one-photon allowed 1u exciton state as a function of the inverse
diameter of the nanotube.

sionality of the excitonic wave function is used. The outlined cylinder gives good agreement with both
experiment and first principle calculations and thus makes a prediction for the dependence of the exciton
binding energy on the nanotube geometry.
Both the cylinder model and previous theoretical work [7–9] predict that the exciton binding energy is
inversely proportional to the tube diameter. In addition, the energy should also depend on the family
index [25] ν = (n1 - n2 ) mod 3 = ±1, with larger binding energies E11b for ν = –1 tubes than for ν = +1
tubes with similar diameter [7, 8]. Our experimental results (Fig. 8) show indeed an overall decrease for
larger tube diameters. The tubes in our experiment have ν = –1, except for the (6,5) tube. It has the same
diameter as the (9,1) tube, but a lower binding energy. Our data support the predicted trends. This is
consistent with a very recent study of structural effects on exciton binding energies [28], which finds that
the inverse proportional relation between exciton binding energy and tube diameter holds well for tubes
with diameters between 0.8 and 1.2 nm.
In conclusion, we have studied excitonic effects on the linear and nonlinear optical spectra of carbon
nanotubes both experimentally and theoretically. Our results clearly identify the optically relevant excitonic states and evidence exciton binding energies of 300 to 500 meV, much larger than the thermal
energy at room temperature. This large exciton binding energy and the ability to control the nanotube
diameter by studying nanotubes with well defined chiralities, makes carbon nanotubes important model
systems for quasi-one-dimensional nanostructures, in particular as soon as disorder and defect effects on
the optical spectra are better understood and the luminescence yield is enhanced. We anticipate that a
detailed understanding of excitonic correlations in nanotubes will be important in tailoring the optical
properties of single-walled carbon nanotubes.
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