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Advanced Statistical Physics II – Problem Sheet 12

Problem 1 – Master equation
Consider the three state model with transition rates ki

A
kAB−−⇀↽−−
kBA

B
kBC−−⇀↽−−
kCB

C, A
kAC−−⇀↽−−
kCA

C (1)

a) (2P) Write down the master equation for the probability density
~ρ(t) := (ρA(t), ρB(t), ρC(t))T .

b) (2P) Find the stationary solution of the master equation for kAC = kCA = 0 and discuss it
for the special case kAB/kBA = kBC/kCB.

c) (1P) Recall the definition of detailed balance

p(X)W (X → Y ) = p(Y )W (Y → X). (2)

p(X) and p(Y ) are the probabilities of being in state X or Y respectively, and
W (Y → X),W (X → Y ) are the transition probabilities (or transition rates) for going from
one state to the other. Does the stationary solution of the previous example obey detailed
balance?

d) (2P) Find the stationary solution for the case in which transitions can only happen in one
“direction”, i.e.

A
kAB−−→ B

kBC−−→ C, C
kCA−−→ A. (3)

Does detailed balance hold?

e) (1P) Discuss the special cases

• kAB = kBC = kCA

• kBC = kCA, kAB →∞

for the stationary solution of the previous example.

f) (5P) Solve the master equation for the special case kAB = kBC = kCA = k and
kBA = kCB = kAC = 0 with initial condition ~ρ(0) = (1, 0, 0). Hint: Do a spectral
decomposition of the rate matrix.
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Problem 2 – Reaction rate kinetics
Consider the reaction

A+A
k2−⇀↽−
k1
B +A (4)

of two chemical substances A and B. The chemical kinetics equation for this reaction is:

ẏ(t) = k2x
2(t)− k1x(t)y(t) (5)

Here, x and y are the concentrations of the two substances A and B, respectively.

a) (2P) Assume, that no particles can enter or leave the system, such that the sum of the
masses of both substances is conserved. Show that in this case, there are two stationary
states, y1 and y2, for the concentration of substance B.

b) (3P) Solve equation (5) for the initial condition y(t = 0) = y0. Hint: First show, that (5)
can be written as ∫ y

y0

dỹ

(ỹ − y1)(ỹ − y2)
= (k1 + k2)

∫ t

0
dt̃ (6)

Result:

y(t) = y2 +
y1 − y2

1− y0−y1
y0−y2

et(y1−y2)(k1+k2)
(7)

c) (2P) Take the limit t→∞. For which initial values y0 do you end up at the stationary
state y1 or y2? What does this tell you about the stationary states y1 and y2?
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