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We investigate the tight-binding approximation for the dispersion of the  and  * electronic bands in
graphene and carbon nanotubes. The nearest-neighbor tight-binding approximation with a fixed ␥ 0 applies only
to a very limited range of wave vectors. We derive an analytic expression for the tight-binding dispersion
including up to third-nearest neighbors. Interaction with more distant neighbors qualitatively improves the
tight-binding picture, as we show for graphene and three selected carbon nanotubes.
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The band structure of carbon nanotubes is widely modeled by a zone-folding approximation of the graphene  and
 쐓 electronic states as obtained from a tight-binding
Hamiltonian.1–5 The large benefit of this method is the very
simple formula for the nanotube electronic bands. While the
tight-binding picture provides qualitative insight into the
one-dimensional nanotube band structure, it is more and
more being used for quantitative comparisons as well. For
instance, attempts to assign diameters and chiralities of carbon nanotubes based on optical absorption and Raman data
rely heavily on the assumed transition energies.2,6 Differences between the zone-folding, tight-binding  -orbital description and experiment, as observed, e.g., in scanning tunneling measurements, are usually ascribed to ‘‘curvature
effects.’’1 However, the common  -orbital tight-binding approach for the nanotube band structure involves two approximations: 共i兲 zone folding, which neglects the curvature of the
wall; and 共ii兲 the tight-binding approximation to the
graphene bands including only first-neighbor interaction.
Whereas the first point received some attention in the
literature,7–9 the second approximation is usually assumed to
be sufficient.
In this paper we compare the tight-binding approximation
of the graphene  orbitals to first-principles calculations. We
show that the nearest-neighbor tight-binding Hamiltonian
does not accurately reproduce the  and  * graphene bands
over a sufficiently large range of the Brillouin zone. We derive an improved tight-binding electronic dispersion by including up to third-nearest-neighbor interaction and overlap.
The formula for the electronic states we present may readily
be used, e.g., in combination with zone folding to obtain the
band structure of nanotubes.
The first tight-binding description of graphene was given
by Wallace in 1947.10 He considered nearest- and nextnearest-neighbor interaction for the graphene p z orbitals, but
neglected the overlap between wave functions centered at
different atoms. The other—nowadays better known—tightbinding approximation was nicely described by Saito et al.4
It considers the nonfinite overlap between the basis functions, but includes only interactions between nearest neighbors within the graphene sheet. To study the different levels
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of approximation we start from the most general form of the
secular equation, the tight-binding Hamiltonian H, and the
overlap matrix S,4
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where E(k) are the electronic eigenvalues. We used the
equivalence of the A and B carbon atoms in the graphene
sheet. The solution to Eq. 共1兲 is
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To outline the procedure of setting up the Hamiltonian
and overlap matrix let us briefly derive the nearest-neighbor
tight-binding dispersion 共for a more complete description see
Ref. 4兲. For an atom A 0 as shown in Fig. 1 the nearest neigh-

FIG. 1. Graphene hexagonal lattice. a1 and a2 are the unit-cell
vectors of graphene with a lattice constant a⫽2.461 Å. The unit
cell contains two carbon atoms A and B belonging to the two sublattices. An atom A 0 has three nearest neighbors B 1i , six nextnearest neighbors A 2i , and three second-nearest neighbors B 3i .
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bors are B 11 , B 12 , and B 13 , all of which belong to the other
graphene sublattice; thus for nearest-neighbor interaction
H AA ⫽
⫽
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where N is the number of unit cells in the crystal, RA and RA ⬘
are the positions of atom A and A ⬘ , respectively, and  A
denote the p z atomic wave functions forming the basis for
the crystal Bloch functions. The overlap matrix element
S AA ⫽1, since we assume the atomic wave functions to be
normalized 关 具  A (r⫺RA ) 兩  A (r⫺RA ) 典 ⫽1兴. To find H AB
within the nearest-neighbor approximation, we simply sum
over the three nearest neighbors shown in Fig. 1:
H AB ⫽
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兺
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FIG. 2. Ab initio and nearest-neighbor tight-binding dispersions
of graphene. 共a兲 The converged ab initio calculation of the graphene
 and  * electronic bands is shown by the full lines. The dashed
lines represent the tight-binding dispersion of Eq. 共6兲 with s 0 ⫽0
and ␥ 0 ⫽⫺2.7 eV. 共b兲 Difference ⌬E between the ab initio and
tight-binding band structures.

B

⫽ ␥ 0 共 e ikR11⫹e ikR12⫹e ikR13兲
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the same treatment yields the overlap matrix element
S AB ⫽s 0 共 e ikR11⫹e ikR12⫹e ikR13兲
with
s 0 ⫽ 具  A 共 r⫺RA 兲 兩  B 共 r⫺RA ⫺R1i 兲 典
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where R1i is the vector pointing from atom A 0 to atoms B 1i
in Fig. 1. Now we insert the Hamiltonian and overlap matrix
elements into Eqs. 共3兲 and 共2兲. We define the function
f 共 k兲 ⫽3⫹u 共 k兲
⫽3⫹2 cosk•a1 ⫹2 cos k•a2 ⫹2 cos k• 共 a1 ⫺a2 兲
⫽3⫹2 cos 2  ak 1 ⫹2 cos 2  ak 2 ⫹2 cos 2  a 共 k 1 ⫺k 2 兲 ,
共5兲
where k i ⫽k•ai /2 are the components of a wave vector k in
units of the reciprocal graphene lattice vectors k1 and k2 , and
obtain the well-known result4
E ⫾ 共 k兲 ⫽

 2p ⫿ ␥ 0 冑 f 共 k兲
1⫿s 0 冑 f 共 k兲

.

共6兲

The three parameters  2p , ␥ 0 , and s 0 are found by fitting
experimental or first-principles data. The most common practice is to adjust the tight-binding dispersion to a correct description of the  bands at the K point. This yields  2p
⫽0 eV, ␥ 0 between ⫺2.5 and ⫺3 eV, and s 0 below 0.1.
Since s 0 is small, it is usually neglected. The nearestneighbor Hamiltonian is able to produce bands which are not
symmetric with respect to the Fermi level, but only if the
overlap s 0 is nonzero.

The nearest-neighbor tight-binding description of
graphene was originally developed to study the low-energy
properties of graphite, i.e., the focus was not on the in-plane
dispersion, but rather on the coupling between the graphene
sheets. As the interest rose in nanotubes, Eq. 共6兲 共with s 0
⫽0) was adopted for the electronic band structure throughout the entire Brillouin zone. In Fig. 2共a兲 we show an ab
initio calculation of the graphene  and  * bands 共full lines兲
and the tight-binding dispersion 关Eq. 共6兲兴, neglecting the
overlap matrix 共dashed lines兲 and in Fig. 2共b兲 the difference
between the two calculations. An interaction parameter ␥ 0
⫽⫺2.7 eV was used, a typical value which best reproduced
the slopes of the valence and conduction bands at the K point
from the first-principles calculations. Our ab initio calculations were performed with the SIESTA code11,12 using
pseudopotentials13 and the Perdew-Zunger parametrization14
of the local-density approximation. An energy cutoff of 270
Ry was taken for real space integrations and a 40⫻40⫻1
Monkhorst-Pack grid15 in reciprocal space. The valence electrons were expanded in a basis of numerical pseudoatomic
orbitals.16,17 The converged band structure in Fig. 2 was obtained with a double- , singly polarized basis set. The extension of the s orbitals was 5.12 a.u.⫽2.71 Å and of the p and
d orbitals 6.25 a.u.⫽3.31 Å.16 A further increase of the cutoff
radii affected the electronic energies by less than 5 meV. We
obtained a graphene lattice constant 2.468 Å; the binding
energy and elastic constants agreed well with plane wave
calculations and experiment.18 For comparison we calculated
the band structure of graphite and found good agreement
with plane-wave pseudopotential calculations.19,20
In general the agreement between first-principles and the
tight-binding band structure is rather poor; good agreement
is only obtained very close to the K point of Brillouin zone,
i.e., for the wave vectors used to determine ␥ 0 . Even in the
range of the visible transitions the electronic energies deviate
by some 100 meV.
The benefit of the SIESTA method for the present discussion is that the self-consistent Hamiltonian is of a tightbinding type.11,12 We can thus directly compare the level of
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FIG. 3. 共a兲 Top: first-principles band structure with a single- basis set and r c ⫽1.18 Å. The nearest-neighbor tight-binding band
structure 关Eq. 共6兲兴 with ␥ 0 ⫽⫺1.86 eV and s 0 ⫽0.02 coincides with the first-principles result. Bottom: difference ⌬E between the firstprinciples and nearest-neighbor tight-binding band structures. 共b兲 Top, full lines: first-principles result with a single- basis set and r c
⫽1.86 Å; dotted lines: nearest-neighbor tight-binding band structure 关Eq. 共6兲兴 with ␥ 0 ⫽⫺2.84 eV and s 0 ⫽0.070; the third-nearest neighbor tight-binding band structure coincides with the first-principles result shown by the full lines ( 2 p ⫽⫺0.36 eV, ␥ 0 ⫽⫺2.78 eV, ␥ 1
⫽⫺0.12 eV, ␥ 2 ⫽⫺0.068 eV, s 0 ⫽0.106, s 1 ⫽0.001, and s 2 ⫽0.003). Bottom, dotted line: difference between the first-principles and the
nearest-neighbor tight-binding band structure shown in the top panel. For the third-nearest neighbor tight-binding approximation the differences are not seen on the chosen energy scale. 共c兲 Top: converged ab initio 共full lines兲 and third-neighbor tight-binding 共dashed兲 band
structures; see Table I for the tight-binding parameters (M ⌫KM ). Bottom: difference between the two band structures above.

approximation 共basis set completeness and extension兲 in an
ab initio calculation to the empirical tight-binding Hamiltonian. For the first-principles band structure in Fig. 2共a兲 we
used a basis set that 共i兲 contained two independent radial
functions to describe the p orbitals, and included a shell of
polarizing d orbitals 共double- plus polarization basis set16兲,
and 共ii兲 had a radial cutoff of 3.31 Å, i.e., atoms as distant as
6.62 Å have a nonfinite overlap and interaction 共corresponding to the ninth distant neighbor兲. To mimic the empirical
approximation by the first-principles calculation we calculated the band structure for a simple basis 共single- ) with a
cutoff radius of 1.18 Å, which includes only the interaction
with the nearest neighbors 共see Fig. 1兲. The result is shown
in Fig. 3共a兲. The differences between the single- nearestneighbor band structure and the converged result in Fig. 2共a兲
are obvious: The separation of the valence and conduction
band is reduced, most strongly at the ⌫ point; also the asymmetry of the bonding and antibonding band is much smaller.
As expected, the dispersion in Fig. 3共a兲 is perfectly reproduced by the nearest-neighbor tight-binding formula in Eq.
共6兲, since the ab initio calculation with that basis set takes
precisely that form. The tight-binding parameters we obtain
are ␥ 0 ⫽⫺1.86 eV and s 0 ⫽0.02. The differences between
the ab initio calculation and Eq. 共6兲 with these parameters is
smaller than 10⫺3 eV, as shown in the bottom of Fig. 3共a兲,
and is due to numerical inaccuracies in the ab initio calculation.
We now increased the extension of the basis wave function to r c ⫽1.86 Å, while still using a simple basis set and
obtained the band structure in Fig. 3共b兲 共full lines, top panel兲.
At the ⌫ point the agreement between this calculation and
the converged result is already quite satisfactory 共2 %兲; the M
point energy of the conduction band is, however, overestimated by 55 %. The best fit of the tight-binding expression
关Eq. 共6兲兴 to the first-principles band structure is shown by the
dotted lines in Fig. 3共b兲. The dotted line in the bottom panel
represents the difference between the ab initio and empirical
results, which is on the order of 100 meV for most points of

the Brillouin zone. The interaction with the more distant
neighbors can thus no longer be neglected.
Wallace in his tight-binding study already considered
second-nearest-neighbor interaction, although at the cost of
neglecting the overlap matrix.10 An extension of the tightbinding interaction radius, however, has to include the second as well as the third-nearest neighbors, since the distance
兩 R2i 兩 ⫽2.461 Å is very close to 兩 R3i 兩 ⫽2.842 Å. To find the
third-nearest-neighbor tight-binding dispersion we proceed
exactly as outlined above. The sum over RA ⬘ in H AA and
S AA (H AB and S AB ) now additionally include RA ⬘ ⫽RA
⫹R2i (RBi ⫽RA ⫹R3i ). The E i ’s in Eq. 共3兲 are then given by
E 0 ⫽ 关  2p ⫹ ␥ 1 u 共 k兲兴关 1⫹s 1 u 共 k兲兴 ,

共7兲

E 1 ⫽2s 0 ␥ 0 f 共 k兲 ⫹ 共 s 0 ␥ 2 ⫹s 2 ␥ 0 兲 g 共 k兲 ⫹2s 2 ␥ 2 f 共 2k兲 , 共8兲
E 2 ⫽ 关  2p ⫹ ␥ 1 u 共 k兲兴 2 ⫺ ␥ 20 f 共 k兲 ⫺ ␥ 0 ␥ 2 g 共 k兲 ⫺ ␥ 22 f 共 2k兲 ,

共9兲

E 3 ⫽ 关 1⫹s 1 u 共 k兲兴 2 ⫺s 20 f 共 k兲 ⫺s 0 s 2 g 共 k兲 ⫺s 22 f 共 2k兲 , 共10兲
g 共 k兲 ⫽2u 共 k兲 ⫹u 共 2k 1 ⫺k 2 ,k 1 ⫺2k 2 兲 .

共11兲

f (k) and u(k) were defined in Eq. 共5兲. ␥ 1 and ␥ 2 are the
interaction energies with the second and third neighbors, and
s 1 and s 2 are the corresponding overlaps. Inserting E 0 to E 3
into Eq. 共2兲 yields the tight-binding electronic dispersion in
the third-nearest-neighbor approximation. We thus included
the same number of neighbors for the first-principles and
tight-binding Hamiltonians. With the tight-binding parameters as given in the caption of Fig. 3 the agreement between
the electronic energies is again very good, better than
10⫺2 eV. This difference is now partially due to numerical
inaccuracies of the ab initio calculation, and to difficulties of
the fitting procedure when the number of parameters is large.
The third-nearest-neighbor tight-binding approximation is
not yet sufficient to correctly describe the converged ab initio calculations, since they needed a larger basis set and a
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FIG. 4. Band structure of a 共10,10兲 armchair nanotube. 共a兲 Ab
initio calculation. 共b兲 Nearest-neighbor tight-binding calculation
with ␥ 0 ⫽⫺2.7 eV. 共c兲 Third-nearest-neighbor tight-binding calculation with parameters obtained from a fit to the optical energy
range; see Table I. The dashed lines denote ab initio calculated
energies of the singularities in the density of states.

FIG. 5. Band structure of a 共19,0兲 zigzag nanotube. 共a兲 Ab initio
calculation. 共b兲 Nearest-neighbor tight-binding calculation with ␥ 0
⫽⫺2.7 eV. 共c兲 Third-nearest-neighbor tight-binding calculation
with parameters obtained from a fit to the optical energy range; see
Table I. The dashed lines denote ab initio calculated energies of the
singularities in the density of states.

higher cutoff radius. Nevertheless, we can quite accurately
reproduce the first-principles results by considering only
third-nearest neighbors. Figure 3共c兲 again shows the converged ab initio  band structure 共top panel, full lines兲 together with the third-neighbor tight-binding approximation
共dashed lines兲. The ␥ i ’s and s i ’s used for the tight-binding
dispersion are listed in Table I (M ⌫KM ); at this point they
should be considered fitting parameters rather than as having
strict physical meanings. The difference between the ab initio and the empirical band structure is better than 250 meV
along the high-symmetry lines, also see Fig. 3共c兲, bottom
panel. For the optical range 共transition energies ⬍4 eV) we
found an even better agreement 共4 meV兲, with a slightly
different set of parameters as given in Table I.
The third-neighbor approximation does not only yield a
better fitting result along a given high-symmetry line than the
nearest-neighbor approximation. Instead a set of tightbinding parameters found, e.g., from the optical energy
range, gives reliable energies at low-symmetry k as well. To
demonstrate this we show how the zone-folding band structure of carbon nanotubes improves by including more distant
neighbors in the tight-binding Hamiltonian.
To obtain the band structure of a nanotube within zone
folding we restrict the k vectors to the allowed wave vectors
of the tube. The ⌫ point of an (n 1 ,n 2 ) nanotube is in terms
of the graphene reciprocal lattice vectors given by21

where n is the highest common divisor of n 1 and n 2 , R
⫽3 if (n 1 ⫺n 2 )/3n is an integer and R⫽1 otherwise, q
⫽2(n 21 ⫹n 1 n 2 ⫹n 22 )/nR, and m is an integer running from
⫺q/2 to q/2⫺1. The one-dimensional nanotube Brillouin
zone is given by the wave vectors running from k⌫ (m) to
k⌫ (m)⫹kz (⫺q/2⭐m⭐q/2⫺1), with

k⌫ 共 m 兲 ⫽m

冉

冊

2n 1 ⫹n 2
2n 2 ⫹n 1
k1 ⫹
k ,
qnR
qnR 2

kz ⫽⫺

n2
n1
k1 ⫹ k2 .
q
q

As a first example we consider a 共10,10兲 armchair tube. In
this tube curvature, effects are negligible since the diameter
d⫽1.44 nm and the chiral angle ⌰⫽30° are large.7,8 Figure
4共a兲 shows the ab initio band structure of the 共10,10兲 nanotube. The nearest-neighbor tight-binding dispersion in Fig.
4共b兲 correctly predicts the first optical transition energy,
whereas the higher transition energies are strongly overestimated. The states at the center and the boundary of the Brillouin zone are incorrectly described by this simple approximation. In contrast, the agreement between the ab initio and
the third-nearest-neighbor tight binding is excellent. The
shape of the electronic dispersion as well as the absolute
energies are very well described by the improved tightbinding approximation. In particular, the second singularity
in the optical absorption probability is at an energy of
2.73 eV 共453 nm兲 both from the ab initio and third-order
tight-binding band structures, whereas the nearest-neighbor
approximation perdicted a transition energy in the far UV
共3.4 eV兲.

共12兲

TABLE I. Tight-binding parameters. M ⌫KM : fit to the ab initio energies for all k along the highsymmetry lines. optical: only the k yielding optical transitions with an energy ⬍4 eV were included in the
fit. ⌬E max (⌬E max opt.兲 is the maximal deviation of the tight-binding from the ab-initio results for all k
共only the optical range兲.
 2 p 共eV兲 ␥ 0 共eV兲
M ⌫KM
optical

⫺0.28
⫺2.03

⫺2.97
⫺2.79

共13兲

s0

␥ 1 共eV兲

s1

␥ 2 共eV兲

s2

0.073
0.30

⫺0.073
⫺0.68

0.018
0.046

⫺0.33
⫺0.30

0.026
0.039
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⌬E max 共eV兲 ⌬E max opt. 共eV兲
0.25
1.37

0.25
0.004
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FIG. 6. Band structure of a 共12,3兲 chiral nanotube. 共a兲 Ab initio
calculation. 共b兲 Nearest-neighbor tight-binding calculation with ␥ 0
⫽⫺2.7 eV. 共c兲 Third-nearest-neighbor tight-binding calculation
with parameters obtained from a fit to the optical energy range; see
Table I. The dashed lines denote ab initio calculated energies of the
singularities in the density of states.

In Figs. 5共a兲–5共c兲 calculations similar to those for the
共10,10兲 tube are shown for the 共19,0兲 zigzag tube with a
diameter d⫽1.50 nm. Again, the agreement between the ab
initio and third-neighbor tight-binding results is much better
than for the nearest-neighbor approximation. As we showed
in Ref. 8, the remaining discrepancies between Figs. 5共a兲 and
5共c兲 are due to the  - hybridization of the curved nanotube
wall. Curvature effects are, in general, most pronounced in
zigzag nanotubes. Finally, we consider the chiral 共12,3兲
nanotube (d⫽1.30 nm,⌰⫽10.9°). This is an example of a
metallic tube with R⫽3, i.e., the valence and conduction
bands cross at ⬇2  /3a in the nanotube Brillouin zone. Figure 6共a兲 shows the ab initio calculations, Fig. 6共b兲 the next-
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