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Dirac-point spectroscopy of flat-band systems with the quantum twisting microscope
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Motivated by the recent development of the quantum twisting microscope, we formulate a theory of elastic
momentum-resolved tunneling across a planar tunnel junction between a monolayer graphene layer situated on
a tip and a twisting graphene-based sample. We elucidate features in the dependence of the tunnel current on
bias and twist angle, which reflect the sample band structure and allow the tip to probe the momentum-and
energy-resolved single-particle excitations of the sample. While the strongest features originate from the Fermi
edge of the tip, we argue that features associated with the tip Dirac points provide a more immediate and
precise map of the sample band structure. We specifically compute the low-temperature tunneling spectrum
of magic-angle twisted bilayer graphene (MATBG) rotated relative to the tip by nearly commensurate angles,
highlighting the potential of Dirac-point spectroscopy to measure single-particle spectral functions of flat bands
along specific lines in reciprocal space. Furthermore, our analysis of tunneling matrix elements suggests a
method to extract the ratio of the intrasublattice and intersublattice tunneling parameters w0/w1 of MATBG
from the differential tunneling conductance. Finally, we discuss signatures of C3z-symmetry breaking in the
tunneling spectrum using strained MATBG as an example. Our work establishes a general theoretical framework
for Dirac-point spectroscopy of flat-band systems using the quantum twisting microscope.
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I. INTRODUCTION

Electron tunneling has been an indispensable tool for prob-
ing quantum systems [1]. Scanning tunneling microscopy and
spectroscopy provide topographic images and local-density-
of-states maps of materials. Tunneling between parallel
two-dimensional electron systems can reveal complementary
information including Fermi surfaces [2], quantum lifetimes
[3,4], and energy dispersions [5] of the electrons.

The quantum twisting microscope (QTM) is emerging as
a versatile instrument for tunneling spectroscopy of two-
dimensional materials [6]. It uses a van der Waals tip to probe
local properties of other van der Waals samples by forming a
twistable finite-area tunnel junction. Distinct from the scan-
ning tunneling microscope, tunneling across the finite-area
junction obeys energy and (in-plane) momentum conserva-
tion. This enables the QTM to reveal momentum-resolved
energy dispersions by measuring the tunneling current as a
function of bias voltage and twist angle between tip and
sample. This powerful capability of the QTM was harnessed
in Ref. [6] to reveal the electronic band structure of both
graphene and large-angle twisted bilayer graphene. More re-
cent experimental [7] and theoretical [8] progress established
inelastic tunneling spectroscopy using a QTM at cryogenic
temperatures as a tool to measure phonon dispersions and
electron-phonon coupling constants. Additionally, theoreti-
cal proposals suggest that the QTM could be used to probe
two-dimensional superconductors [9], spin liquids [10], and
magnetically ordered phases [11].

Since the initial discovery of correlated insulating and un-
conventional superconducting phases in magic-angle twisted
bilayer graphene (MATBG) [12,13], extensive research has

advanced our understanding of these phases by observing
a cascade of phase transitions [14,15], intervalley coherent
order [16,17], and highly anisotropic or nodal superconduct-
ing gaps [18–21], among many other remarkable phenomena.
Nevertheless, measuring electronic band structures of nearly
flat bands and their evolution with varying electron den-
sity in MATBG or other moiré graphene systems [22,23],
remains challenging. While angle-resolved photoemission
spectroscopy (ARPES) on micrometer-scale MATBG devices
showed evidence for flat bands [24–26], its energy resolu-
tion and temperature constraints have been hampering further
studies of band structures and correlated phases.

These advances motivate us to explore the possibility of
studying the excitation spectrum of moiré graphene struc-
tures such as twisted bilayer graphene (TBG) by means of
momentum-resolved tunneling of electrons from monolayer
graphene (MLG) in a QTM (see Fig. 1 for a schematic
illustration). In this setup, adjusting the bias voltage V in
coordination with gate voltages VTG and VBG allows for control
of the band offset while maintaining the electron density of
the sample at a target level. Twisting the junction displaces
the tip Dirac points along arcs in reciprocal space. We present
a theory of elastic momentum-conserving tunneling between
MLG and moiré graphene samples in such a QTM device, and
of its use for probing the sample band structure.

The dominant features in the current due to elastic tun-
neling between tip and sample originate from two sources:
Fermi edges and singularities in the density of states. The
strongest signals which encode information on the sample
band structure arise from the Fermi edge of the tip. However,
extracting the band structure information is complicated by
the finite extent of the tip’s Fermi line in momentum space. In
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FIG. 1. Schematic setup of a quantum twisting microscope with
monolayer graphene as the tip layer (blue) and twisted bilayer
graphene (red) as the sample layer. Probing elastic tunneling near the
twist angle θ = 0 between tip and sample may require introducing
an additional decoupling layer as described in Ref. [6]. The electron
densities in tip and sample layers can be tuned by top and bottom
gates (light blue; gate voltages VTG and VBG, respectively). Gate
dielectrics are shown in gray (e.g., hBN). The tunneling current
between tip and sample layers is measured as a function of the bias
voltage V and the twist angle θ .

particular, this is the case, when the sample Brillouin zone is
small due to a large moiré period. More immediate imaging of
the sample band structure uses the singularity in the density of
states of the tip, which is associated with a Dirac point. This
leads to singularities in the tunneling current at characteristic
bias voltages, where the energy of a tip Dirac point aligns with
the band energy of the sample at the same momentum. We
show that these features directly map the momentum-resolved
energy dispersion of the sample through the twist-angle de-
pendence of the characteristic bias voltages.

We develop a general formalism for this Dirac-point spec-
troscopy of flat bands and apply it to tunneling between MLG
and the flat bands of MATBG near a few commensurate angles
(Sec. III). We illustrate how the tunneling spectra reveal the
one-particle spectral function of flat bands along the trajecto-
ries of the tip Dirac points, which traverse all high-symmetry
points in the mini-Brillouin zone (mBZ) of MATBG. We find
that the ratio of intrasublattice and intersublattice tunneling
parameters, a key parameter of low-energy effective models
of MATBG, can be inferred from the differential tunneling
conductances measured when the MLG Dirac point is aligned
with the two Dirac points in the same valley of MATBG.
Further analysis on strained MATBG indicates that Dirac
point spectroscopy also provides a direct probe of the breaking
of the C3z symmetry, which triples the singularities in the
tunneling spectra (Sec. IV).

II. DIRAC-POINT SPECTROSCOPY

A. General formalism

Given the high density of states (DOS) associated with
narrow bands, we simplify the consideration of electrostatics
of the QTM junction by assuming that the chemical potential
of the studied structure is parked in a band and remains unaf-
fected by the bias between tip and sample. This simplification
allows for an explicit relation between the second derivative
of the current, d2I/dV 2, and the quasiparticle spectrum of the
moiré material. To ensure that the chemical potentials μT and
μS of tip and sample are independent of bias voltage V , one

FIG. 2. Schematic band diagram for a given bias −eV between
MLG tip (blue) and TBG sample (red). The Dirac points of tip (blue
dotted line) and sample are offset in energy by the electrostatic poten-
tial φ. The chemical potentials μT/S of tip and sample are measured
from their respective Dirac points, so that −eV = μT − μS + φ. The
gate voltages are adjusted such that the tip chemical potential μT

coincides with the gap between the flat and dispersive bands of the
sample. A representative elastic-tunneling process near the tip Dirac
point is indicated by the horizontal arrow (black). The momenta of
the dispersions of tip and sample are offset relative to each other in
the figure, and do not reflect the twist of the reciprocal spaces (cf.
Fig. 4). The energy arguments of the spectral functions of tip and
sample are measured from the respective chemical potentials. An
energy ω measured from the sample chemical potential corresponds
to ω + eV relative to the tip chemical potential [cf. Eq. (1)].

may in practice need to adjust the gate voltages VTG and VBG

(see Fig. 1).
The elastic momentum-conserving tunneling current be-

tween tip and sample reads as [27]

I = 2πe

h̄

∫
dω[ f (ω) − f (ω + eV )]

×
∑
kk′

∑
λλ′

|〈k′λ′T |Htun|kλS〉|2AT
λ′ (k′, ω + eV )AS

λ(k, ω),

(1)

where f (ω) = [exp(βω) + 1]−1 is the Fermi-Dirac distribu-
tion function and the energy ω is measured relative to the
Fermi level of the sample (see Fig. 2). We denote the spectral
functions of tip (T ) and sample (S) for Bloch states |kλT/S〉 as
AT,S

λ (k, ω), with k being the wave vector and λ the band label.
k, k′ are restricted to one Brillouin zone of the sample and
tip, respectively. The tunneling Hamiltonian Htun conserves
momentum,

〈k′λ′T |Htun|kλS〉 =
∑
Q,Q′

Tλ′λ(k + Q)δk′+Q′,k+Q (2)

with reciprocal lattice vectors Q of the sample and Q′ of the
tip. Here, we use that for a given twist angle between the tip
and sample and in view of the momentum-conservation con-
dition, k + Q uniquely determines the wave vectors k, Q, k′,
and Q′, so that we can consider Tλ′λ to be a function of k + Q
only. Each term on the right-hand side of Eq. (2) contributes to
the square of the tunneling matrix element separately without
interference,

|〈k′λ′T |Htun|kλS〉|2 =
∑
Q,Q′

|Tλ′λ(k + Q)|2δk′+Q′,k+Q. (3)

We denote the tip and sample band dispersions, measured rel-
ative to the respective chemical potentials μT and μS , as ξT

k′λ′
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(a) (b)

FIG. 3. Schematics of the intersections (red) between a Dirac
cone at velocity vD and a plane representing a probed band with
linearized energy dispersion relative to the Dirac point pn, vn · (p −
pn) + φ − φn [see Eq. (9) for φn]. Elastic momentum-conserving
tunneling occurs at the band intersections. (a) For vD > vn, the in-
tersections are ellipses and tunneling current I ∝ |φ − φn| becomes
singular as the Dirac point crosses the probed band at the charac-
teristic band offset φ = φn. (b) For vD < vn, the intersections are
hyperbolas and I (φ) is an analytic function at φ = φn.

and ξ S
kλ (cf. Fig. 2). For the free-fermion spectral functions

AT,S
λ (k, ω) = δ(ω − ξT,S

kλ
), Eq. (1) reduces to Fermi’s golden

rule,

I = 2πe

h̄

∑
λλ′

∑
k

∑
Q

[
f
(
ξ S

pλ

)− f
(
ξT

pλ′
)]|Tλ′λ(p)|2

× δ
(
ξ S

pλ − ξT
pλ′ + eV

)∣∣∣
p=k+Q

. (4)

ξT
k′λ′ = ξT

k′+Q′λ′ and ξ S
kλ = ξ S

k+Qλ are considered periodic in the
extended Brillouin zone. To simplify notations, we define the
band energy difference

δελ′λ
p = ξ S

pλ + μS − ξT
pλ′ − μT (5)

of a particular pair of bands λ′ and λ, which is independent
of the chemical potentials. We also define the electrostatic
potential difference

φ = −eV − μT + μS (6)

between tip and sample, which determines the band offset in
energy (Fig. 2).

Using these definitions, Eq. (4) can be rewritten as a line
integral over the equal-energy contours δελ′λ

p = φ in the ex-
tended Brillouin zone,

I = e�

2π h̄

∑
λλ′

∫
δελ′λ

p =φ

d p‖∣∣∂pδελ′λ
p

∣∣ [ f
(
ξ S

pλ

)− f
(
ξT

pλ′
)]|Tλ′λ(p)|2,

(7)

where � is the contact area between tip and sample.
The Dirac cones of the graphene tip lead to equal-energy

contours Cn(φ) which shrink to the Dirac points pn at some
values of φ [see Fig. 3(a)]. The index n enumerates discon-
nected contours (e.g., due to a valley degeneracy) for a fixed
band index λ, which we leave implicit to shorten notation.
These points pn are associated with singularities in the joint

density of states

νn(φ) ≡ 1

(2π )2

∫
Cn(φ)

d p‖∣∣∂pδελ′λ
p

∣∣ . (8)

Along Cn(φ), λ′ is uniquely specified by φ and λ, as indicated
by Fig. 3(a). At the Dirac point of the tip, we have ξT

pnλ
′ =

−μT , so that the singularity occurs at

φn = ξ S
pnλ

+ μS (9)

[see Eq. (5)].
The singularities in νn(φ) lead to singularities in the tun-

neling current at bias voltages

Vn = 1

e

(
ξT

pnλ
′ − ξ S

pnλ

)
. (10)

In the vicinity of these bias voltages, we can approximate the
current as

I ≈ 2πe�

h̄

∑
n

[
f
(
ξ S

pnλ

)− f
(
ξT

pnλ
′
)]|T |2nνn(φ) + · · · , (11)

where we introduced the normalized value

|T |2n = lim
φ→φn

1

(2π )2νn(φ)

∮
Cn(φ)

d p‖∣∣∂pδελ′λ
p

∣∣ |Tλ′λ(p)|2 (12)

of the square of the tunneling matrix element. Analytically,
the singularities take the form (see Appendix A)

νn(φ) = |φ − φn|
2π h̄2v2

D

(
1 − v2

n/v
2
D

) 3
2

, (13)

after combining the contributions of the λ′ = ± bands of
MLG. This assumes that the Dirac velocity vD of the tip is
larger than the group velocity vn of the sample’s energy band.
In this case, the equal-energy contours approach ellipses for φ

close to φn [see Fig. 3(a)]. Importantly, there is no singularity
in νn(φ) in the opposite case vD < vn. Mathematically, this
arises from a cancellation between the two hyperbolic inter-
sections in Fig. 3(b) [see Appendix A]. For flat-band samples,
this asymmetry ensures that Dirac points of the tip scan the
sample band structure, but Dirac points of the sample would
not scan the tip band structure.

Combining these results, we find that the singularity in the
current manifests as a Dirac δ function in d2I/dV 21:

d2I

dV 2
= 2e�

h̄3v2
D

(
dφ

dV

)2

[ f (−eV − μT ) − f (−μT )]

×
∑

n

(
1 − v2

n

v2
D

)− 3
2

|T |2nδ
(
eV + μT + ξ S

pnλ

)
. (14)

As the twist angle is varied, the Dirac point pn of the tip
scans along certain lines in the Brillouin zone of the sample,
while the sample bias varies the band offset between tip and
sample. The sample dispersion can then be extracted from the
resonance condition

−eVn = ξ S
pnλ

+ μT . (15)

1In Eq. (14), dφ/dV = −e if μT,S are fixed.
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This provides the basis for Dirac-point spectroscopy of flat-
band systems with a QTM.

Several comments are in order. (i) In principle, the bias
voltage enters the tunnel current in Eq. (11) through the Fermi
functions and the joint density of states. In deriving Eq. (14),
we only retained the derivative of the joint density of states.
This is the leading contribution when the derivatives of the
Fermi-Dirac functions are suppressed by a judicious choice of
μT . (ii) One convenient choice sets μT such that it coincides
with the Dirac point of the tip. Then, we have f (−μT ) =
1
2 . This ensures that the difference of Fermi functions is a
nonzero constant for both empty and occupied states of the
sample band, allowing one to scan the entire band with a
single setting of μT . However, it requires μT to be at the Dirac
point with an accuracy better than the thermal energy. (iii)
Alternatively, one can choose μT such that it coincides with a
band gap between the flat and dispersive bands of the sample.
Unlike for the previous choice, this requires measurements at
two values of μT to reveal the entire sample band structure.
When μT > 0 is chosen in the band gap above the sample flat
band, the tunneling current will be nonzero only for empty
states of the flat band. Conversely, when μT < 0 is chosen in
the band gap below the sample flat band, the tunneling current
will be nonzero only for occupied states. (iv) We note that in
the absence of C3z symmetry breaking of the tip MLG, the
location of the Dirac point is fixed by symmetry, providing
an important robustness to Dirac-point spectroscopy. (v) The
singularity is enhanced as vn → vD and the bands of tip and
sample are nested near pn. (vi) Despite an infinite number of
pn values in the reciprocal space, only a few of them need con-
sideration due to practical constraints. First, tunneling matrix
elements |T |2n decrease rapidly with increasing |pn|. Second,
the characteristic bias voltage Vn and band offset φn of the
singularity should fall within the range accessible by electrical
tuning.

When deriving the tunneling current (11) from Eq. (7),
we disregarded the energy dependence of the Fermi-Dirac
functions in the integrand of Eq. (7). In the T → 0 limit,
however, a Fermi-Dirac distribution becomes a step function
of energy. This nonanalytical behavior leads to a singular
dependence of d2I/dV 2 on bias. The singularity is associated
with the Fermi edge in one of the electrodes “scanning” the
electron spectrum in the other. (see Sec. III A below for a
more detailed discussion). We have discussed choices of μT

to suppress the singularity induced by the Fermi edge of the
tip. For the Fermi edge in a flat band of the sample, we find
that the associated singularity can be strongly smeared by
temperature and quasiparticle broadening of the flat band (see
Appendix B). Thus, the Dirac-point singularity can become
the main feature in the tunneling spectrum within a range of
bias voltage.

B. Application to twisted graphene samples

We specify this general discussion to a QTM junction
consisting of a MLG tip and a graphene-based sample. This
allows us to express the tunneling matrix element [Eq. (12)]
in terms of the wave function of the sample.

The tip weakly couples to the topmost graphene layer
of the sample with a relative twist angle θ . The two

FIG. 4. (a) The reciprocal lattice of a graphene layer in the sam-
ple with ±K valleys marked as red and blue dots, respectively. As
the MLG tip is twisted relative to this graphene layer by commen-
surate twist angles θc = 0, ±38.2◦, the Dirac points of two layers
overlap at K + G1 marked by the black, blue, and orange arrows,
respectively. The dashed arcs are trajectories of the tip Dirac point p1

near commensuration. (b) The three dashed arcs in (a) are plotted in
the mBZ of a 1.05◦ TBG. They cross the Dirac points κ′ (κ) of the
TBG top (bottom) layer when the MLG is commensurate with the
corresponding layer.

inequivalent corners of the first Brillouin zone of the tip are
rotated to ±Kθ = ±O(θ )K, where ±K denotes the corre-
sponding points in the Brillouin zone of the top layer of the
sample and

O(θ ) =
(

cos θ sin θ

− sin θ cos θ

)
(16)

is an in-plane clockwise rotation matrix. The angle misalign-
ment largely forbids elastic momentum-conserving interlayer
tunneling between low-energy states close to the Dirac
points ±Kθ and ±K except near commensurate twist an-
gles θc, where elastic tunneling is enabled via umklapp
processes. Specifically, we will consider twist angles near
θc = 0, where the first Brillouin zones of the tip and top-
most sample layer coincide, as well as θc = 2 arctan

√
3/5 ≈

38.2◦ (and symmetry-related configurations), where corners
of the third Brillouin zones coincide [see Fig. 4(a) and
Ref. [6]].

At the commensurate angles θc, there exist reciprocal lat-
tice vectors G′

n and Gn of the tip and the topmost graphene
layer of the sample, respectively, such that the Dirac points of
both layers overlap at (I) Kθc + G′

n = K + Gn or (II) Kθc +
G′

n = −K + Gn. A valley in one layer couples with either
the same (I) or the opposite (II) valley in the other layer.
If θc corresponds to configuration II, θc − π/3 will corre-
spond to configuration I. Since all twist angles which differ
by multiples of π/3 are physically identical owing to the
sixfold rotational symmetry C6z of MLG, we can limit our
discussion to configuration I with |θc| < π/3. For later con-
venience, n = 1, 2, 3 labels the three shortest |K + Gn|. At
θc = 0, the black arrow in Fig. 4(a) depicts the vector K + G1

with G1 = 0, while the K + G2,3 (not shown) connect the
origin with the other two K-valley corners of the first Bril-
louin zone. The blue arrow represents K + G1 for θc ≈ 38.2◦.
When the reciprocal lattice in Fig. 4(a) is rotated clockwise
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by the angle between the blue and orange arrows (i.e., at
θc = 2 arctan

√
3/5 ≈ 38.2◦), the rotated and original lattices

are commensurate and coincide at the Dirac point indicated by
the blue arrow. Likewise, the orange arrow represents K + G1

for θc ≈ −38.2◦.
Near commensuration, the long-wavelength modulation of

the local stacking configuration (moiré superlattice) admits
a continuum description of the interlayer tunneling Hamil-
tonian [28]. We adopt the k · p approximation of the tip and
sample Hamiltonians in the τK valley (τ = ±) with respect
to a common reference wave vector τ (K + G1) and define
continuum Dirac fields �†

τ = (�†
τA,�

†
τB) for the MLG tip

and �
†
τ l = (�†

τ lA, �
†
τ lB) for layer l of the sample. The most

relevant interlayer tunneling Hamiltonian conserves the valley
quantum number τ , Htun = H τ=+

tun + H τ=−
tun , and is local in

real space. The minimal expression of H τ
tun that conserves

quasimomentum up to reciprocal lattice vectors of the two
interfacial graphene layers and respects C3z symmetry is [29]

H τ
tun =

∫
d2r

3∑
n=1

�†
τ (r)T̂τne−iτδGn·r�τ t (r) + H.c. (17)

Here, the δG1 = 0 term describes the spatially averaged tun-
neling amplitude. C3z symmetry necessitates two additional
tunneling terms with wave vectors

δGn = G′
n − G′

1 − (Gn − G1). (18)

The δG2,3 are two primitive reciprocal lattice vectors of the
moiré superlattice formed by the two graphene layers. C2zT
and C3z symmetries constrain the tunneling matrix to (see
Appendix C 1 and Refs. [30–32])

T̂τn = w0eiχτσ z + w1σ
xei 2π (n−1)

3 τσ z
, (19)

where σ i are Pauli matrices for the sublattice pseudospin.
For θ ≈ 0, χ = 0 and the intrasublattice and intersublattice
tunneling parameters w0 and w1 are equal, w0 = w1 ≡ tθc=0,
in the absence of lattice relaxation. For θ ≈ ±38.2◦, Ref. [30]
finds that χ ≈ 0 and w0 ≈ w1 ≡ t38.2◦ (see explanations in
Appendix C 2).

We now derive tunneling matrix elements between the
Bloch states |k′λ′T 〉 and |kλS〉 of tip and sample. The wave
vectors k, k′ are measured relative to the graphene � point
and the wave functions are given by

〈0|�τ (r)|k′λ′T 〉 = 1√
2�

(
λ′

eiτθk′

)
ei(k′+τG′

1−τK−τG1 )·r,

〈0|�τ l (r)|kλS〉 = 1√
�

∑
g

(
ψλ

lA(k + g)

ψλ
lB(k + g)

)
ei(k+g−τK )·r, (20)

where |0〉 is the vacuum. For the MLG tip, k′ is restricted to be
near the tip Dirac points τKθ , θk′ = arg[τ (k′

x + ik′
y)/(Kθ,x +

iKθ,y) − 1], and λ′ = ±1 denotes the conduction and valence
bands of MLG. In the sample, g represents all reciprocal
lattice vectors which keep k + g in the ±K valleys, where the
low-energy continuum model is valid. For instance, when the
sample forms a long-period moiré superlattice, the wave vec-
tor k is defined in a mBZ and g contains the moiré reciprocal
lattice vectors that are much shorter than |K|. The tunneling

matrix elements read as

〈k′λ′T |Htun|kλS〉

=
3∑

n=1

∑
g

Tλ′λ(k + g + τGn)δk′+τG′
n,k+g+τGn

, (21)

with

Tλ′λ(p) = tθc√
2

[
λ′e−iτ 2π (n−1)

3 + e−iτ (χ+θp−τG′
n

)
]

×
[
eiτχ+iτ 2π (n−1)

3 ψλ
tA + ψλ

tB

]
p−τGn

. (22)

In Eq. (22), τ, n implicitly depend on p via the relation p =
k′ + τG′

n. We observe that as a result of the sublattice struc-
ture of T̂τn, the matrix element factorizes into independent
factors of the tip and sample wave functions. Equation (21)
is consistent with the general expression (2), where Q′ = τG′

n
and Q are linear combinations of reciprocal lattice vectors
in each layer of the sample (or, equivalently, reciprocal lat-
tice vectors τGn of the topmost layer and moiré reciprocal
lattice vectors g). This equation indicates that the tip Dirac
points τKθ couple with three wave vectors Kτn(θ ) ≡ pτn −
τGn (n = 1, 2, 3) in the sample, where pτn = τ (Kθ + G′

n) are
six Dirac points in the extended Brillouin zone of the MLG tip
with sixfold rotation symmetry about the � point. In valley τ ,
the Kτn are C3z symmetric about τK.

When probing a flat band of the graphene-based sam-
ple, the group velocity of the probed band is much smaller
than the Dirac velocity in the tip, δελ′λ

p ≈ −ξT
pλ + const and

|∂pδε
λ′λ
p /h̄| ≈ vD. The intersections between the tip and sam-

ple bands (Fig. 3) can be approximated as circles centered
around pτn. Equation (12) then reduces to

|T |2τn(θ, λ) = lim
k′→τKθ

∫
dθk′

2π
|Tλ′λ(k′ + τG′

n)|2

= t2
θc

∣∣∣∣eiτ
[
χ+ 2π (n−1)

3

]
ψλ

tA + ψλ
tB

∣∣∣∣
2

Kτn(θ )

. (23)

Interestingly, the result equals the average of the tunneling
matrix elements squared at the Dirac point |T |2τn(θ, λ) =∑

λ′=± |Tλ′λ(pτn)|2/2. As shown in Appendix D, corrections
due to a finite dispersion of the probed band only rescale the
right-hand side of Eq. (23) by a velocity-dependent factor.
In the limit vn � vD, the second derivative of the current,
Eq. (14), becomes

d2I

dV 2
= 2�et2

θc

h̄3v2
D

(
dφ

dV

)2

( f−eV −μT − f−μT )
3∑

n=1

∑
τ=±

×
∑

λ

∣∣∣∣eiτ
[
χ+ 2π (n−1)

3

]
ψλ

tA + ψλ
tB

∣∣∣∣
2

Kτn

× δ
(
eV + μT + ξ S

Kτnλ

)
. (24)

Notice that even for a single band λ, d2I/dV 2 can contain
multiple Dirac-δ singularities at different bias voltages be-
cause there are six independent tunneling channels around
pτn. The number of singularities is at most six but can be
reduced by symmetries. Time-reversal (or inversion) sym-
metry ensures the valley degeneracy ξKnλ = ξK−nλ and equal
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contributions to the tunneling current from the two valleys.
C3z symmetry requires ξKτnλ and |T |2τn to be n independent.
When both symmetries are intact, we find that for θ ≈ 0 and
±38.2◦,

d2I

dV 2
= 6Nf �et2

θc

h̄3v2
D

(
dφ

dV

)2

( f−eV −μT − f−μT )

×
∑

λ

∣∣ψλ
tA + ψλ

tB

∣∣2
K1

δ
(
eV + μT + ξ S

K1λ

)
. (25)

When the system has SU(2) spin symmetry, Nf = 4 accounts
for the spin-valley degeneracy and λ labels the bands of a
single flavor in Eq. (25). Otherwise, Nf = 2 accounts for the
valley degeneracy and λ includes all bands.

III. SINGLE-PARTICLE TBG MODEL

We specify to a bilayer graphene sample at a small twist
angle θTBG for the remaining parts of the paper. We choose
a coordinate system in which the K-valley Dirac points in
the top and bottom layers of TBG are located at Kt/b =
O(±θTBG/2)(4π/3a0, 0)T , where a0 is the lattice constant of
graphene. In the mBZ, these two points are labeled as κ′ and
κ, respectively, as depicted in Fig. 4(b).

Equations (14) and (24) show that the tip scans the sam-
ple band structure simultaneously along three lines in the K
valley, Kn(θ ) ≡ pn(θ ) − Gn for n = 1, 2, 3, and three lines in
the opposite valley, K−n = −Kn. According to the preceding
section,

pn(θ ) = Kθ + G′
n = O(δθ )(Kt + Gn), (26)

Kn(θ ) = Kt + [O(δθ ) − 1̂](Kt + Gn), (27)

where δθ = θ − θc and Kt + Gn are the three shortest over-
lapping Dirac momenta at commensurate angle θc between
the tip and the top layer of TBG. The trajectories K1(θ ) near
θc = 0,±38.2◦ are plotted as dashed lines in Fig. 4(b) and can
be approximated by

K1 ≈ Kt − |p1|δθ
(

sin
θc

2
, cos

θc

2

)T

, (28)

where |p1| = |K| (
√

7|K|) near θc = 0 (±38.2◦). The trajec-
tories K2,3 can be obtained by rotating these lines about Kt

clockwise by ∓2π/3. The Kn(θ ) coincides with κ′ in the mBZ
when the MLG tip is commensurate with the top layer of TBG
at δθ = 0, and κ when it is commensurate with the bottom
layer at δθ = −θTBG.

The K-valley Dirac Hamiltonian of a graphene layer ro-
tated clockwise by θ relative to the x axis reads as

hp(θ ) = h̄vD[O(θ )T p − K] · σ. (29)

Written in the plane-wave basis, the Bistritzer-MacDonald
Hamiltonian of TBG reads as

Ĥ0
i j (k) =

⎛
⎝ hk+gi

(
θTBG

2

)
δi, j

∑3
n=1 T̃nδgi+gn,g j∑3

n=1 T̃ †
n δgi,g j+gn

hk+gi

(− θTBG
2

)
δi, j

⎞
⎠. (30)

The moiré reciprocal lattice vectors are g1 = 0 and g2,3 =
kM (±√

3/2, 3/2)T with kM = |Kb − Kt | = 2|K| sin(θTBG/2).

For simplicity, we use momentum-independent interlayer
tunneling matrices T̃n of the same form as Eq. (19). Diagonal-
izing Eq. (30) yields band energies ξ S

kλ + μS and eigenstates
ψλ

lβ (k + gi ) defined in Eq. (20). These quantities may then
be used to evaluate the second derivative of the current by
two methods. One method exploits the approximate analytic
expression (25). The other computes the current as a function
of bias voltage numerically after inserting the matrix elements
(21) and (22) into Eq. (1) (see Appendix E).

Both methods are adopted and their results are compared in
this section. While assuming that quasiparticles in MLG have
infinite lifetime and AT

λ (k, ω) = δ(ω − ξT
kλ), we improve the

stability of our numerical calculations by using a Lorentzian
spectral function

AS
λ(k, ω) = 1

π

γS(
ω − ξ S

kλ

)2 + γ 2
S

(31)

for MATBG with a constant broadening parameter γS = 0.6
meV and by taking a finite temperature T = 1 K. Unless
otherwise stated, we focus on the flat bands and neglect re-
mote bands of MATBG in our simulations to simplify the
analysis. Simulations including the remote bands are shown at
the end of this section. Below, we evaluate the Hamiltonian in
Eq. (30) for θTBG = 1.05◦, vD = 106 m/s, and intrasublattice
and intersublattice tunneling parameters w0 = 88 meV and
w1 = 110 meV, respectively. The condition w0 < w1 partially
accounts for the lattice relaxation and corrugation effects.
The ratio w0/w1 ≈ 0.8 is suggested by tight-binding model
estimates, but should be checked experimentally [24,33]. With
these model parameters, the chosen value, θTBG = 1.05◦, is
slightly above the first magic angle, θ

(1)
TBG ≈ 0.97◦, where the

Fermi velocity at the Dirac points vanishes. At angles below
θ

(1)
TBG, the two flat bands and their corresponding tunneling

matrix elements are inverted [34,35] compared to 1.05◦ TBG.
Nonetheless, our qualitative results are not specific to the
particular choice of model parameters.

A. Dirac-point singularity vs Fermi-edge singularity

Figure 5(a) presents a numerical simulation of the sec-
ond derivative of the tunneling current between a hole-doped
MATBG sample with empty flat bands and an electron-doped
MLG tip. The d2I/dV 2 map as a function of bias voltage
and twist angle (around θc = 0) exhibits two types of sharp
features in separate ranges of bias voltages. A line cut along
the dotted vertical line at θ = 0.58◦ is plotted in Fig. 5(b)
and shows that d2I/dV 2 has two dips at large bias voltages
−eV ∼ 80 meV and multiple peaks and dips of higher inten-
sity at −eV ∼ 20 meV.

At large bias voltages, −eV ∼ μT − μS = 80 meV, the tip
Dirac points are shifted in energy across the flat bands and
induce Dirac-δ singularities in d2I/dV 2. The blue lines in the
color map trace out the dips of d2I/dV 2 as a function of θ .
These lines strikingly resemble the band structure of MATBG
along the high-symmetry line κ − m − κ′ − γ − κ shown in
Fig. 5(c). This is consistent with our theory of Dirac-point
spectroscopy.

At smaller bias voltages −eV ∼ −μS = 20 meV, the
Fermi level of the tip intersects the flat bands. However, for
the parameters chosen in Fig. 5(a), the resulting features in
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FIG. 5. (a) Simulation of d2I/dV 2 map for the tunnel junction
between 1.05◦ TBG with unoccupied flat bands and an electron-
doped MLG tip. The chemical potentials of the TBG and MLG are
μS = −20 meV and μT = 60 meV, respectively. The map exhibits
two types of d2I/dV 2 singularities. Weaker ones induced by the
Dirac points of the tip at bias voltages close to μT − μS = 80 meV
and strong ones induced by the Fermi edge of the tip at smaller bias
voltages. (b) A line cut along the dashed line in (a). (c) Band structure
of 1.05◦ TBG along the high-symmetry line κ − m − κ′ − γ − κ.
The dashed line marks the Fermi level. (d) Equal-energy contours
of the conduction flat band of TBG are shown as solid lines. The
dashed circle represents the Fermi circle of the tip. Tangency of this
Fermi circle to two contours (of different energies) highlighted in
red and purple contributes the two d2I/dV 2 singularities in (b) at the
bias voltages marked by the two horizontal lines in the corresponding
colors. The crowding of Fermi-edge traces in (a) arises from the
combination of the flatness of the TBG bands and the finite size of
the MLG Fermi circle. The absence of the latter factor for scanning
with a MLG Dirac point results in the two well-resolved lines in the
top part of (a), which directly trace the sample band structure.

the d2I/dV 2 map are not in immediate correspondence with
the sample band structure, as we explain below.

The bias dependence of the phase space for tunneling has
a square-root singularity at a characteristic voltage V ∗(θ ),
where the tip Fermi circle is tangent to the sample bands at
a certain wave vector p∗(θ ) [6,8]. This nonanalyticity prop-
agates into I (V ), producing a Fermi-edge singularity (see
Appendix B for details)

d2I

dV 2
∼ ∓�e2

h

|Tλ′λ(p∗)|2
h̄2v2

D

×
√

vD

vS
p∗

|μT |
e|V − V ∗(θ )|3 �(±[V − V ∗(θ )]). (32)

This approximate expression is derived in the limit of low dop-
ing of the tip and generalizes related formulas in Refs. [6,8] to

flat-band samples with group velocity vS
p∗ at p∗. One observes

that the Fermi-edge contribution diverges more strongly than
the Dirac-δ singularity induced by the tip’s Dirac point and
is quantitatively enhanced by the small velocity of the flat
band. As a result, the strongest features in the d2I/dV 2

map are due to the touching of the sample flat band by the
tip’s Fermi circle, as further illustrated by the line cut in
Fig. 5(b). In principle, this contribution to d2I/dV 2 encodes
band-structure information on the sample flat band through
the dependence of the characteristic voltage V ∗ on the angle
θ . However, the (necessarily) finite radius of the tip’s Fermi
circle complicates this dependence, as illustrated by Fig. 5(d).
The larger the tip’s Fermi momentum the less direct is the
relation between the vector p∗ and the angle θ . This reduces
the spectral resolution as seen in Fig. 5(a). The resolution can
be improved by choosing a smaller Fermi momentum. But
even then, the contribution of the tip’s Fermi edge provides
at best the same band-structure information as scanning by
the Dirac-point singularity. In addition to the sharpness of the
features, the advantage of the latter is that it does not require
fine tuning of μT to the Dirac point. For this reason, we focus
on Dirac-point spectroscopy, leaving an in-depth study of the
Fermi-edge singularity beyond Appendix B for future work.

B. Dirac-point scanning at small twist angles (θc = 0)

At small twist angles, the MLG tip scans the TBG band
structure along K1(θ ) [Eq. (27)] [see the black dashed line in
Fig. 4(b) and the inset of Fig. 6(a)]. As θ increases, K1(θ )
sequentially traverses κ, m, κ′, and γ before again passing the
region near κ for θ ≈ 2θTBG. Figure 6(a) depicts the square
of the tunneling matrix element |T |2n(θ, λ) in Eq. (23) with
χ = 0 (full lines) and the probability of the Bloch state |kλS〉
in the top layer at wave vector K1(θ ),

∑
α |ψλ

tα (K1)|2 (dashed
lines), where k is the equivalent of K1 in the first mBZ. We
highlight two features in the figure.

First, the results for the valence and conduction bands (red
and blue lines, respectively) are nearly identical because of the
C2x symmetry and the approximate particle-hole symmetry P
[36] of the BM Hamiltonian (30):

C2x : ψλ
t ((px, py)) = σ xψλ

b ((px,−py)), (33)

P : ψc
t/b(p) = ±ψv

b/t (Kt + Kb − p). (34)

When both symmetries are exact, their combination leads to
|T |2n(θ, c) = |T |2n(θ, v) for K1(θ ) on the κ − m − κ′ − γ − κ

high-symmetry line.
Second, the tunneling matrix elements are concentrated

within a small range of twist angles, |θ | � θTBG. For θ > 0,
the matrix elements follow the same trend as

∑
α |ψλ

tα (K1)|2.
When K1 is inside the Dirac cone centered at Kt of TBG, the
phase difference between the two sublattice components of
the top-layer wave function ψλ

tA/B(K1) is close to π/2, so that
the two sublattices essentially contribute independently to the
square of the tunneling matrix element [see Eq. (25)]. As a
result, there is a close correspondence between the square of
the tunneling matrix element and the probability of the Bloch
state in the top layer for θ > 0. As the probed wave vectors
Kn(θ ) move further from the Dirac points Kt/b, it is less likely
for low-energy electrons to reach them via umklapp scattering
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FIG. 6. Dirac-point spectroscopy near θc = 0. (a) Solid lines rep-
resent the average tunneling matrix elements squared between the
tip Dirac point and the MATBG Bloch states at wave vector K1(θ )
[see Eqs. (23)]. Dashed lines plot the momentum distribution of the
Bloch band λ on the top layer,

∑
α |ψλ

tα (K1)|2. The red and blue
colors correspond to the flat valence (λ = v) and conduction (λ = c)
bands, respectively. The vertical dotted lines mark the twist angles
at which K1(θ ) (almost) passes the high-symmetry points in mBZs.
The inset plots the trajectory of K1(θ ). (b) Simulated d2I/dV 2 maps
for charge-neutral MATBG at twist angle θTBG = 1.05◦ coupled with
an electron-doped MLG with chemical potential μT = 60 meV. The
dots plot ξ S

K1c + μT . (c) Same as (b) except for hole-doped MLG
with μT = −60 meV. The dots plot ξ S

K1v + μT . (d) Red, brown, and
magenta curves are line cuts in (c) at m, κ′, and γ , respectively. The
dots calculated from Eq. (25) with the Dirac δ function replaced
by the spectral function AS

λ(K1, −eV − μT ) align with the simulated
curves.

of the moiré potential. As a result, both the wave function and
the tunneling matrix elements of the flat bands drop rapidly at
θ � θTBG. In contrast, for θ < 0, there is a distinct difference
between the square of the tunneling matrix element and the
probability of the Bloch state in the top layer. We observe that
|T |21(θ, λ) decreases much faster than

∑
α |ψλ

tα (K1)|2. This
arises due to a strong interference suppression of the tunneling
matrix elements. In particular, tunneling is almost forbidden at
Kb if w0 = w1 in T̃n. To see this, we treat T̃n as a perturbation
in Eq. (30) and obtain

ψλ
t (Kb) ≈ 1

h̄vDkMσ y
T̃1ψ

λ
b (Kb) ∝

(
1

−1

)
, (35)

leading to vanishing tunneling matrix elements and d2I/dV 2

at Kb according to Eq. (25).
The strong suppression of d2I/dV 2 when the MLG-Dirac

point is twisted close to the bottom-layer Dirac point of
TBG was observed experimentally in large-angle TBG and
attributed to the low admixture of the top-layer component for
Bloch wave functions near Kb [6]. Our results suggest that due
to interference between the two sublattice components of the
TBG Dirac-point wave functions, this phenomenon persists

down to the magic angle despite the strong hybridization of
the two layers.

This interference effect can be used to estimate the param-
eter w0/w1 of MATBG experimentally. In Appendix F, we
derive for generic w0,w1(� h̄vDkM ) that∑

λ=c,v

|T |21(θb, λ) ≈ (w1 − w0)2

h̄2v2
Dk2

M

t2
0

∑
λ,σ

∣∣ψλ
bσ (Kb)

∣∣2, (36)

∑
λ=c,v

|T |21(θt , λ) = t2
0

∑
λ,σ

∣∣ψλ
tσ (Kt )

∣∣2, (37)

where θb = −θTBG and θt = 0. By taking the ratio of the two
equations, the unknown tunneling amplitude t0 and the wave-
function amplitudes cancel out as |ψλ

t (Kt )|2 = |ψλ
b (Kb)|2 due

to the C2x symmetry (33). As the energy of the MLG Dirac
point is tuned across the TBG Dirac point Kl by bias voltage,
the size of the jump �(dI/dV )|Kl in dI/dV is proportional to
the tunneling matrix elements squared given by Eqs. (36) and
(37), and obeys the simple relation

�(dI/dV )
∣∣
Kb

�(dI/dV )
∣∣
Kt

≈ (w1 − w0)2

h̄2v2
Dk2

M

. (38)

This allows for a determination of w0/w1 when combined
with the Fermi velocity vF at the Dirac nodes of charge-
neutral MATBG [35,37]

vF

vD
≈ 1 − 3w2

1/h̄2v2
Dk2

M

1 + 3
(
w2

0 + w2
1

)/
h̄2v2

Dk2
M

, (39)

which can be extracted from band structure measurements.
For the commonly used value w0/w1 = 0.8 and h̄vDkM ≈√

3w1 near the magic angle [28], the ratio in Eq. (38) is
∼10−2.

These results are derived using a continuum description
of tip-sample tunneling. This is applicable at small but finite
angles |θ | and |θ − θTBG|. Scanning the MATBG Dirac points
at θ = 0 (Kt ) and θTBG (Kb) violates this condition. In this
case, the tunneling matrix elements vary with the lateral shift
between the tip and sample [27]. However, our results remain
valid upon averaging d2I/dV 2 over lateral shifts of the tip by
distances of the order of the graphene lattice period.

We now illustrate the extraction of the sample band
structure using Dirac-point spectroscopy based on numerical
calculations of the current. We fix μT = ±60 meV, which
is larger than the bandwidth of the flat bands. This separates
the Dirac-point and Fermi-edge singularities in the tunneling
spectra. The results are otherwise insensitive to the choice of
μT . Figure 6(b) depicts the second derivative of the tunneling
current between electron-doped MLG (μT = 60 meV) and
charge-neutral MATBG. For −eV > μT , d2I/dV 2 exhibits
dips as a function of V whose positions track the conduction
flat band of MATBG, −eVn = ξ S

K1(θ ),c + μT as represented by
the dots. For −eV < μT , d2I/dV 2 ≈ 0 due to Pauli blocking
when the MLG Dirac points and the MATBG single-particle
states of the same energy are both occupied. Figure 6(c) plots
d2I/dV 2 for hole-doped MLG (μT = −60 meV). In this case,
the peaks in d2I/dV 2 tracks the valence flat band (dotted
line) below the MATBG Fermi level. d2I/dV 2 flips sign as
the states near the Dirac points in MLG are now empty and
contribute to the tunneling current with opposite sign. The
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FIG. 7. Same quantities as in Fig. 6, but for θc ≈ 38.2◦. The
solid curves have a discontinuity at θc because the relative phase
between ψ

c/v
tA (K1) and ψ

c/v
tB (K1) changes by π as K1 passes the

top-layer Dirac point Kt at θ = θc. The inset of (a) shows the K1(θ )
trajectory in mBZs, which crosses the three high-symmetry points
κ, m′, and κ′ (i.e., Kt ) with increasing θ . (b), (c) Simulated d2I/dV 2

maps for charge-neutral MATBG with the tip chemical potential
μT = ±60 meV. (d) Line cuts from (c) at m′ and κ′.

twist-angle dependence of the peak intensity in Figs. 6(b) and
6(c) is consistent with the matrix elements in Fig. 6(a).

We finally compare our numerical results to the approxi-
mate analytical result in Eq. (25). Figure 6(d) shows line cuts
from Fig. 6(c) at θ = −θTBG/2 (red), 0 (brown), and θTBG

(magenta), corresponding to the m, κ′, and γ points in the
mBZs, respectively. They agree well with the dots calculated
from Eq. (25) after substituting the Dirac δ function with
AS

λ(K1(θ ),−eV − μT ). The small discrepancies between the
two results (e.g., on the tail of the brown line) should be
attributed to the non-negligible momentum dependence of
the tunneling matrix elements Tλ′λ(p) as hinted by the strong
angle dependence of |T |2n in Fig. 6(a). Overall, our numeri-
cal results indicate that Dirac-point spectroscopy allows one
to extract the quasiparticle peaks of spectral functions from
d2I/dV 2 to a good approximation.

C. Large commensurate angles (θc = 38.2◦)

In this section, we analyze the matrix elements and
numerical simulation of the tunneling current around the com-
mensurate angle θc ≈ 38.2◦. The inset of Fig. 7(a) shows the
path K1(θc + δθ ) scanned by the tip Dirac point for |δθ | ∼ 1◦.
The path of K1 passes κ at δθ = −θTBG, κ′ at δθ = 0, and their
midpoint m′ at δθ = −θTBG/2.

Figure 7(a) depicts |T |21(θ, λ) and
∑

α |ψλ
tα (K1)|2 in solid

and dotted lines, respectively. Similar to the small-angle scan-
ning, these two quantities are well correlated at twist angles
slightly larger than θc, while the interference suppression of
tunneling matrix elements become evident for angles smaller
than θc. The suppressed matrix elements at a few twist an-
gles are due to almost vanishing wave-function amplitudes
ψλ

t (K1). In addition, the tunneling matrix elements exhibit a

discontinuity across θc. Near the top-layer Dirac point Kt , the
top-layer wave functions ψλ

t (K1) are approximately the eigen-
states of the effective Dirac Hamiltonian h̄vF (K1 − Kt ) · σ.
Thus, ψ

c/v
tA (K1)/ψc/v

tB (K1) ≈ ei[θc±πsgn(θ−θc )]/2 along the tra-
jectory of the tip Dirac point in the inset [cf. Eq. (28)]. Thus,

|T |21(θ−
c , c)

|T |21(θ+
c , c)

≈ cos2
( 2χ+θc−π

4

)
cos2

( 2χ+θc+π

4

) , (40)

with χ = 0 in our numerical calculations.
For the simulated d2I/dV 2 maps in Figs. 7(b) and 7(c),

we find again a good match of the dip or peak positions and
the MATBG band structures represented by dots. Figure 7(d)
shows line cuts at m′ and κ′ points, which align with the black
dots derived from Eq. (25) after replacing the Dirac δ function
by the broadened spectral function.

Our analysis generalizes straightforwardly to other special
twist angles θc. Using the invariance under C6z rotations of the
MLG tip, we obtain the tunneling current near θc ≈ −21.8◦ by
the substitution θ → θ − π/3. In addition, the approximate
C2xP symmetry of the present model maps the conduction and
valence bands at wave vector K1(θc + δθ ) to the valence and
conduction bands at K1(−θc + δθ ), respectively, for small δθ .
For this reason, we do not repeat the analysis for θ ≈ −38.2◦
or θ ≈ 21.8◦. If the C2xP symmetry is strongly broken in
MATBG, however, scanning near these commensurate angles
generally provides additional information on the electronic
structure, beyond what is obtained from scans near 0◦ and
38.2◦.

We conclude Sec. III with a discussion of QTM maps over
a broader energy range, which includes the remote bands.
We also contrast the case of μT and μS parked at the re-
spective charge neutrality points [Fig. 8(a)] with the case of
the tip chemical potential detuned from the neutrality point
[Fig. 8(b)]. In the former case, one observes sharp traces
produced by both the conduction and valence flat bands. In
addition, the remote bands are clearly resolved. At a finite
chemical potential, μT = 25 meV, the overall intensity of
d2I/dV 2 increases. Scanning with the Dirac point produces
a trace of the conduction flat and remote bands only. (As
discussed in Sec. II A, scanning of the valence flat and remote
bands would require tuning to a negative μT .) Moreover, we
observe that the features produced by the Fermi edge crossing
the flat bands are blurred. [We note that the features are
more closely related to the sample bands structure than in
Fig. 5(a) due to the smaller choice for μT consistent with the
discussion in Sec. III A.] The traces associated with the Fermi
edge crossing the remote bands are also less sharp than those
produced by the Dirac points of the tip, especially around the
γ points.

IV. EFFECTS OF C3z-SYMMETRY BREAKING

As discussed above, the tip scans the sample band structure
along three lines Kn(θ ) within each valley. As these three lines
are related by C3z symmetry, this provides a sensitive probe
of C3z-symmetry breaking in the sample, provided that C3z

symmetry is preserved in the tip.
Strain-induced distortions of the moiré superlattice which

break the C3z symmetry are commonly seen in STM
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FIG. 8. Simulated d2I/dV 2 maps for scanning 1.05◦ TBG at
charge neutrality (μS = 0) with a MLG tip, including the remote
bands of TBG. (a) MLG tip tuned to charge neutrality (μT = 0).
The main features in d2I/dV 2 are produced by Dirac-point scan-
ning. (The Fermi-edge contribution vanishes due to the zero density
of states at the chemical potential of the tip.) (b) MLG chemical
potential tuned into the conduction band (μT = 25 meV). The tip’s
Fermi level remains inside the gap between the flat and remote bands
of TBG when the tip’s Dirac points are scanning the sample’s flat
bands. Features appearing due to Dirac-point scanning (sharp blue
lines without red satellites) are highlighted by arrows. Blue and red
double lines result from the Fermi-edge singularities. Note that due
to the nonzero μT , lines due to Dirac-point scanning in (b) are shifted
up by 25 meV relative to their counterparts in (a) and relative to the
corresponding Fermi-edge features in (b).

experiments on TBG [38–40]. Consider two graphene layers
l = t/b that are uniformly deformed from a honeycomb lattice
Ri to new lattice coordinates R̄l,i = MlRi + d l , where d l is a
layer-dependent in-plane translation and Ml can be decom-
posed into rotation and strain,

Ml = (1 + El )O(θl ). (41)

We can fix the twist angles to θt = −θb = θTBG/2. The strain
tensor El is real symmetric. For simplicity, we only consider
uniaxial heterostrains so that Et = −Eb = E/2 and E can be
described by two parameters, the strain magnitude ε and the
strain direction ϕ,

E ≡
(

εxx εxy

εxy εyy

)
= O(ϕ)T

(
ε 0
0 −νPε

)
O(ϕ), (42)

where νP ≈ 0.16 is the Poisson ratio of monolayer
graphene.

Next, we analyze the strain-induced corrections to the
single-particle Hamiltonian. To leading order in ε, the single-
layer Dirac Hamiltonian (29) becomes [41]

h′
p,l = h̄vD

(
MT

l p − τK − τAl
) · (τσ x, σ y), (43)

where τ = ± denotes the valley index of the wave vector p

and At = −Ab =
√

3β

4a0
(εxx − εyy,−2εxy) (with β ≈ 3.14). The

gauge field Al originates from the dependence of the hopping
amplitudes on the distance between neighboring sites. For
small twist angles and strains, the Dirac points of layer l

are shifted from ±K = (±4π/3a0, 0) to ±(K̄l + Al ), where
±K̄l = ±(M−1

l )T K are the corners of the deformed Brillouin
zone. The gauge field Al shifts the Dirac points of strained
graphene away from the Brillouin zone corners.

The continuum model for the interlayer tunneling Hamil-
tonian becomes∫

d2r
3∑

n=1

�†
τ t (r)T̃τne−iτ ḡn·r�τb(r) + H.c., (44)

where ḡ1 = 0, ḡ2,3 = (M−1
t − M−1

b )T G±, and G± =
(− 2π

a0
,± 2π√

3a0
)T are two primitive reciprocal lattice vectors

of the original lattice Ri. Because we have neglected the
momentum dependence of the interlayer tunneling matrix T̃τn,
strain does not modify T̃τn. In summary, the BM Hamiltonian
of the K-valley electrons in TBG subject to uniform uniaxial
heterostrain reads as [41–43]

Ĥ ′
i j (p) =

⎛
⎝ h′

p+τ ḡi,t
δi, j

∑3
n=1 T̃τnδḡi+ḡn,ḡ j∑3

n=1 T̃ †
τnδḡi,ḡ j+ḡn

h′
p+τ ḡi,b

δi, j

⎞
⎠. (45)

This Hamiltonian breaks C3z symmetry, but preserves time-
reversal symmetry, Ĥ ′

i j (p) = Ĥ ′
i j (−p)∗.

The deformation of the sample reciprocal lattice changes
the three wave vectors in the K valley of the sample which
couple (via umklapp scattering) most strongly to the tip
Dirac points. The change is from Kn = pn − Gn given by
Eqs. (26) and (27) to K̄n ≡ pn − (1 + Et )−1Gn ≈ Kn(θ ) +
Et Gn for n = 1, 2, 3. Here, the Gn are the reciprocal lat-
tice vectors of the top layer of undeformed TBG as defined
in Sec. II B. Figure 9(a) depicts K̄1,2,3 as the black, red,
and violet dashed lines, respectively. The arrows point along
the positive θ direction and each forms angles of 2π/3
with the other two. If the sample is subject to heterostrains
only, the three lines will pass the points m, m′, and m′′ in
the mBZ.

Figure 9(b) depicts band dispersions of MATBG with a
strain field ε = 0.1% and ϕ = 15◦ along the three trajecto-
ries K̄n(θ ). In the absence of C3z symmetry, the quasiparticle
energies ξ S

K̄1,2,3(θ )λ
are generally all different. In contrast, with-

out strain, ε = 0, Mt/b = O(±θTBG/2), and ḡ = g. In this
limit, Eq. (45) reduces to Eq. (30), and the energy disper-
sions along all three Kn(θ ) become identical [see the inset of
Fig. 9(b)]. The Dirac points of MATBG marked by the crosses
in Fig. 9(a) shift away from the mBZ corners and do not lie
precisely on the three trajectories.

Time-reversal symmetry ensures identical contributions to
the tunneling current from the two valleys and therefore sim-
plifies the general expression (14) for the second derivative of
the current to

d2I

dV 2
= 4�et2

θc

h̄3v2
D

(
dφ

dV

)2

( f−eV −μT − f−μT )
∑

λ

3∑
n=1

×
∣∣∣ei 2π (χ+n−1)

3 ψλ
tA + ψλ

tB

∣∣∣2
K̄n

δ
(
eV + μT + ξ S

K̄nλ

)
. (46)

Since neither the band structure ξ S
K̄n(θ )λ

nor the tunneling

matrix elements are C3z invariant, the singularity in d2I/dV 2

splits into three with different intensities.
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FIG. 9. Effect of breaking C3z symmetry. (a) Deformed mBZs of MATBG with θTBG = 1.05◦ and uniaxial heterostrain ε = 0.1%, ϕ = 15◦.
The two crosses mark K-valley Dirac points of strained MATBG. The K-valley Dirac point of the MLG tip couples with the three wave vectors
K̄1,2,3(θ ) in the mBZs (via umklapp scattering). The black, red, and violet dashed lines represent an interval of K̄1,2,3(θ ), respectively, across
the same range of θ with arrows indicating the direction of increasing θ . Note that K̄1,2,3 exhibit small deviations from κ, κ′ proportional to ε.
For heterostrain, their deviations from m, m′, m′′ at θ = −θTBG/2, respectively, are even smaller and of second order in θTBG and ε. (b) K-valley
single-particle energy dispersion of MATBG along the three intervals of trajectories in (a). Energy is measured relative to the chemical potential
μS at charge neutrality. θ = 0 when the MLG tip is angle aligned with the top layer of MATBG. The vertical lines mark the twist angles at
which K̄1(θ ) reaches closest to the four labeled wave vectors κ, m, κ′, and γ . The inset plots energy dispersions of strain-free MATBG, where
the dispersions along the three trajectories become identical due to C3z symmetry. (c), (d) Simulated d2I/dV 2 maps for strained MATBG
at charge neutrality coupled to (c) electron-doped MLG with μT = 60 meV and (d) hole-doped MLG with μT = −60 meV. C3z-symmetry
breaking generally triples the number of singularities, which occur at distinct bias voltages and have different intensities. (e) Solid lines in
three colors plot the total tunneling matrix elements squared of MATBG flat bands along the three trajectories K̄n(θ ) in (a). The gray dashed
line shows the same quantity in strain-free MATBG and is identical for n = 1, 2, 3. (f) Total tunneling matrix elements squared along the three
trajectories K̄n(θ ). The blue and red solid (dashed) lines correspond to the valence (v) and conduction (c) flat bands of strained (strain-free)
MATBG.

Figures 9(c) and 9(d) depict the simulated d2I/dV 2 maps
as a function of bias voltage V and twist angle θ between
the top layer of MATBG and the MLG tip. As θ varies,
the dips (peaks) in d2I/dV 2 trace out the dispersion of the
conduction (valence) band of strained MATBG along these
three trajectories when the MLG tip is electron (hole) doped.
The dispersion agrees well with the band structure in Fig. 9(b).
In particular, for 0 < θ < 1◦, our results confirm the tripling
of the current singularities when C3z symmetry is broken.
(Outside of this twist-angle range, at least one of the singu-
larities becomes too weak to be visible.) Despite the dramatic
changes in the energy dispersions in weakly strained MATBG,
the twist-angle dependence of the peak intensities in d2I/dV 2

shares similarities with Figs. 6(b) and 6(c) for unstrained
MATBG. This can be rationalized by an approximate sum rule
of the tunneling matrix elements of MATBG flat bands for
sufficiently weak strain,

∑
λ=c,v

|T |2n(θ, λ) ≈ t2
θc

∑
ρ=c,v

∣∣ψ̃ρ
tA + ψ̃

ρ
tB

∣∣2
K1(θ ). (47)

Here, ψ̃ are reciprocal-space wave functions of strain-free
MATBG. The right-hand side is the sum of the tunneling
matrix elements squared over the MATBG flat bands without
strain and is plotted as a dashed line in Fig. 9(e). The left-hand
side, depicted as solid lines, is evaluated in the presence of
weak strain, ε = 0.1% and ϕ = 15◦. We observe that the “sum
rule” holds very well along all three trajectories K̄n. To derive
Eq. (47), we assume the strain to be sufficiently weak such that
K̄n ≈ Kn and the strain field induces little mixing between the
flat and remote bands of MATBG. Nevertheless, even a weak
strain field can strongly mix the two flat bands

ψλ(Kn) =
∑

ρ=c,v

U λ
ρ (Kn)ψ̃ρ (Kn), (48)

where U λ
ρ is a 2 × 2 unitary matrix and ψ̃ρ denotes the flat

band Bloch wave functions in the absence of strain. One can
derive Eq. (47) by plugging Eq. (48) and the orthonormality∑

λ U λ
ρ (U λ

ρ ′ )∗ = δρ,ρ ′ into Eq. (23) and using the C3z invari-
ance of the tunneling matrix elements squared in strain-free
MATBG.

Ideally, the approximate sum rule of the tunneling matrix
elements can be useful to extract band structure information
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from d2I/dV 2 maps when the C3z symmetry is broken. For
instance, Fig. 9(c) shows that for 0 < θ < 1◦ the strongest
singularity is the one at the highest bias voltage, while
Fig. 9(d) shows that the middle singularity has the small-
est intensity. Therefore, these two singularities correspond
to the dispersion of the conduction and valence flat bands
at the same wave vector, consistent with the two red bands
in Fig. 9(b).

Figure 9(f) depicts
∑3

n=1 |T |2n(θ, λ). We find numerically
that this sum is also insensitive to weak strain for a range
of twist angles θ . However, for 0.5◦ < θ < 1◦, we observe
a large difference between samples with strain (ε = 0.1%
and ϕ = 15◦, solid lines) and strain-free MATBG (dashed
lines). In this regime, K̄3(θ ) is close to the MATBG Dirac
points [see the violet dashed line in Fig. 9(a)], near which
the relative phases between two sublattice components of the
top-layer wave functions arg(ψλ

tB/ψλ
tA) become sensitive to

K̄3(θ ) and lead to sharp variations in the tunneling matrix
elements squared [Eq. (23)].

Finally, we note that although this section focuses on the
effects of C3z-symmetry breaking induced by uniaxial heteros-
trains, there could be other sources of C3z-symmetry breaking,
including extrinsic ones such as homostrains or intrinsic ones
such as nematic order. Additionally, even for C3z-symmetric
samples, the tip could also be subject to strain fields [44].
Either of these factors could in principle triple the number
of current singularities provided that the QTM has sufficient
energy resolution.

V. CONCLUSIONS AND DISCUSSION

In this work, we have developed a theory for Dirac-point
tunneling spectroscopy of the momentum-resolved energy
dispersion and single-particle spectral functions of the flat
bands of moiré graphene with a quantum twisting microscope
(QTM). To this end, we have studied elastic momentum-
conserving tunneling through a planar junction between a
monolayer graphene (MLG) tip and a moiré graphene sample.
The QTM provides independent control of the doping levels
and energy-band offsets of the tip and sample layers via bias
and gate voltages, while the tip Dirac momenta can be shifted
relative to the Brillouin zones of the sample by twisting. The
second derivative d2I/dV 2 of the tunneling current exhibits
singularities at characteristic bias voltages Vn, at which the
Dirac-point energy aligns with the bands of the sample at
the same momentum. Measuring Vn as a function of twist
angle θ maps out the energy dispersion of both occupied and
unoccupied states in the sample along the trajectories of the
Dirac points in reciprocal space. These trajectories traverse
all high-symmetry points of the mBZ. This method should be
contrasted with ARPES, which measures band structures over
a finite area of the Brillouin zone but only below the Fermi
level at low temperature.

In addition to the spectrum, Dirac-point spectroscopy pro-
vides information regarding the electron wave functions of
the sample, especially for flat bands where the twist-angle
dependence of the intensity of the features in d2I/dV 2 is
solely determined by the sample wave functions and not by
the band dispersion. For samples made of magic-angle twisted
bilayer graphene (MATBG), we propose to extract the ratio

of the intrasublattice and intersublattice tunneling parameters
w0/w1, a key parameter in the Bistritzer-MacDonald model,
from the intensity of d2I/dV 2 singularities at the two Dirac
points Kb and Kt of MATBG.

In experiment, the resolution of the QTM is restricted by
the dimensions of the tunnel junction as well as by disorder
and the quasiparticle lifetimes in sample and tip. The quasi-
particle lifetime is fundamentally limited by electron-electron
scattering. In doped MLG, the electron-electron scattering
rate of quasiparticles at a Dirac point due to the Coulomb
interaction increases approximately linearly with the Fermi
energy μT [45,46]. Using a MLG tip at a small doping level
reduces this interaction-induced broadening, although tuning
the Fermi level precisely to the MLG Dirac point is challeng-
ing due to charge inhomogeneity [47]. More generally, the
inhomogeneity may help mask the effects of a residual gap in
the MLG tip spectrum induced by the hexagonal boron nitride
(hBN) substrate. The sharpness of the resonances in d2I/dV 2

vs θ also relies on the weakness of the tip-sample tunnel-
ing. (The tunneling strength between two stacked graphene
layers twisted by θc = ±38.2◦ is about t38.2◦ ∼ 1 meV
[30,48–50].)

We note that a periodic electrostatic potential V (r) =∑
g V (g)eig·r imposed by the sample moiré superlattice on

the tip does not degrade the energy or momentum resolution
of Dirac-point spectroscopy. V (r) cannot gap the Dirac cone
because the tip Hamiltonian

h̄vDk̄ · σ + V (r)σ0

has a Kramer’s degeneracy at k̄ = 0 protected by the antiuni-
tary symmetry R = σ yK, where K is complex conjugation
and R2 = −1. Since V (r) has the same periodicity as the
sample, the tip wave functions with and without modulation of
V (r) couple to the same quasimomenta in the sample via the
momentum-conserving tunneling. Thus, the umklapp scatter-
ing due to V (r) only results in corrections to the tunneling
matrix elements on the order of |Vg|/h̄vD|g| and does not
broaden the Dirac-point singularities. Likewise, the tunnel-
ing between the tip and sample may be affected by lattice
relaxation and corrugation. These result in small quantitative
changes of the matrix elements, but respect the moiré period-
icity and do not reduce the momentum resolution.

While our work primarily focuses on Dirac-point spec-
troscopy, investigating protocols to extract momentum-
resolved energy dispersion from the Fermi-edge singularities
would also be highly valuable. First, as discussed in Sec. III A,
the Fermi-edge singularity could have a stronger intensity
than the Dirac-point singularity. Second, although the finite
extent of the Fermi lines of the tip complicates the extraction
of band structure information, it also offers the advantage of
probing momenta away from the momentum-space trajecto-
ries of tip Dirac points. Moreover, Fermi-edge singularities
are ubiquitous in momentum-conserving tunneling between
two-dimensional electron systems, making them less restric-
tive with regard to the choice of tip material.

In this work, we studied tunneling spectra of the flat bands
of TBG within the single-particle approximation as described
by the Bistritzer-MacDonald model. Band deformations aris-
ing from many-body effects are believed to depend strongly
on the filling of flat bands and play an important role in the
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physics of TBG such as its fermiology [51–56]. Scanning
the flat bands as a function of filling is therefore of much
interest. Our theory also paves the way for the exploration
of momentum-resolved tunneling spectroscopy of phases with
spontaneously broken symmetries [57–60]. Probing collective
excitations [10,11,61–65] in flat-band systems by exploiting
inelastic tunneling in QTM constitutes another interesting
direction.
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APPENDIX A: TUNNELING-CURRENT SINGULARITY
INDUCED BY DIRAC POINTS

1. Singularity in the limit of zero level broadening and T = 0

Without loss of generality, we assume that the tip band has
a Dirac point at wave vector p = 0. Near the Dirac point,
the two-band Hamiltonian of the tip can be expressed as
HT (k′) = h̄vDk′ · σ. We use λ′ = ±1 to label its conduction
and valence bands, which have energy dispersions ξT

k′λ′ =
λ′h̄vD|k′| − μT relative to the tip’s Fermi level, and two-
component Bloch wave functions ψλ′

(k′) = (λ′, eiθk′ )T/
√

2.
To simplify notations, we consider a single band λ in the
sample with energy dispersion ξ S

pλ relative to the sample’s
Fermi level.

The tunneling current derived from Fermi’s golden rule
reads as

I = 2πe�

h̄

∑
p

∑
λ′

[
f
(
ξ S

pλ

)− f
(
ξT

pλ′
)]

× |Tλ′λ(p)|2δ(eV − ξT
pλ′ + ξ S

pλ

)
, (A1)

where the wave vector p is summed over the 2D reciprocal
space. Because we are only interested in the singular contri-
bution to the tunneling current from the Dirac point at p = 0,
we truncate the wave vectors to a sufficiently small region
R centered around p = 0 where the energy dispersion of the
sample band λ can be linearized as ξ S

pλ ≈ ξ S
0λ + v0 · p and

the two Fermi-Dirac distributions are approximately constant.

Equation (A1) then reduces to

I ≈ 2πe�

h̄

∑
λ′

[
f
(
ξT

0λ′ − eV
)− f

(
ξT

0λ′
)]

×
∑
p∈R

|Tλ′λ(p)|2δ(eV − ξT
pλ′ + ξ S

pλ

)+ · · · . (A2)

Here, “. . .” includes contributions to the tunneling current
from regions outside of R, which will be omitted below.
Based on the wave function ψλ′

(k′) of the Bloch state |k′λ′T 〉
and the assumption that the wave functions of the sample
are smooth at p = 0, the tunneling matrix elements can be
generally written as

Tλ′λ(p) = 1√
2

[a(p)λ′ + b(p)e−iθp] ≈ 1√
2

(aλ′ + be−iθp ),

(A3)
where a(p) and b(p) are two smooth functions and a = a(0),
b = b(0).

Plugging Eq. (A3) into (A2) and defining ε ≡ −eV −
μT − ξ S

0λ, we arrive at

I = 2πe�

h̄
[ f (−eV − μT ) − f (−μT )]

×
( |a|2 + |b|2

2
I1(ε) + ab∗

2
eiθ0I2(ε) + a∗b

2
e−iθ0I2(ε)∗

)
(A4)

with v0 = v0(cos θ0, sin θ0) and

I1(ε) ≡
∑

λ′=±1

∫
d2 p

(2π )2
δ(ε − h̄v0 · p + λ′h̄vD|p|), (A5)

I2(ε) ≡
∑

λ′=±1

λ′
∫

d2 p

(2π )2
ei(θp−θ0 )δ(ε − h̄v0 · p + λ′h̄vD|p|).

(A6)

Note that I1(ε) is the joint density of states of the combined
spectrum δελ′λ

p = ξ S
pλ + μS − ξT

pλ′ − μT . The contours of in-
tegration as defined by the Dirac δ functions in Eqs. (A5)
and (A6) can be ellipses (v0 < vD), parabolas (v0 = vD), or
hyperbolas (v0 > vD). I1,2(ε) behave qualitatively different in
the three regimes of α = v0/vD:

(i) v0 < vD. For convenience, we redefine the positive
x direction as being parallel to v0. The elliptic intersec-
tions are (1 − α2)(px + α

1−α2 pε )2 + p2
y = 1

1−α2 p2
ε with pε =

ε/h̄vD. Equations (A5) and (A6) simplify to

I1(ε) = |ε|
2π h̄2v2

D

(
1 − v2

0

v2
D

) 3
2

, (A7)

I2(ε) = v0

vD

|ε|
2π h̄2v2

D

(
1 − v2

0

v2
D

) 3
2

. (A8)

(ii) v0 = vD. We truncate the parabolic intersection
2pε px = p2

ε − p2
y to −�−/vD < px < �+/vD. Then

I1(ε) = I2(ε) =
√

2

6π2h̄2v2
D

�
3
2
sgn(−ε)√|ε| . (A9)

It is interesting to point out that for v0 = vD, the en-
tire px axis is the ε = 0 equal-energy line of δελ′λ

p . δελ′λ
p
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increases with py quadratically on both sides of the px axis.
The inverse square-root singularity of ν therefore has the
same origin as the density of states singularity of a 1D
parabolic band.

(iii) v0 > vD. The equal-energy contours consist of two
branches of hyperbolas. We split the integral into the two
pieces which correspond to the left and right branches of
the hyperbola with x intercepts p± = α

α2−1 pε ± 1
α2−1 |pε |, re-

spectively. We find that both branches of hyperbola can give
singular contributions ∝ ε ln |ε| to I1,2 but the signs of these
two singular contributions are opposite. As a result, the two
integrals

I1(ε) = v0

vD

�− + �+

2π2h̄2v2
D

(
v2

0

v2
D

− 1
) 1

2

+ ε

2π2h̄2v2
D

(
v2

0

v2
D

− 1
) 3

2

× ln
�+
�−

, (A10)

I2(ε) = �− + �+

2π2h̄2v2
D

(
v2

0

v2
D

− 1
) 1

2

+ v0

vD

ε

2π2h̄2v2
D

(
v2

0

v2
D

− 1
) 3

2

× ln
�+
�−

(A11)

are analytic functions of ε.
We recall now that the energy ε ≡ −eV − μT − ξ S

0λ in
Eqs. (A4)–(A11) is related to the band offset φ = −eV −
μT + μS between the tip and sample. The Dirac point inter-
sects with the probed band λ at ε = 0. This corresponds to
the band offset φ tuned to φ0 ≡ ξ S

0λ + μS . The combination

of Eq. (A4) with Eqs. (A10) and (A11) shows that the depen-
dence of I on φ − φ0 is analytical if v0 > vD. In contrast, at
v0 < vD, i.e., for a “sharp” Dirac cone of the tip [Fig. 3(a)],
the current I ∝ |φ − φ0| mirrors the nonanalytic behavior of
the density of states ν(φ) = I1(ε) [see Eqs. (A4)–(A8) and
Eq. (13) of the main text].

2. Effects of quasiparticle broadening and temperature
on the Dirac-point singularity

In this section, we explain how nonzero quasiparticle re-
laxation rates and/or temperature smear the tunneling current
singularities induced by Dirac points. Our main conclusion is
that the singularity d2I/dV 2 ∝ δ(φ − φ0) is smeared by the
broadening of quasiparticle spectra but not by temperature.
Instead, finite temperature T entering the Fermi distribution
functions in Eq. (A1) reduces the contrast of the d2I/dV 2 vs
V pattern.

The expression for the tunneling current (1) can be rewrit-
ten as follows:

I = 2πe

h̄

∫ ∞

−∞
dω[ f (ω − eV − μT ) − f (ω − μT )]

×
∑
p,λ′

|Tλ′λ(p)|2AS
λ(p, ω − eV − μT )AT

λ′ (p, ω − μT ).

(A12)

For convenience, ω is the energy measured relative to the
Dirac point. (Note that this is different from the definition
used in the main text.) For Lorentzian spectral functions
AS

λ(p, ω) = 1
π

γS

(ω−ξ S
pλ )2+γ 2

S
and AT

λ′ (p, ω) = 1
π

γT

(ω−ξT
pλ′ )2+γ 2

T
, the

momentum summation simplifies to

1

�

∑
p,λ′

|Tλ′λ(p)|2AS
λ(p, ω − eV − μT )AT

λ′ (p, ω − μT ) (A13a)

=
∑
λ′

∫∫
d p

(2π )2

|a|2 + |b|2 + λ′(ab∗eiθ0 + c.c.) cos θp

2π2

γS

(ω + ε − h̄v0 px )2 + γ 2
S

γT

(ω − λ′h̄vD|p|)2 + γ 2
T

= 1

4π2h̄2vD
Re

∫ ∞

−∞

d px

2π

(|a|2 + |b|2)ω+iγT

h̄vD
+ (ab∗eiθ0 + c.c.)px√(

ω+iγT

h̄vD

)2
− p2

x

γS

(ω + ε − h̄v0 px )2 + γ 2
S

. (A13b)

Here ε = −eV − μT − ξ0λ, and parameters a and b are defined in Eq. (A3). We chose the branch cut of
√

z to be [0,+∞).
Plugging Eq. (A13) into (A12) and defining ξ = h̄v0 px yield

I = 2πe�

h̄

( |a|2 + |b|2
2

Ĩ1(ε) + ab∗

2
eiθ0 Ĩ2(ε) + a∗b

2
e−iθ0 Ĩ2(ε)∗

)
, (A14)

Ĩ1(ε) = 1

2π2h̄2v0vD
Re

∫∫ ∞

−∞
dω dξ [ f (ω − eV − μT ) − f (ω − μT )]

α(ω + iγT )√
α2(ω + iγT )2 − ξ 2

γS

(ω + ε − ξ )2 + γ 2
S

, (A15)

Ĩ2(ε) = 1

2π2h̄2v0vD
Re

∫∫ ∞

−∞
dω dξ [ f (ω − eV − μT ) − f (ω − μT )]

ξ√
α2(ω + iγT )2 − ξ 2

γS

(ω + ε − ξ )2 + γ 2
S

. (A16)

For v0 < vD (i.e., α ≡ v0/vD < 1), we consider the limit where the energy of the Dirac point nearly aligns with the band of the
sample at the same wave vector,

|ε|
|1 − α| � � < max{|μT |, kBT }, max{|eV + μT |, kBT }. (A17)
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Notice that the Lorentzian spectral peak in Eqs. (A15) and (A16) is concentrated in the region ξ ∼ ω + ε. In this region, the real
part of the integrand becomes small unless α2ω2 � (ω + ε)2 (i.e., |ω| � |ε/(1 − α)|). Thus, the condition (A17) implies that the
Fermi functions are approximately ω independent in the energy window that gives the dominant contribution to the tunneling
current. We can pull the Fermi functions outside the integral and then integrate ω first along the contour that closes the upper
half plane of ω. After some algebra, we arrive at

Ĩ1(ε) ≈ 1

2π2h̄2v2
D

[ f (−eV − μT ) − f (−μT )]Re
∫ �

−�

dξ
ξ − ε + iγ√

α2

1−α2 (ε − iγ )2 − (1 − α2)
[
ξ + α2(ε−iγ )

1−α2

]2

= 1

2π2h̄2v2
D(1 − α2)

3
2

[ f (−eV − μT ) − f (−μT )]Re

{
i(ε − iγ ) ln

(
1 − α2

α

2i�

ε − iγ

)2
}

, (A18)

where γ ≡ γS + γT and the branch cut of ln z is z ∈ (−∞, 0]. It is straightforward to show that Ĩ2(ε) = αĨ1(ε). Thus, with the
approximation d2ε/dV 2 = d2(μS − μT )/dV 2 ≈ 0 (e.g., when μT and μS are independent of bias), we find

d2I

dV 2
= 2πe�

h̄

(
dε

dV

)2

[ f (−eV − μT ) − f (−μT )]|T |2 1

π2h̄v2
D

(
1 − v2

0

v2
D

) 3
2

γS + γT

ε2 + (γS + γT )2
. (A19)

Here |T | can be interpreted as the absolute value of the tunnel-
ing matrix elements at the Dirac point. Its expression will be
specified in Appendix D but is unimportant for the discussion
here. The main implication of the above equation is that the
broadening of the spectral peaks of the Dirac cone and the
probed band can both lead to broadening of the d2I/dV 2

singularity. This is reflected in the last factor in Eq. (A19).
Finite temperature can change the intensity of d2I/dV 2 via the
Fermi functions but does not directly broaden the singularity.

APPENDIX B: FERMI-EDGE SINGULARITY

In this Appendix, we analyze the tunneling-current singu-
larity induced by the discontinuity in the electron occupation

across the Fermi level of the tip or sample. We first show
that the zero-temperature differential tunneling conductance
exhibits inverse square-root divergences at characteristic bias
voltages V ∗( �= 0), where the tip’s Fermi line and the sample
band structure are tangent at a wave vector p∗:

ξT
p∗ = ξ S

p∗ + eV ∗ = 0, vT
p∗ ‖ vS

p∗ . (B1)

Here, we hide the band indices to shorten the notation. Let us
denote vT

p = |vT
p | and vS

p = vS
p · vT

p /|vT
p |, and expand the band

structures of the tip and sample around p∗,

ξ
T/S
p∗+q ≈ ξ

T/S
p∗ + h̄v

T/S
p∗ q⊥ + h̄2q2

‖

2mT/S
p∗

, (B2)

where q⊥ (q‖) is the component of the wave vector q along
(transverse to) the direction of vT

p∗ . For V ∼ V ∗,

dI

dV
= 2πe�

h̄

∑
q

|T (p∗ + q)|2[ f
(
ξ S

p∗+q

)− f
(
ξT

p∗+q

)] d

dV
δ
(
eV + ξ S

p∗+q − ξT
p∗+q

)

≈ 2πe2�

h̄2

∫
dq⊥dq‖

(2π )2
|T (p∗ + q)|2[ f

(
ξ S

p∗+q

)− f
(
ξT

p∗+q

)] 1

vS
p∗+q − vT

p∗+q

∂

∂q⊥
δ
(
eV + ξ S

p∗+q − ξT
p∗+q

)

≈ 2πe2�

h̄
|T (p∗)|2 vT

p∗

vT
p∗ − vS

p∗

∫
dq⊥dq‖

(2π )2
δ
(
ξT

p∗+q

)
δ
(
eV + ξ S

p∗+q

)
. (B3)

To arrive at the last line, we neglect the q dependencies of the tunneling matrix elements and the group velocity, and use
integration by parts. Note that ∂q⊥ f (ξ S

p∗+q) ≈ 0 for V ∗ �= 0. The two Dirac δ functions in Eq. (B3) restrict the wave vector p∗ + q
to the intersections of the tip Fermi lines and the sample band. Plugging Eq. (B2) into (B3), we arrive at

dI

dV
= e2�

h̄2 |T (p∗)|2 1

vT
p∗ − vS

p∗

∫
dq‖

2π
δ

[
−e(V − V ∗) +

(
vS

p∗

2mT
p∗vT

p∗
− 1

2mS
p∗

)
h̄2q2

‖

]

= e2�

π h̄3 |T (p∗)|2 1

vT
p∗ − vS

p∗

1√
2e
(

vS
p∗

mT
p∗ vT

p∗
− 1

mS
p∗

)
(V − V ∗)

�

[(
vS

p∗

mT
p∗vT

p∗
− 1

mS
p∗

)
(V − V ∗)

]
. (B4)
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Similarly, dI/dV exhibits an inverse square-root singularity at a characteristic bias voltage V ∗∗ where the sample Fermi line
and tip band are tangent at a wave vector p∗∗:

ξ S
p∗∗ = ξT

p∗∗ − eV ∗∗ = 0, vT
p∗∗ ‖ vS

p∗∗ . (B5)

We denote vS
p∗∗ = |vS

p∗∗ | and vT
p∗∗ = vT

p∗∗ · vS
p∗∗/|vS

p∗∗ |. For V ∼ V ∗∗, we can derive an equation analogous to Eq. (B3):

dI

dV
≈ 2πe2�

h̄
|T (p∗∗)|2 vS

p∗∗

vS
p∗∗ − vT

p∗∗

∫
dq⊥dq‖

(2π )2
δ
(
ξT

p∗∗+q − eV
)
δ
(
ξ S

p∗∗+q

)

= e2�

h̄2 |T (p∗∗)|2 vS
p∗∗∣∣vT
p∗∗
∣∣ 1

vS
p∗∗ − vT

p∗∗

∫
dq‖

2π
δ

[
−e

vS
p∗∗

vT
p∗∗

(V − V ∗∗) +
(

vS
p∗∗

2mT
p∗∗vT

p∗∗
− 1

2mS
p∗∗

)
q2

‖

]

= e2�

π h̄3 |T (p∗∗)|2 1

vS
p∗∗ − vT

p∗∗

1√
2e
(

1
mT

p∗∗
− vT

p∗∗
mS

p∗∗ vS
p∗∗

)
(V − V ∗∗)

�

[(
1

mT
p∗∗

− vT
p∗∗

mS
p∗∗vS

p∗∗

)
(V − V ∗∗)

]
. (B6)

This result is consistent with Eq. (B4) if we make the substitutions T ↔ S,V → −V,V ∗∗ → −V ∗.
To connect this general formalism with the main text, we consider scanning of a flat band by a MLG tip at a relatively low

doping. In this case, vT
p∗ = vD � |vS

p∗ | and mT
p∗ = λ′h̄|p∗|/vD = μT /v2

D, where λ′ = 1 (−1) if the Fermi level is in the conduction
(valence) band of MLG. Under the assumption |μT | � (vD/|vS

p∗ |)W (W is the bandwidth of the flat band), Eq. (B4) becomes

dI

dV
= �e2

h

|T (p∗)|2
h̄2v2

D

√
2
vD|μT |
|vS

p∗ | Re

{
1

±e(V − V ∗) − iγS

}1/2

. (B7)

The ± sign here is defined by the sign of μT /vS
p∗ . We also included the effect of spectral broadening γS in the sample and

evaluated dI/dV in the limit |μT | � (vD/|vS
p∗ |)γS . This limit is compatible with the small-μT assumption, as long as W � γS .

Equation (B7) at γS = 0 yields Eq. (32) in the main text.
The broadening of the spectrum ξ S

p introduces a momentum uncertainty �p ∼ γS/|vS
p∗ |. Once the uncertainty exceeds the

Fermi momentum in the tip, the expansion of the dispersion relation ξT
p [see Eq. (B2)] becomes inapplicable. This provided the

limit of applicability of Eq. (B7) quoted above, |μT | � (vD/|vS
p∗ |)γS . In the opposite case, |μT | � (vD/|vS

p∗ |)γS , we can simplify
the general result as

dI

dV
≈ −2e2�

h̄

∫ ∞

−∞
dξ

∑
p

|T (p)|2[ f (ξ − eV ) − f (ξ )]δ
(
ξ − ξT

p

) ∂

∂ξ

γS(
eV + ξ S

p − ξ
)2 + γ 2

S

≈ −2e2�

h̄
|T |2

∫ ∞

−∞
dξ νT (ξ + μT )[ f (ξ − eV ) − f (ξ )]

∂

∂ξ

γS(
eV + ξ S

pn
− ξ

)2 + γ 2
S

≈ 2e2�

h̄
|T |2νT (μT )

γS(
eV + ξ S

pn

)2 + γ 2
S

+ · · · . (B8)

Here νT (ε) = |ε|/2π h̄2v2
D is the density of states of the MLG

tip, and |T |2 ≈ |T |2n [see Eq. (12)] as p∗ approaches the Dirac
point pn of the tip and the Bloch wave functions of the flat
band become approximately the same at these two points. To
arrive at the last line, we used integration by parts and the
relation ∂ξ f (ξ ) = −δ(ξ ) valid at T = 0. We also neglected
∂ξνT (ξ + μT ) which includes the singularity associated with
the Dirac point.

Equation (B8) conveys two messages. First, the same in-
formation about the energy dispersion and tunneling matrix
elements of the sample’s flat bands can be obtained from the
Fermi-edge singularity in dI/dV and from the Dirac-point
singularity in d2I/dV 2 [cf. Eq. (14)]. The former requires 0 <

|μT | � γSvD/|vS
p∗ |, while the latter requires scanning with

both signs of μT . Second, we can compare the intensity of
these two singularities by computing the ratio of the maxi-
mal dI/dV contributed by the Fermi-edge singularity and the

jump of dI/dV associated with the Dirac-point singularity [cf.
Eqs. (11) and (13)]. We find that this ratio equals μT /2πγS if
μT,S are independent of V .

Next, we briefly address the singularities induced by the
sample’s Fermi edge scanning the Dirac cones of the tip. Us-
ing the linearized dispersion (B2) and the Lorentzian spectral
function in the sample, we derive

dI

dV
∝ Re

⎧⎨
⎩
[
±e(V − V ∗∗) − i

vT
p∗∗

vS
p∗∗

γS

]− 1
2

⎫⎬
⎭, (V ∼ V ∗∗).

(B9)
We provide an intuitive explanation for the additional fac-
tor vT

p∗∗/vS
p∗∗ in the broadening parameter in Eq. (B9). The

energy uncertainty ∼γS of the electrons at the Fermi level
of the sample is associated with a momentum uncertainty
�p ∼ γS/|vS

p∗∗ |. Because of momentum conservation, this
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momentum uncertainty translates to an energy uncertainty
�ε ∼ |vT

p∗∗ |�p ∼ γS|vT
p∗∗/vS

p∗∗ | in the tip (which is being
probed in this case). A finite temperature can also introduce an
energy uncertainty ∼kBT and this “lever-arm effect” implies
that the temperature smearing of dI/dV singularity induced
by the Fermi edge in the flat bands of the sample is enhanced
by a factor of |vT

p∗∗/vS
p∗∗ | � 1.

The above analysis of singularities associated with the
Fermi edge assumes that the Fermi energies in the tip and
sample are away from the respective Dirac points. The type
of singularities change if one of the Fermi levels coincides
with the Dirac point. When the Fermi level of the tip is
tuned to the Dirac point p∗ and vT

p∗ > vS
p∗ , the Fermi-edge and

Dirac-point singularities merge into one feature in dI/dV ∝
�[±(V − V ∗)] at zero temperature, which is qualitatively the
same as the Dirac-point singularity. When the Fermi level
is positioned at a Dirac point p∗∗ of the sample’s flat bands
and the band intersection approaches a hyperbola near p∗∗,
only one branch of the hyperbola contributes to the tunneling
current at zero temperature and dI/dV ∼ ln |V − V ∗∗|. The
hyperbolic type of intersection is enforced by the condition
vS

p∗∗ < vT
p∗∗ . However, unlike the case depicted in Fig. 3 and

considered in (iii) part of Appendix A 1, only one branch
of the hyperbola contributes to the current. This singular-
ity can be significantly broadened by a finite quasiparticle
relaxation rate and finite temperature, as discussed in the
preceding paragraph. This is consistent with our numeri-
cal results in Figs. 6(b), 6(c) and Figs. 7(b), 7(c), which
show that the Dirac point of the flat bands does not scan
the tip.

APPENDIX C: INTERLAYER TUNNELING HAMILTONIAN
BETWEEN TWISTED GRAPHENE BILAYERS

1. Symmetry analysis of the continuum Hamiltonian

Let us consider two graphene layers l and l ′ rotated clock-
wise by ±θ/2 from the AA-aligned configuration, where θ is
close to a commensurate angle θc. An additional lateral shift
d between the two layers will be analyzed in Appendices C 2
and C 3.

The two layers have K-valley Dirac points at Kl =
O(− θ

2 )( 4π
3a0

, 0)T and Kl ′ = O( θ
2 )( 4π

3a0
, 0)T , with a0 denoting

the graphene lattice constant. The three shortest Dirac wave
vectors in the reciprocal lattice of layer l (l ′) which over-
lap Dirac points in the other layer at θ = θc are Kl +
G1,2,3 (Kl ′ + G′

1,2,3), where Gn (G′
n) are reciprocal lattice

vectors of layer l (l ′). One can define continuum Dirac
fields �

†
τ l/l ′ = (�†

τ l/l ′A, �
†
τ l/l ′B) in layer l/l ′ and express

the continuum Hamiltonian H τ
0 of the individual graphene

layers l and l ′ in the k · p approximation relative to
a common reference wave vector τ (Kl + G1). In the K
valley (τ = +),

H τ=+
0 = h̄vD

∫
d2r�†

+l (r)σ · (−i∇)�+l (r) + �
†
+l ′ (r)σ

· (−i∇ − δK )�+l ′ (r). (C1)

Note that the Dirac point Kl ′ + G′
1 of the layer l ′ differs from

the reference point Kl + G1 by δK = Kl ′ + G′
1 − Kl − G1

with |δK| � |K|. Therefore, the continuum fields in the two
layers transform differently under C3z rotations,

�+l (r) → e−i 2πn
3 σ z

�+l

[
O

(
2πn

3

)
r
]
, (C2a)

�+l ′ (r) → e−i 2πn
3 σ z

eiδK·r−iδK·O( 2πn
3 )r�+l ′

[
O

(
2πn

3

)
r
]
.

(C2b)

As long as the deviation from the commensurate configuration
is small, different valleys in the two layers remain distant
in reciprocal space [30]. Therefore, momentum conservation
suppresses intervalley tunneling and ensures valley conserva-
tion. Equations (C2) require that the local interlayer tunneling
consist of at least three Fourier components per valley to
respect C3z symmetry,

H τ=+
tun =

∫
d2r

3∑
n=1

�
T †
+l ′ (r)T̂ne−iδGn·r�S

+l (r) + H.c. (C3)

with the wave vectors of the tunneling amplitude G1 = 0
and δGn+1 ≡ O( 2πn

3 )−1δK − δK. These relations of Gn yield
Eq. (18) in the main text. The three tunneling matrices T̂ ′

n s are
related by

C3z : ei 2π
3 σ z

T̂ne−i 2π
3 σ z = T̂n+1. (C4)

The T̂1 is further constrained by

C2x : σ xT̂ †
1 σ x = T̂1, (C5)

C2zT : σ xT̂ ∗
1 σ x = T̂1. (C6)

The Hermitian conjugation in Eq. (C5) arises because the π

rotation flips two layers. The most general expression for T̂1 is
T̂1 = w0eiχσ z + w1σ

x. Together with Eq. (C4), we obtain

T̂n = w0eiχσ z + w1

[
cos

2π (n − 1)

3
σ x + sin

2π (n − 1)

3
σ y

]
,

n = 1, 2, 3. (C7)

At θc = 0◦, two AA-aligned layers have an additional mirror
symmetry with respect to the xy plane, which implies that
T̂1 = σ xT̂1σ

x and therefore χ = 0. The −K-valley Hamilto-
nian can be obtained by time-reversal symmetry. By defining
T̂−n = T̂ ∗

n , Eq. (C3) is generalized to

H τ
tun =

∫
d2r

3∑
n=1

�
T †
τ l ′ (r)T̂τne−iτδGn·r�S

τ l (r) + H.c. (C8)

2. Tight-binding description of tunneling Hamiltonian between
two rigidly twisted graphene layers

We derive a continuum model for the tunneling Hamil-
tonian Htun near commensuration from a tight-binding de-
scription of interlayer tunneling, following Refs. [28,30]. We
label the positions of the carbon atoms in a graphene layer
l as R + δα . R represents the centers of the honeycomb unit
cells and δA/B = ( a0

2 ,∓ a0

2
√

3
)T are the positions of A and B

sublattices [see Fig. 10(a)]. The graphene layer l ′ is twisted
clockwise by an angle θ relative to the layer l , starting with the
AA-stacking configuration, and laterally shifted by d, R′ =
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FIG. 10. (a) A unit cell of graphene with two sublattices A and B. (b) The reciprocal lattices of the layer l (dots) and l ′ (circles) without
twist. ±K valleys are colored in red and blue, respectively. For the three shortest overlapping Dirac wave vectors in the K valley, Kl + G1,2,3,
G1 = 0 and G2,3 are indicated by arrows. (c) The layer l ′ is rotated clockwise by θc ≈ 38.2◦. (d) The dots and circles mark the seven wave
vectors in the first Brillouin zone of the graphene layer l (gray) and l ′ (black), respectively, which correspond to the same crystal momentum
of the moiré superlattice at the commensurate angle θc ≈ 38.2◦. The three red arrows constitute a three-step tunneling process, with the
intermediate one enabled by umklapp scattering due to Kl ′ − G1 = Kl − G′

1. This three-step process primarily contributes to the tunneling
matrix T̂1 [cf. Eq. (C17)].

O(θ )R + d, and δ′
α = O(θ )δα . Primed vectors are rotated.

|R, α, l〉 and |R′, α′, l ′〉 denote 2pz orbitals on the lattice sites
R + δα in the layer l and R′ + δ′

α′ in the layer l ′, respectively.
In the two-center approximation, the tunneling Hamiltonian
reads as

HT(d ) =
∑
R,α

∑
R′,α

t
(
R′ + δ′

α′ − R − δα

)|R′, α′, l ′〉〈R, α, l|

+ H.c. (C9)

Substituting |R, α, l〉 = ∑
p e−ip·(R+δα )|p, α, l〉/√N (N is the

number of unit cells) into Eq. (C9) yields

〈p′, α′, l ′|HT(d )|p, α, l〉
=

∑
G,G′

t̂ (p + G)eiG′·(δ′
α′+d )−iG·δα δp+G,p′+G′ , (C10)

where G and G′ represent the reciprocal lattice vectors of two
layers, and t̂ (q) = ∫∫

d2r e−iq·rt (r)/A (A is the unit-cell area).
The Kronecker δ enforces momentum conservation, allowing
us to express the matrix elements of the effective tunneling
Hamiltonian between low-energy states in the K valley as
follows:

〈k′, α′, l ′|Htun(d )|k, α, l〉 ≈
∑

n

(T̂n)α′αδk+Gn,k
′+G′

n
, (C11)

where |k − Kl |, |k′ − Kl ′ | � |K|, and Kl ′ = O(θ )Kl repre-
sented a Dirac wave vector in the rotated layer l ′. Because
the interlayer hopping amplitude t (r) is a smooth function
of the in-plane distance, t̂ (q) decreases rapidly with in-
creasing |q| on the scale of the Brillouin zone [28]. It is
sufficient to retain three terms (n = 1, 2, 3) in Eq. (C11) such
that Kl ′ + G′

n are the three shortest Dirac wave vectors that
satisfy

Kl ′ + G′
n = O(θ − θc)(Kl + Gn), (C12)

as illustrated in Figs. 10(b) and 10(c). Below we derive T̂n near
three commensurate angles:

(i) θc = 0◦. As |Kl + Gn| = |K| [Fig. 10(b)], t̂ (k + G) is
negligible if G �= G1,2,3; Hence, Eq. (C11) indicates that

(T̂n)α′α ≈ t̂ (Kl + Gn)eiG′
n·δ′

α′−iGn·δα eiGn·d . (C13)

Using Gn · δα = G′
n · δ′

α and denoting the identity in the sub-
lattice space as σ 0, we obtain

T̂n = t̂ (Kl )e
iGn·d

[
σ 0 + cos

2π (n − 1)

3
σ x

+ sin
2π (n − 1)

3
σ y

]
. (C14)

(ii) θc ≈ 38.2◦. The two graphene layers form a moiré
superlattice consisting of seven graphene unit cells. Umklapp
scattering couples the Dirac point of one layer to seven wave
vectors in the first Brillouin zone of the other graphene layer
[see Fig. 10(d)]. The effective tunneling Hamiltonian between
the low-energy states near the Dirac points should take into
account higher-order processes in HT:

〈k′, α′, l ′|Htun(d )|k, α, l〉 = 〈k′, α′, l ′|HT(d ) + HT(d )

× 1

E − Ĥl
HT(d )

1

E − Ĥl ′

× HT(d )|k, α, l〉 + · · ·

≈
3∑

n=1

(
T̂ (1)

n + T̂ (3)
n

)
α′αδk+Gn,k

′+G′
n
,

(C15)

where Hl and Hl ′ denote the Hamiltonian of two decoupled
graphene layers with a relative twist angle θc and E is the
energy of their Dirac points. The first-order term T̂ (1)

n is given
by Eq. (C13) with Gn=1,2,3 depicted in Fig. 10(a) and |Kl +
Gn| = √

7|K|. After some algebra, we obtain

T̂ (1)
n = t̂ (Kl + G1)eiGn·d

[
e−i 2π

3 σ z + cos
2π (n − 1)

3
σ x

+ sin
2π (n − 1)

3
σ y

]
. (C16)
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The T̂ (3)
1 is illustrated by the three-step process in Fig. 10(d):

T̂ (3)
1 ≈ t̂ (Kl )(σ

0 + σ x )
1

E − Ĥl (Kl ′ )
t̂ (Kl ′ − G1)

(
e−i 2π

3 σ z + σ x
)

× 1

E − Ĥl ′ (Kl )
t̂ (Kl )(σ

0 + σ x )eiG1·d

= t38.2◦eiG1·d (σ 0 + σ x ). (C17)

We note that the sublattice structure of this matrix element
is fully defined by the states in the low-energy subspace and
independent of the details of the states in higher-energy bands,
as it is clear from Eq. (C17). There are two complementary
three-step processes which contribute to T̂ (3)

2,3 . The results can
be summarized as T̂ (3)

n = t38.2◦eiG1·d (σ 0 + σ xe2π i(n−1)/3σ z
).

Despite being the third order in tunneling, the contribution
T̂ (3)

n may dominate over the first-order one T̂ (1)
n . The re-

spective condition for that reads as t̂ (2|K|/√7)t̂ (|K|)2/t2
‖ �

t̂ (
√

7|K|), where t‖ is the intralayer nearest-neighbor tunnel-
ing amplitude in the monolayer graphene. It can be satisfied
if t̂ (q) falls off rapidly with q. For simplicity, here we as-
sumed that t̂ (q) depends only on |q|. For the model used in
Refs. [30,66], t̂ (|K|) ≈ 0.11 eV, t̂ (2|K|/√7) ≈ 0.24 eV, t‖ =
2.7 eV, and t38.2◦ ∼ 1 meV � t̂ (

√
7|K|) ≈ 60 µeV. Based on

this model, we used

T̂n = T̂ (1)
n + T̂ (3)

n ≈ t38.2◦eiGn·d
[
σ 0 + cos

2π (n − 1)

3
σ x

+ sin
2π (n − 1)

3
σ y

]
(C18)

to produce Fig. 7.
(iii) θc ≈ −38.2◦. The lattice configuration of the twisted

bilayers is related to the one at 38.2◦ by a mirror trans-
formation about the xz plane M. The transformation also
switches the sublattices and its representation in the sub-
lattice Hilbert space is σ x. The tunneling matrix T̂n can be
obtained from Eq. (C18) after applying the transformation
T̂1 → σ xT̂1σ

x, T̂2 → σ xT̂3σ
x, T̂3 → σ xT̂2σ

x. As a result, T̂n

is also given by Eq. (C18).

3. d independence of the tunneling current
at incommensurate angles

Plugging the tunneling matrix elements (C11) into Eq. (3)
which assumes no interference between different umklapp
processes and is valid for incommensurate angles, we find that

|〈k′λ′T |Htun(d )|kλS〉|2

=
3∑

n=1

|〈k′λ′T |Htun(0)eiGn·d |kλS〉|2δk+Gn,k
′+G′

n

=
3∑

n=1

|〈k′λ′T |Htun(0)|kλS〉|2δk+Gn,k
′+G′

n
. (C19)

Note that for twisted bilayer graphene, Ref. [28] has pointed
out that the d dependence in the tunneling Hamiltonian can be

gauged out by multiplying each plane-wave state |k, α, l〉 with
a proper phase factor, and therefore the electronic spectrum
does not depend on the lateral shift between the two layers.
However, the same argument is inapplicable to multilayer
systems with multiple moiré patterns, whose band structures
can indeed depend on the relative shift between moiré pat-
terns [67]. Nevertheless, we show that in the weak-tunneling
regime where Fermi’s golden rule applies, the tunneling con-
ductance remains independent of the lateral shift of the tip
at incommensurate twist angles. At commensurate twist an-
gles, however, interference between different terms in Eq. (2)
renders the absolute values of the tunneling matrix elements
dependent on d and lead to variations by a factor of order 1
relative to their average value, which is given by Eq. (C19)
[27]. To simplify our analysis, we neglect this subtlety of
commensurate angles and use Eq. (C19) for all angles.

APPENDIX D: TUNNELING MATRIX ELEMENTS
BETWEEN MLG DIRAC POINTS AND THE SAMPLE’S

BLOCH BANDS

In this Appendix, we derive |T |2τn for tunneling between
the Dirac points pτn of MLG and the Bloch band λ of a
graphene-based sample whose group velocity is smaller than
the Dirac velocity vD. Here, τ = ±1 is the valley index and
n = 1, 2, 3. Equations (A4), (A7), and (A8) lead to the fol-
lowing expressions for the singular part of d2I/dV 2:

d2I

dφ2
= 2e�

h̄3v2
D

[ f (−eV − μT ) − f (−μT )]
(

1 − v2
τn

v2
D

)− 3
2

× |T |2τnδ(φ − φτn), (D1)

|T |2τn = |a|2 + |b|2
2

+ vτn

vD

(
ab∗

2
eiθτn + c.c.

)
. (D2)

Here, φ = −eV − μT + μS , vτn is the group velocity in
the energy band λ at p = pτn, and vτn = |vτn|. θτn denotes
the angle between vτn and the six Dirac wave vectors at the
corners of the first Brillouin zone of MLG, O( 2π (n−1)

3 )τKθ .
By matching Eq. (A3) with (22) we find

a = ei 2πτχ

3 b = tθc

(
ei 2πτ (χ+n−1)

3 ψλ
tA(Kτn) + ψλ

tB(Kτn)
)
, (D3)

with Kτn = pτn − τGn. Plugging Eq. (D3) into (D2), we ar-
rive at

|T |2τn = t2
θc

[
1 + vτn

vD
cos

(
θτn + 2πτχ

3

)]

×
∣∣∣ei 2πτ (χ+n−1)

3 ψλ
tA(Kτn) + ψλ

tB(Kτn)
∣∣∣2. (D4)

In C3z-invariant systems, θτn and vτn are n independent. In
comparison to Eq. (23) derived for flat bands, the above
equation shows that a finite group velocity of the sample
bands rescales the tunneling matrix elements by a velocity-
dependent factor.
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FIG. 11. Dependence of d2I/dV 2 maps on the chemical potential μT of the MLG tip, with the sample being charge neutral 1.05◦ TBG
(μS = 0). (a) μT = 5 meV. The red and blue lines at small bias outline the energy dispersion of the TBG flat bands. These singularities arise
from the Fermi edge of the tip crossing the spectrum of TBG flat bands. The Dirac-point singularity marked by the arrow is shifted up by
μT relative to the Fermi-edge singularities. (b) μT = 60 meV. The finite radius of the Fermi circle blurs the Fermi-edge singularities. Strong
singularities can also occur as the Fermi edge touches the remote bands. Those features overlap with the Dirac-point singularity near the γ

point at large bias. (c) μT = 150 meV. The Dirac-point singularity falls outside the plotted range of bias voltages. All plots are generated with
T = 1 K and γS = 0.6 meV.

APPENDIX E: NUMERICAL DETAILS

In our numerical calculations, we assumed that the tip
quasiparticles have infinite lifetime AT

λ (k, ω) = δ(ω − ξT
k,λ),

whereas the spectral function of the sample AS (k, ω) is
Lorentzian with a broadening parameter γS [see Eq. (31)]. The
tunneling current (1) can be simplified as

I = 2πe

h̄

∑
p

∑
λλ′

[
f
(
ξT

pλ′ − eV
)− f

(
ξT

pλ′
)]

× AS
λ

(
p, ξT

pλ′ − eV
)|Tλ′λ(p)|2

= 2πe

h̄

3∑
n=1

∑
k∈mBZ

∑
g

∑
λλ′

[
f
(
ξT

pλ′ − eV
)− f

(
ξT

pλ′
)]

× AS
λ

(
p, ξT

pλ′ − eV
)|Tλ′λ(p)|2

∣∣∣
p=k+g+Gn

, (E1)

by using the periodicity of the Bloch band dispersion ξ S
pλ =

ξ S
kλ, AS

λ(p, ω) = AS
λ(k, ω).

We define a grid of wave vectors k = i
N1

g2 +
j

N2
g3 (i, j, N1,2 ∈ Z, 0 � i < N1, 0 � j < N2). We then

diagonalize the single-particle Hamiltonian (30) for each k
to obtain band energies ξ S

kλ + μS and eigenstates ψλ
lβ (k + g).

The tunneling matrix elements |T |2λ′λ(p) can be computed via
Eq. (22) for a given twist angle θ . Finally, these results and
the MLG dispersion

ξT
k+g+Gnλ′ = ξT

k+g+Gn−G′
nλ

′ = λ′h̄vD|k + g − Kn(θ )| − μT ,

(E2)

with Kn(θ ) given by Eq. (27), are all plugged into Eq. (E1) to
calculate current. The g summation is truncated according to
the criterion h̄vD|k + g − Kn(θ )| < 0.4 eV. The last two steps
are repeated for a list of twist angles θ .

Note that Eq. (E1) can suffer large numerical noise due
to the sharp Dirac cone dispersion and low density of states
at small energy of MLG, especially at low temperature and
with small quasiparticle broadening γS . The situation worsens
when calculating the current second derivative. For this rea-
son, we choose a dense k grid with N1 = N2 = 3600 to ensure
the convergence of our results. Figure 11 presents simulations
of d2I/dV 2 for tunnel junctions between 1.05◦ TBG and
electron-doped MLG tip. It supplements Fig. 8 in the main
text to illustrate the influence of the tip’s chemical potentials
μT on d2I/dV 2. Arrows point to Dirac-point singularities
which trace the unoccupied part of TBG flat bands, while the
red and blue lines at V ∼ 0 are Fermi-edge singularities. The
Dirac-point singularities generally have weaker intensity, but
provide a better resolution of the band structure regardless of
μT . The Fermi-edge singularities can also clearly image the
energy dispersion of TBG when |μT | is small [Fig. 11(a)],
although lowering μT reduces the intensity of Fermi-edge
singularities due to a decreased density of states at the Fermi
level.

Figure 12 depicts d2I/dV 2 maps for single-particle TBG
at different chemical potentials μS . Due to finite density of
states at the sample’s Fermi level in Figs. 12(a) and 12(c),
a very weak feature traces the Dirac dispersion of the tip
as the sample’s Fermi edge crosses the tip’s Dirac cone.
It is consistent with Eq. (B9) that this type of singularity
can be strongly suppressed by quasiparticle broadening in
the sample.
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FIG. 12. Simulated d2I/dV 2 map for tunnel junctions between 1.05◦ TBG and an electron-doped MLG tip with chemical potential μT =
25 meV. The chemical potentials of TBG are (a) μS = −5 meV, (b) 0 meV, and (c) 5 meV. The singularities at small bias are due to the Fermi
edge of the tip crossing the spectrum of the flat bands of TBG. The arrow in (a) points to a trace produced by the Dirac-point singularity. At
large bias, the tip’s Dirac point and Fermi edge both scan the remote bands, leading to crowded features near γ . In (a) and (c), a faint, steep
line intersects the Dirac-point singularities at −eV = μT . This line is induced by the Fermi edge of the sample crossing the tip’s Dirac cone.
The same values of T and γS as in Fig. 11 were used.

APPENDIX F: INTERFERENCE SUPPRESSION OF TUNNELING MATRIX ELEMENTS AT THE BOTTOM-LAYER
DIRAC POINT OF TBG

In this Appendix, we use perturbation theory to analyze the TBG wave functions near the bottom-layer Dirac point Kb =
O(−θTBG/2)K. Our analysis provides analytic insights into the suppression of tunneling matrix elements due to interference
effects when scanning the TBG band structures near Kb in Fig. 6(a). Let us define k̄ = k − Kb. For |k̄| � kM = |Kt − Kb|,
we truncate the Bistritzer-MacDonald Hamiltonian to the four plane-wave states of the lowest kinetic energy and obtain the
following 8 × 8 matrix equation:

⎛
⎜⎜⎜⎜⎝

hk
(− θTBG

2

)
T̃1 T̃2 T̃3

T̃ †
1 ĥk+g1

(
θTBG

2

)
0 0

T̃ †
2 0 ĥk+g2

(
θTBG

2

)
0

T̃ †
3 0 0 ĥk+g3

(
θTBG

2

)

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

ψλ
b (k)

ψλ
t (k + g1)

ψλ
t (k + g2)

ψλ
t (k + g3)

⎞
⎟⎟⎟⎠ = εS

k,λ

⎛
⎜⎜⎝

ψλ
b (k)

ψλ
t (k + g1)

ψλ
t (k + g2)

ψλ
t (k + g3)

⎞
⎟⎟⎠. (F1)

At a small twist angle θTBG � 1, we can neglect the twist-angle dependence of ĥk. This allows us to derive a low-energy effective
Dirac Hamiltonian h̄vF k̄ · σ with Fermi velocity given by Eq. (39) and reduce the Schrödinger equation (F1) to h̄vF k̄ · σψλ

b (k) =
εS

k,λψ
λ
b (k). The two eigenvectors ψ

λ=c/v
b (k) of the effective Dirac Hamiltonian obey the completeness relation

∑
λ

ψλ
bσ1

(k)ψλ
bσ2

(k)∗ = 1

2
δσ1,σ2

∑
λσ

∣∣ψλ
σ (k)

∣∣2. (F2)

We mention in passing that this relation is exact at k = Kb due to the C3z and C2zT symmetries.
To evaluate the tunneling matrix elements between the tip and the MATBG sample (23), one needs to know the wave function

on the top layer of MATBG at k = K1. For K1 close to Kb, it can be derived from the second equation in Eqs. (F1),

ψλ
t (K1) ≈ h̄vDq · σ − εS

K1,λ
σ 0

h̄2v2
Dq2 − (

εS
K1,λ

)2 T̃1ψ
λ
b (K1). (F3)

Here we defined q = K1 − Kt . Energy εS
K1,λ

in the denominator can be dropped as it becomes very small near the magic angle
εS

K1,λ
� h̄vDq. Using T̃1 = w0σ

0 + w1σ
1, we arrive at

ψλ
tA(K1) + ψλ

tB(K1) ≈ 1

h̄2v2
Dq2

((
h̄vDqx − εS

K1λ

)
(w1 + w0) − ih̄vDqy(w1 − w0), c.c.

) · ψλ
b (K1). (F4)
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By combing this equation with Eqs. (23) and (F2), we derive

∑
λ

|T |21(θ, λ) ≈ t2
0

(
h̄vDqx − εS

K1(θ )λ

)2
(w1 + w0)2 + h̄2v2

Dq2
y (w1 − w0)2

h̄4v4
Dq4

∑
λσ

|ψλ
bσ [K1(θ )]|2. (F5)

At twist angle θ = θb ≡ −θTBG, K1(θb) = Kb, q = kMŷ, and εS
K1λ

= 0; Eq. (F5) reduces to

∑
λ

|T |21(θb, λ) ≈ t2
0

(w1 − w0)2

h̄2v2
Dk2

M

∑
λσ

∣∣ψλ
σ (Kb)

∣∣2. (F6)

This is Eq. (38) in the main text. It suggests that the tunneling matrix elements and thus the intensity of the d2I/dV 2 singularity
at K1 = Kb contain information on the interlayer tunneling parameters of MATBG. In the main text, we discussed how to exploit
this equation to extract w0/w1 in MATBG from differential tunneling conductance measurements.
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