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Problem 1: Entropy
Consider an n-sided die, where the i-th side has the probability pi . The entropy is defined as
H=−

n
X

pi ln(pi )

i=1

What distribution of pi maximizes the entropy?

Problem 2: 1D Poisson Gas
Consider n randomly distributed particles in a 1-dimensional box [0, L] which have the locations x1 , ..., xn . The
number of particles in the box is given by the Poisson distribution, where the probability that no particle is
in the box is e−ρ L . The probability to find n particles in the volume corresponding to the random variable
dx1 , ..., dxn is:
e−ρ L ρn
dx1 ...dxn ,
n!

(1)

where ρ > 0 is a constant and has units of inverse length.
a) Calculate the probability to find n particles in the box.
b) Show that the distribution is normalized to 1.
c) Calculate the average particle density, i.e. the average number of particles per unit length, and the variation
thereof. Consider also the limiting case L → ∞.

Problem 3: Moments and Cumulants
a) Express the higher moments of the deviation from the mean, hδxn i = h(x − hxi)n i, as a function of the simple
moments hxn i (for n = 1, 2, 3, 4).
b) Calculate the cumulants hxn iC as a function of the simple moment hxn i for n = 1, 2, 3, 4 using the characteristic function G(k).
P∞ n
Hint: The expansion log(1 − x) = − n=1 xn is helpful.
c) Use the normal distribution for the following exercises:
P (x) =

exp(−(x − x0 )2 /(2∆2x )
√
∆x 2 π

(2)

Calculate the moments hxn i for n = 1, 2, 3, 4 using the characteristic function G(k).
d) Calculate the higher moments of the deviation from the mean, hδxn i = h(x − hxi)n i, for n = 1, 2, 3, 4.
d) Calculate the cumulants hxn iC for n = 1, 2, 3, 4 and use the definition of the cumulant by the logarithmic
characteristic function ln G(k).

Problem 4: Polymer
Consider a polymer built of n rigid rods of length b. The probability distribution for the orientation of each
segment in three-dimensional space is given by:
p(~r) =

δ(|~r| − b)
4 π b2

(3)

a) Show that the probability distribution p(~r) is normalized in three-dimensional space.
b) Calculate the characteristic function:
g(~k) =
Solution: g(~k) =

sin(bk)
bk

Z

~

d3~r ei ~r·k p(~r)

(4)

with k = |~k|

~ = Pn ~rj . Calculate the characteristic function G(~k) = [g(~k)]n and
c) Now look at the end-to-end distance R
j=1
calculate the expectation values hRk i for k = 1, 2, 3.
d) Calculate the expectation values of the cumulants hRk iC for k = 1, 2, 3.
Hint for (c) and (d): Approximate the (logarithmic) characteristic function by a taylor series of sufficient order.

