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In the vicinity of the Fermi energy, the band structure of graphene is well described by a Dirac equation.
Impurities will generally induce both a scalar potential as well as a �fictitious� gauge field acting on the Dirac
fermions. We show that the angular dependence of the zero-bias anomaly in the spatially resolved tunneling
density of states around a particular impurity allows one to distinguish between these two contributions. Our
predictions can be tested in scanning-tunneling-microscopy measurements on graphene.
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I. INTRODUCTION

Since its recent experimental realization,1,2 graphene—a
monolayer of graphite—has attracted a lot of attention due to
its remarkable electronic structure. At low doping, the Fermi
surface of graphene lies in the vicinity of two points in the
Brillouin zone �termed Dirac points or valleys� near which
the spectrum is characterized by a massless Dirac
dispersion3,4 with velocity v. Pioneering experiments on this
novel two-dimensional �2D� electron system have shown that
the Dirac nature of carriers induces an anomalous integer
quantum Hall effect as well as a finite conductivity at van-
ishing carrier density.1,2

Within the independent-electron approximation, the den-
sity of carrier states ��E�= �E� /2��2v2 vanishes linearly at
the Dirac point E=0. Thus, Coulomb interactions remain un-
screened when the Fermi energy is at the Dirac point, which
leads to deviations from conventional Fermi-liquid
expectations.5 The Fock diagram for the electronic self-
energy, shown in Fig. 1�a�, entails a logarithmic correction to
the linear dispersion relation, E�p�= �v+ �e2 /4�ln�D /vp��p,
with D the bandwidth, and hence to the tunneling density of
states,

��E� �
�E�

2��2�v + �e2/4�ln�D/�E���2 . �1�

At the same time, there is no renormalization of the electron
charge from the diagram in Fig. 1�b�. Several authors have
discussed possible instabilities of the electron system in
graphene,6–8 although at present, there is no related experi-
mental evidence.

Impurities and defects generally induce both a scalar po-
tential as well as a fictitious gauge field in the effective Dirac
description.9 Site disorder in the underlying tight-binding
model is associated with a random scalar potential. Random
hopping due to lattice deformations leads to a random gauge
field which is Abelian �non-Abelian� for intravalley �interval-
ley� scattering. The presence of a random gauge field leads to
rich weak-localization physics.10–12 Several recent works
have addressed localization for Dirac electrons.13–15

Unlike conventional two-dimensional electron systems
�2DES�, the 2DES in graphene is exposed at the surface,
making it directly accessible to local-probe measurements,

such as scanning tunneling microscopy �STM�16 or scanning
single-electron transistors.17 Motivated by this fact, we in-
vestigate the tunneling density of states �TDOS� in this pa-
per. Unlike the logarithmic corrections due to Coulomb in-
teractions which become singular only at the Dirac point, the
combined effects of disorder and interactions at finite doping
lead to a zero-bias anomaly �ZBA� which is tied to the Fermi
energy, irrespective of the level of doping.

The zero-bias anomaly in disordered conductors arises
from scattering of electrons on impurities and on the poten-
tial generated around the impurity by the Friedel
oscillations.18,19 This combined effect of disorder and inter-
actions leads to a suppression of the tunneling density of
states at low biases �. The ZBA in graphene raises several
issues. �i� The wavelength of Friedel oscillations in
graphene20 diverges as the Fermi energy approaches the
Dirac point. At the same time, the strength of the Coulomb
interaction increases due to the absence of screening at the
Dirac point. We study how this competition affects the mag-
nitude of the ZBA as the Fermi energy EF approaches the
Dirac point within the regime EF��1 �with � the elastic
mean free time due to impurity scattering�. �ii� We show that
the zero-bias anomaly provides a means of distinguishing
experimentally between the scalar potential and the fictitious

b)a)

c)
d)

FIG. 1. �a� Fock correction to the Green’s function of Dirac
fermions, �b� leading vertex correction, and �c� Hartree and �d�
Fock diagrams for the zero-bias anomaly. Wavy lines describe
electron-electron interactions, while dashed ones represent scatter-
ing from an impurity.
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gauge potential induced in the Dirac equation by a specific
impurity. Our considerations focus on the quasiballistic re-
gime EF���1/� relevant in relatively clean samples. In
this regime, the physics is essentially captured by consider-
ing electrons scattering off isolated impurities. Our approach
breaks down at the lowest biases ��1/�, where electron
diffusion becomes relevant.21

The use of the Dirac formalism restricts us to a discussion
of the local TDOS, which is coarse grained over a region
large compared to the lattice spacing. At the same time, the
long-wavelength nature of the Dirac description allows us to
include the effects of electron-electron interactions on the
local TDOS, which have been neglected in several earlier
studies performed in the framework of a tight-binding
model.22–24 As we argue below, the effects of electron-
electron interactions on the coarse-grained TDOS are of par-
ticular importance in graphene since the effects of impurity
scattering alone are suppressed by the chiral symmetry of
Dirac fermions.

II. GRAPHENE

Within the tight-binding approximation, the band struc-
ture of graphene is described by the Hamiltonian
H=−t��ij	ci

†cj +H.c. on a hexagonal lattice, where t is the
hopping matrix element, ci is the annihilation operator of an
electron on lattice site i, and only nearest-neighbor hopping
has been considered. The 2D hexagonal lattice consists of
two identical sublattices A and B and thus two sites per unit
cell. We choose the vectors connecting a B site with the
neighboring A sites as e1=a�−1,0�, e2=a�1/2 ,
3/2�, and
e3=a�1/2 ,−
3/2� with a being the bond length. The Bloch
spectrum of the tight-binding Hamiltonian has zero energy
�corresponding to the Fermi energy at half filling� at two
inequivalent Dirac points in the reciprocal lattice, which we
choose to be k±= ±kD, with kD=2� / �3
3a��
3,1�. Linear-
izing the spectrum about both Dirac points and arranging the
Hamiltonian in a 4	4 matrix form, one can write �see, e.g.,
Ref. 20�

H = �v� · k , �2�

with v=3ta /2, k the 2D wave number deviation from the
Dirac point, and 
x,y =�z � �x,y the components of the vector
� where �i and � j are Pauli matrices acting in the spaces of
the Dirac points �/�� and the sublattices �A /B�, respec-
tively. The Hamiltonian in Eq. �2� acts on the four-
component spinors �uA,k

+ ,uB,k
+ ,uB,k

− ,uA,k
− � of Bloch amplitudes

in the A /B and /� channels.
Within the Dirac Hamiltonian �Eq. �2��, an impurity local-

ized, say, at the origin, can be quite generally accounted for
by adding a general local operator consistent with time-
reversal symmetry,

Hdis�r� = û��r� . �3�

Here, û is a matrix in the 4	4 Dirac space, reflecting inho-
mogeneities in both site energies and hopping amplitudes of
the underlying tight-binding Hamiltonian.13,20 The matrix û
can be parametrized in terms of ten real numbers u0, usl
�s , l=x ,y ,z� as

û = u0Î + �
s,l=x,y,z

usl
s�l, �4�

with Î=�0 � �0 the identity matrix and 
z=�0 � �z, �x,y
=�x,y � �z, and �z=�z � �0.

The parameters u0, usl can be classified according to
whether they describe intravalley or intervalley scattering
and whether they take the form of potential or �fictitious�
gauge-field disorder in the Dirac equation. For example, in-
tervalley scattering will involve �x,y and contributions to the
fictitious gauge field involve 
x,y. The complete classifica-
tion is detailed in Table I.

For Dirac fermions described by Eq. �2�, the retarded
Green’s function with energy � and momentum p is

G�
R�p� = �

±

ŝ�p

� ± vp + i�
, �5�

where ŝp=1/2�1+� ·p / p� denotes the projector onto the
state with positive chirality � ·p / p and �→0+. In view of
particle-hole symmetry, we specify attention to electron dop-
ing �positive Fermi energy� in the regime EF��1. Then, in
the regime kFr�1, the real space Green’s function takes the
form

G�
R�r,0� � −

ei�/4p�


2��v

eip�r


p�r
�ŝr +

i

4p�r
� ·

r

r
� , �6�

with p�=� /�v. Here, we retained the next-to-leading term in
1/kFr in the square bracket for later convenience. The pro-
jector ŝr is defined in analogy with ŝp.

III. TUNNELING DENSITY OF STATES

To compute the �coarse-grained� local TDOS,

���r� = −
2

�
Tr Im G�

R�r,r� , �7�

in the quasiballistic regime, we consider contributions to the
full single-particle Green’s function G�

R due to interactions
and scattering off isolated impurities. The leading-order cor-
rection arises from paths involving a single impurity scatter-
ing event, corresponding to the direct backscattering of elec-
trons to the tunneling point. The corresponding correction to
the retarded single particle Green’s function is

�G�
R�r,r� = G�

R�r,0�ûG�
R�0,r� , �8�

where r is the tunneling point and the impurity is assumed to
be at the origin.

TABLE I. Physical significance of the various components of
the disorder potential û in terms of type of potential �columns� and
type of scattering �rows�.

Potential �Fictitious� gauge field

Intravalley u0, uzz uxz, uyz �Abelian�
Intervalley uzx, uzy uxx, uxy, uyx, uyy �non-Abelian�
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In conventional 2DES, this contribution falls off as 1 /r
and oscillates with wave vector 2kF �r denotes the distance
of the tunneling point from the impurity�. For Dirac elec-
trons, the contribution to the TDOS from the leading term in
Eq. �8� implies the trace Tr�ŝrûŝ−r�, which is suppressed by
chirality conservation. A straightforward calculation of the
next-to-leading term thus yields a faster spatial decay,

��F�r�
�F

= − 4�Fu0
sin�2kFr�

�kFr�2 , �9�

where �F=kF / �2��v� denotes the bare DOS of graphene at
the Fermi level. Due to this suppression, one expects the
combined effects of disorder and interactions, involving scat-
tering on the impurity as well as on the potential generated
by the surrounding Friedel oscillations, to be particularly im-
portant in graphene. We note that the correction �Eq. �9��
depends only on the scalar potential u0 of the impurity and is
independent of the gauge-field contributions.

Beyond perturbation theory in the impurity potential,
bound impurity states can form, which lead to resonances in
the local TDOS at energies which depend on the impurity
strength.23,24 In contrast, the zero-bias anomaly discussed
here is a generic feature which is always tied to the Fermi
energy, regardless of the peculiarities of the impurity poten-
tial.

We now turn to a discussion of the combined effects of
disorder and interactions on the tunneling density of states.
In the presence of a finite Fermi surface, the impurity poten-
tial generates Friedel oscillations in the carrier density. This
in turn yields an additional oscillatory scattering potential
due to the Coulomb interaction, affecting the electronic re-
turn probability and consequently the TDOS. To first order in
the electron-electron interaction and the impurity potential,
the relevant correction to the Dirac fermion Green’s
function19 is given by

�G�
R�r,r� = dr1dr2G�

R�r,0�ûG�
R�0,r1�ĤHF�r1,r2�G�

R�r2,r�

+ �û ↔ HHF� , �10�

in terms of the Hartree and Fock potentials

ĤHF�r1,r2� = V̂H�r1���r1 − r2� − V̂F�r1,r2� , �11�

with

V̂H�r1� = Tr� dr�V�r1 − r�����r�,r��� , �12�

V̂F�r1,r2� =
1

2
V�r1 − r2����r1,r2� . �13�

Here, ��r ,r��=2�k�kF
�k�r� � �k

†�r�� denotes the density ma-
trix and V�r� the screened Coulomb interaction. The short-
hand �û↔HHF� denotes a similar contribution with the order
of û and HHF interchanged and appropriate changes to the
spatial arguments. To first order in the impurity potential �Eq.
�3��, the density matrix emerges from the corrections,

��k�r� = dp

�2��2

ŝp

Ek − vp + i�
eip·rû�k	 , �14�

to the plane-wave wave functions �k�r�=eik·r�k	 with energy
Ek. The corresponding correction to the density matrix takes
the form ���r ,r��=R�r ,r��+R†�r� ,r� with

R�r,r�� �
ikF

8�2v
rr�
� eikF�r−r��

r − r�
4iŝrûŝr� +

eikF�r+r��

r + r�
4ŝrûŝ−r�� ,

�15�

in leading order in 1/kFr�1.
It has been shown that due to the chiral symmetry of

Dirac fermions, the Friedel oscillations of the electron den-
sity decay as 1/r3 as opposed to 1/r2 in conventional two-
dimensional electron systems.20 For this reason, the Hartree
contribution to the zero-bias anomaly is suppressed and to
leading order, we only need to consider the Fock contribu-
tion. Then, the contribution �Eq. �10�� corresponds to a par-
ticle being injected at r, moving to the impurity �located at
the origin�, being scattered to r1 where it experiences the
nonlocal Fock potential, and finally returning from r2 to the
injection point r. The dominant contribution to the integral
can be identified by analyzing the phase factors of the inte-
grand, cf. Fig. 2 and Ref. 19. Clearly, paths entailing phases
which oscillate rapidly with r1 and r2 lead to negligible cor-
rections. The three retarded Green’s functions in Eq. �10�
yield a phase factor

�Green = exp�ip��r + r1 + �r2 − r��� , �16�

while the density matrix yields

�density = exp�i�kF�r1 + �r2�� , �17�

with � ,�= ±1. We are interested in corrections to the TDOS
in the vicinity of the Fermi energy, so that �=EF+��, with
the bias ���EF and p�=kF+� /v. A correction to the TDOS
which varies slowly with r arises from the region r2�r, so
that �r2−r��r2−r cos �, where � is the angle between r and
r2. Indeed, the oscillatory dependence on r is essentially can-
celed if ����1/
p�r�1/
kFr�1, yielding r2�r2r̂ in lead-
ing order. The remaining phase dependence on r1 and r2 is
exp�ip��r1+r2��, which can be canceled by choosing �=−1
and �=1 in the density matrix, i.e., by the rapidly oscillating
term exp�−ikF�r1+r2�� in R†�r2 ,r1�. This cancellation is

r2

r1

r 0

r, r2
< 1 / ( kFr)

1 / 2

FIG. 2. Schematic of the stationary paths for the Fock
contribution.
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valid as long as r2�v /�. As a result, we obtain

�G�
R�r,r� �

ei�/4Ṽ�0�kF
2


2�2�3�4v4

1

r2 �ŝrûŝ−rûŝr� , �18�

with Ṽ�0� being the Fourier transform of the screened Cou-
lomb interaction at zero momentum. The correction to the
local TDOS, normalized to �F, is then

����r�
�F

� −
4�F

3Ṽ�0�
�3/2

1

�kFr�2Tr�ŝrûŝ−rû� , �19�

valid in the regime 1/kF�r�v /�. The correction saturates
for r�1/kF and decays as 1/r3, for r�v /�. For a finite
density ni of impurities, spatial averaging of Eq. �19� �or,
alternatively, the diagrams in Figs. 1�c� and 1�d�� yields the
average TDOS,

���

�F
�

8�F
2ni


�kF
2

Tr�2û2 − �
�=x,y


̂�û
̂�û�ln���

EF
� , �20�

where we employed the Thomas-Fermi expression Ṽ�0�
=1/�F for the 2D Coulomb interaction. Similar to conven-
tional two-dimensional electron systems,19 graphene also ex-
hibits a logarithmic zero-bias anomaly. Equation �20� shows
that the relative strength of the ZBA is only logarithmically
dependent on the Fermi energy �since �F�kF�, even though
the wavelength of the Friedel oscillations diverges as EF ap-
proaches the Dirac point. This is a consequence of the re-
duced screening of the Coulomb interaction.

It is rewarding to also consider the local TDOS, specifi-
cally its angular dependence around an impurity. Indeed, dif-
ferent kinds of disorder, as parametrized by the elements usl
in Eq. �4�, yield different angular dependences. While poten-
tial disorder in the Dirac equation yields a local TDOS which
is rotationally symmetric around an isolated impurity, gauge-
field disorder, be it Abelian or non-Abelian, leads to a dipole-
like angular dependence of the local TDOS. Indeed, we find
that

����r�
�F

� −
8�F

2

�3/2

A + B sin2 � + C cos2 �

�kFr�2 , �21�

with � the angle between the vector r and the direction
of the bond with modified tunneling amplitude. Here,
A=uzx

2 +uzy
2 +uzz

2 arises from potential scattering, while
B=uxz

2 +uyx
2 +uyy

2 and C=uxx
2 +uxy

2 +uyz
2 arise from the gauge

field induced by the impurity. Thus, measurements of the
local TDOS can be employed to distinguish between the ran-

dom potential and the random gauge field induced by an
impurity in the Dirac equation.

This result is illustrated in Fig. 3. Impurities induce a
gauge field in the Dirac equation if they modify a hopping
amplitude. The affected bond then defines the preferred di-
rection of the “dipolar” pattern of the local TDOS.

IV. CONCLUSIONS

A distinctive feature of the two-dimensional electron sys-
tem in graphene is its exposure at the surface, making it
directly accessible to local-probe techniques including STM.
We find that such experiments can be employed to gain in-
formation about the character of impurities �potential or
gauge field� by exploring the angular dependence of the local
TDOS around a specific impurity. There is no angular depen-
dence in the contribution �Eq. �9�� due to disorder scattering
alone. Angular dependence of the local TDOS emerges in the
zero-bias anomaly due to the combined effect of Coulomb
interactions and impurity scattering and arises from gauge-
field disorder only.
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