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1. General teleportation schemes

In the lecture you saw a teleportation scheme using a maximally entangled state shared
by Alice and Bob. In this exercise we will generalise this setting to teleportation schemes
with higher local dimensions.

We begin by reformulating the qubit teleportation scheme in terms of Bell-basis mea-
surements. The Bell basis for two qubits is given by

|Φ0⟩ =
1√
2
(|00⟩+ |11⟩), |Φ1⟩ =

1√
2
(|00⟩ − |11⟩),

|Φ2⟩ =
1√
2
(|01⟩+ |10⟩), |Φ3⟩ =

1√
2
(|01⟩ − |10⟩).

a) Show that the Bell basis can be prepared starting from |Φ0⟩ using local Pauli
operations on one subsystem only.

In the lecture, you saw the scheme in which Alice holds a pure state |ψ⟩ and shares a
maximally entangled state |ω⟩ with Bob. I.e. the full state is |ψ⟩A1

⊗ |ω⟩A2B
. Alice

then measures her two qubits in a maximally entangled basis such as the Bell basis
and communicates her measurement result to Bob. Bob can now recover the state |ψ⟩,
which was originally held by Alice, on his subsystem after a local unitary operation
which depends upon the information received from Alice. The state has thus been
teleported from Alice to Bob, i.e. Bob now holds a system in the same state as one
previously held by Alice even though they did not explicitly send the physical system
to each other. Only classical information was exchanged.

This formulation generalises to a d-dimensional teleportation scheme in which Alice
and Bob share a maximally entangled state |ω⟩ = 1√

d

∑d
i=1 |ii⟩. As above the scheme

is based on measuring in a maximally entangled orthonormal basis set {|Ψα⟩}d
2

α=1, i.e.,
an orthonormal basis for which Tr1[|Ψα⟩⟨Ψα |] = 1d

d
= Tr2[|Ψα⟩⟨Ψα |].

There exist several constructions of linearly independent sets {Uα}d2α=1 of d
2 trace-wise

orthogonal unitary operators Uα ∈ U(d),

Tr[Uα†Uβ] = Tr[Uβ†Uα] = δαβ1

for all α and β. In the following, we just assume the existence of such a set.

b) Show that such a set {Uα}d2α=1 gives rise to a maximally entangled basis set by
setting

|Ψα⟩ = Uα ⊗ 1 |ω⟩ .

The maximally entangled state |w⟩ has the following properties, which are impor-
tant for quantum teleportation scheme.

c) Show that for an arbitrary unitary U ∈ U(d), (U ⊗ 1) |ω⟩ = (1 ⊗ UT ) |ω⟩, where
the transpose is taken with respect to the basis {|i⟩A} in which |ω⟩ =

∑
|ii⟩AB.
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d) Show that for an arbitrary pure state of Alice |ϕ⟩A, (⟨ϕ|A ⊗ 1B) |ω⟩ = 1√
d
|ϕ∗⟩B

and ⟨ω | (|ϕ⟩A ⊗ 1B) =
1√
d
⟨ϕ∗ |B, where |ϕ∗⟩ is the complex conjugate of |ϕ⟩ with

respect to the same basis as the transpose.

Now consider the setting in which Alice and Bob share the state |ω⟩AB and Alice
measures her part of the system in the basis {|Ψα⟩}AA′ to send her state |ψ⟩A′ to Bob.

e) Insert the resolution of the identity
∑

α |Ψα⟩⟨Ψα |AA′ and use the result from (c)
and (d) to show that |ψ⟩A′ |ω⟩AB = 1

d

∑
α |Ψα⟩AA′ ⊗ (Uα)∗B |ψ⟩B. Then, describe

how to perfom d-dimensional quantum teleportation.

2. From ℓp to Schatten norms, to trace distance
In quantum information we deal with a handful of different matrix spaces such as
the set of quantum states.For quantitative statements we have to equip these spaces
with distance measures. Depending on the application and context different distance
measures have the desired operational meaning.

A prominent role is played by the so called Schatten p-norms. But to set the stage we
first introduce their analogue on vector spaces, namely ℓp-norms. For 1 ≤ p < ∞ the
ℓp-norm on the complex vector space Cn is defined as

|| • ||ℓp : x 7→ ||x||ℓp :=

(
n∑

i=1

|xi|p
) 1

p

,

and the ℓ∞-norm as

|| • ||ℓ∞ : x 7→ ||x||ℓ∞ := lim
p→∞

||x||ℓp .

a) Show that || • ||ℓ∞ = max1≤i≤n |xi|.

It is not hard (although tedious) to show that || • ||ℓp satisfies all properties of a norm
(it is positive definite, absolutely homogeneous, subadditive aka triangle inequality).
Schatten p-norms are defined for linear operators acting on a (finite-dimensional) vector
space V in a similar manner, namely

∥•∥p : L (V) → [0,∞)

O 7→ ∥O∥p = (Tr [|O|p])
1
p

where |O| =
√
O†O.

b) Show that ∥O∥p = ||σO||ℓp where σO = (σO (1) , . . . , σO (n)) are the singular values
of O.

Hint: start by writing the singular value decomposition O = UΣV in Dirac (bra-
ket) notation, then write O†O and apply the definition of p norm.

c) Show that for any operator A the following holds:

||A||p = ||UAV †||p (1)

for every unitaries U , V .

d) Show that for any operator A,B the following holds:

||A⊗B||p = ||A||p||B||p (2)

A notable special case is p = 1, that is ∥O∥1 = Tr [|O|], which turns out to give a useful
measure of distinguishability between quantum states, called trace distance ∥ρ− σ∥1.
The remaining exercises of this sheet will focus on this.
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e) Show that 0 ≤ ∥ρ− σ∥1 ≤ 2 for any pair of density matrices.

In the following, we will prove that the normalized trace distance provides an achievable
upper bound for the probability of obtaining the same outcome if any measurement
(POVM) is performed on ρ vs σ. Suppose Alice flips a coin and, depending on the
result, sends either ρ or σ to Bob. Bob wants to perform a measurement that will tell
him which one of the two states he has. To this end, he implements a POVM with two
operators, M0 and M1, such that the outcome 0 means the state is ρ and the outcome
1 means the state is σ.

f) Show that the probability that Bob successfully determines which state he has is

Psuccess =
1

2
(1 + Tr[M0(ρ− σ)]) (3)

The trace distance measures the optimal probability of distinguishing the states,
in equations this reads

1

2
∥ρ− σ∥1 = max

0≤M≤I
Tr [M (ρ− σ)] . (4)

We will prove this in a few steps.

g) Write |ρ− σ| in terms of the the positive and negative parts of ρ− σ, P and Q.

h) Show that Tr [P ] = Tr [Q] .

i) Consider the projector on the support of P , ΠP . Use the previous three points to
show that Tr [ΠP (ρ− σ)] = 1

2
∥ρ− σ∥1 .

Hint: try to write each side in terms of Tr [P ].

We are almost done: ΠP achieves our upper bound. We just need to show that ΠP is
also the optimal POVM element:

j) Show that any positive operator M such that M ≤ I will obey

Tr [M (ρ− σ)] ≤ 1

2
∥ρ− σ∥1 = Tr [ΠP (ρ− σ)] . (5)

Hint: use again ρ− σ = P −Q and inequalities for the trace of positive operators
we’ve seen in a previous sheet.

Finally, we can give an operational interpretation to orthogonal states: the follow-
ing points are to show that Bob can perfectly distinguish ρ and σ if and only if
they are orthogonal, i.e. Tr(ρσ) = 0.

k) Show that if Tr(ρσ) = 0, then ||ρ − σ||1 = 2. Hint: first, show that Tr(ρσ) =
0 =⇒ ρσ = 0

l) Conversely, show that ||ρ− σ||1 = 2 implies Tr(ρσ) = 0. What does this imply for
the probability of distinguishing ρ and σ?

Hint: recall that ||ρ − σ||1 = 2Tr(ΠP (ρ − σ)), use this to show that Tr(ΠPρ) = 1
and Tr(ΠPσ) = 0.

m) Using the previous points argue that the optimal probability of distinguishing two
states remains unchanged if we consider only projective measurements instead of
general POVM.
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