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Advanced Statistical Physics II – Problem Sheet 13

Problem 1 – Reaction rate kinetics

Consider the reactions
A+A

k2−→ B and B
k1−→ A+A (1)

of two chemical substances A and B that are solvated in water. In the lecture it has been shown that the
chemical kinetics equation of these reactions read as

ẏ(t) = k2x
2(t)− k1y(t) (2)

where x is the concentration of substance A in water, y is the concentration of substance B in water and k1
and k2 are some reaction rates.

a) (2P) Let the state in which there is only substance A present in the solution without substance B be
denoted by the concentrations x = x? and y = 0. Find a relation between x(t) and y(t) for an arbitrary state
assuming that no particles can enter or leave the system, such that the mass of both substances together is
conserved.

b) (2P) Show that there are two stationary states characterized by the concentrations y1 and y2 of substance
B. The solutions are
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with κ = k1/k2.

c) (2P) Show that the nonlinear differential equation (2) can be rewritten as∫ y

y0

dy′

(y′ − y1)(y′ − y2)
= 4k2

∫ t

0

dt = 4k2t , (4)

where we denote y(t = 0) = y0.

d) (4P) Compute the integral in equation (5) and solve the resulting equation for y(t).
Result:

y(t) = y2 +
y1 − y2

1− y0−y1

y0−y2
e4k2(y1−y2)t

, (5)

e) (2P) Take the limit t→∞. For which initial values y0 do you end up at the stationary state y1, for which
in the state y2? What does this tell you about the stationary states y1 and y2?

Problem 2 – Master equation

Consider two states A and B.
A

k2−→ B and B
k1−→ A (6)

where the rate from A to B is given by k2 and from B to A is given by k1.



a) (2P) Write down the Master equation for the probability pA(t) and pB(t).

b) (2P) Solve the system of differential equations for pA(t) and pB(t) with initial distribution pA(t = 0) = p0A
and pB(t = 0) = p0B .

c) (2P) Consider the trajectory I(t), which is defined to be 0 when the system is in state A and 1 when in
state B: I = {0, 1}. State A represents for example a folded state of a protein and B represents an unfolded
state. Calculate 〈I(t)〉. How does 〈I(t)〉 behave for t→∞?

d) (2P) Calculate 〈I(t)I(0)〉 − 〈I2(t)〉.


