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We combine scanning-tunneling-spectroscopy experiments probing magnetic impurities on a super-
conducting surface with a theoretical analysis of the tunneling processes between (superconducting) tip and
substrate. We show that the current through impurity-induced Shiba bound states is carried by single-
electron tunneling at large tip-substrate distances and Andreev reflections at smaller distances. The single-
electron current requires relaxation processes, allowing us to extract information on quasiparticle
transitions and lifetimes.
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Introduction.—Impurity-induced subgap states provide
a fruitful window into conventional and unconventional
superconductors [1–3]. The Yu-Shiba-Rusinov states
[4–6] bound by magnetic impurities in conventional
s-wave superconductors are a simple model system for
nonmagnetic impurity resonances in unconventional
superconductors, probe the competition between super-
conducting and Kondo correlations [7–9], and might
provide a platform for engineering topological super-
conducting phases with Majorana end states [10–13].
In scanning-tunneling spectroscopy, Shiba states induce

resonances which occur symmetrically at positive- and
negative-bias voltages [2,3,7,14]. Given their subgap
nature, it is natural to describe the current into Shiba states
as carried by Andreev processes. These processes transfer a
Cooper pair into the condensate and are resonantly
enhanced by the Shiba state [15–18]. Nevertheless, scan-
ning-tunneling microscopy (STM) experiments on Shiba
states are typically analyzed in terms of the tunneling
density of states which is appropriate for single-electron
tunneling [1,19,20]. This allows one to understand the
observed asymmetry in height between the positive- and
negative-bias peaks while Andreev processes would nec-
essarily be symmetric in bias (for normal-state tips) [18].
Here, we combine scanning-tunneling microscopy and

spectroscopy of Shiba states using superconducting tips
with a comprehensive theoretical analysis to elucidate the
nature of the tunneling processes. We show that both
single-electron and Andreev tunneling contribute in experi-
ments and explain the observed inversion of peak-height
asymmetry as a function of tunneling rates. Our analysis
shows that STM experiments on Shiba states provide
access to quasiparticle relaxation rates in superconductors,
complementing recent work on superconducting quantum
dots [21–23] and Josephson junctions [24–27].
Experiments.—We have performed STM experiments

probing Mn adatoms on a Pb(111) single crystal surface.
The experiments were carried out with a SPECS JT-STM at

the base temperature of 1.2 K as well as at 4.8 K. The Pb
single crystal surface was cleaned by repeated sputter-
anneal cycles until a clean, atomically flat, and super-
conducting surface was obtained (critical temperature Tc ¼
7.2 K and gap Δ ¼ 1.35 meV at 1.2 K). Mn adatoms were
evaporated onto the clean sample at a temperature below
10 K, resulting in a density of 30 atoms per 100 × 100 nm2

(see the Supplemental Material [28]). Our STM experi-
ments were carried out with a Pb-covered, superconduct-
ing tip (see Ref. [7] for the preparation procedure)
which improves resolution far beyond the Fermi-Dirac
limit [30,31].
Figure 1 shows spectra of the differential conductance

dI=dV as a function of sample bias V, acquired at various
tip-sample distances and thus tunneling strengths with the
tip placed above a Mn adatom. All spectra share the same
characteristic peaks [32] but their intensities (normalized to
the normal-state conductance) depend strongly on the
tunneling strength and the sign of the bias voltage.
The peaks in the dI=dV spectra appear at thresholds

for various fundamental tunneling processes between a
superconducting tip and a superconducting substrate with a
magnetic adatom. (i) Single electrons can tunnel when the
negative-energy quasiparticle continuum of the tip overlaps
with the positive-energy continuum of the substrate (or
vice versa). This requires a threshold voltage eV ¼ �2Δ.
(ii) Thermally excited quasiparticles (holes) in the positive-
(negative-) energy quasiparticle continuum induce a
single-particle current even near zero bias. (iii) With a
Shiba state of energy ϵ0, a single-particle current flows
when the negative-energy continuum of the tip overlaps
with the Shiba state, or the positive-energy continuum with
the symmetric energy −ϵ0. These processes have threshold
biases eV ¼ �ðΔþ ϵ0Þ. (iv) Because of thermal occupa-
tion, a single-electron current can also flow when the
positive-energy continuum overlaps with the Shiba state
(and symmetrically when the negative-energy continuum
overlaps with −ϵ0). This requires a threshold bias
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eV ¼ �ðΔ − ϵ0Þ. (v) At ejVj < 2Δ, an electron from, say,
the tip can be reflected as a hole, transferring a Cooper pair.
As all tunneling electrons and holes gain an energy eV,
(multiple) Andreev processes between the quasiparticle
continua have thresholds eV ¼ �2Δ=n, with n ¼ 2; 3;….
Andreev processes require two or more particles to cross
the tunnel barrier and thus become relevant for strong
tunnel coupling only [33]. (vi) Shiba states induce addi-
tional resonant Andreev processes which become relevant
at much lower tunneling rates. An electron from the
negative-energy continuum of the tip can virtually tunnel
into the Shiba state, reflect as a hole, and resonantly transfer
a Cooper pair into the condensate of the substrate. Together
with a similar process at reverse bias, this leads to thresh-
olds at eV ¼ �ðΔþ ϵ0Þ which coincide with those for the
single-electron processes. The principal tunneling proc-
esses involving the Shiba states are sketched in Fig. 2.
There is an important difference between the single-

electron and resonant Andreev processes [18]. Single-
electron processes change the occupation of the Shiba
state, while Andreev processes merely transfer Cooper

pairs into the condensate. Thus, a continuous current flow
by single-electron processes requires relaxation processes
which empty the Shiba state after it is occupied from the tip
(or occupy the empty Shiba state); see Fig. 2. At finite
temperature, a quasiparticle in the Shiba state can be
excited to the continuum by absorption of a phonon or a
photon (with rate Γ1). Conversely, a thermally excited
quasiparticle can relax into the Shiba state by emission
(with rate Γ2).
The observed peaks in the dI=dV spectra can now be

correlated with Shiba states of energy ≃0.22, ≃0.77, and
≃1.18 meV, respectively. The multiple Shiba states may
reflect different angular-momentum channels or spin states
S > 1=2 [14,34,35]. To analyze the tunneling processes, we
focus on the most intense Shiba state at ϵ0 ≃ 0.22 meV.
This state not only leads to the two main peaks at eV ¼
�ðΔþ ϵ0Þ (with peak height α�), but also to two pro-
nounced thermal peaks at eV ¼ �ðΔ − ϵ0Þ (with peak
height β�). As it is the deepest state, its theoretical
interpretation turns out to be least affected by the presence
of the other Shiba states.
The heights of the peaks associated with this Shiba

state are plotted in Fig. 3(a) over several decades in normal-
state tunneling conductance. We draw attention to two
important features of these data. First, the peak heights vary
linearly over a wide region before turning sublinear at
larger tunneling rates. Second, the asymmetry in the peak
heights α� between positive and negative biases inverts
as a function of tunneling strength: At small tunneling
rates, αþ < α−, while at large tunneling rates, αþ > α−.
It is also evident that the inversion of the peak heights
occurs at the crossover between the linear and sublinear
regimes.

FIG. 2 (color online). Principal tunneling processes involving a
Shiba state (solid line) within the superconducting gap (enclosed
by BCS quasiparticle peaks). The chemical potential is repre-
sented by a dashed line. (a) Single-electron tunneling from tip to
substrate [rate ΓeðωÞ] with subsequent relaxation from the Shiba
state to the quasiparticle continuum (rate Γ1). (b) Andreev process
transferring a Cooper pair to the substrate by electron and hole
tunneling [with rates ΓeðωÞ and ΓhðωÞ, respectively]. The
processes in (a) and (b) both contribute near the threshold
eV ¼ Δþ ϵ0. (c) Single-electron tunneling from substrate to
tip [with rate ΓeðωÞ] after occupation of the Shiba state by the
relaxation of a thermal quasiparticle (with rate Γ2), contributing
to the thermal peak at eV ¼ −ðΔ − ϵ0Þ. The current at the other
two thresholds eV ¼ −ðΔþ ϵ0Þ and eV ¼ Δ − ϵ0 is carried by
analogous hole processes (see the Supplemental Material [28]).

FIG. 1 (color online). dI=dV spectra measured on an isolated
Mn adatom on Pb(111) for increasing tunneling strength from top
to bottom (recorded with a lock-in modulation amplitude of
15 μVrms at a frequency of 912 Hz). Spectra are normalized to
the “normal-state” conductance measured at 4 meV (i.e., well
outside the superconducting gap) in units of G0 ¼ 2e2=h, offset
for clarity and scaled when indicated for better visibility. The
distance to the closest neighboring Mn atom was larger than
5 nm. A spectrum acquired above the clean Pb(111) surface
overlays the smallest-conductance trace (top curve) for compari-
son. The four peaks originating from the deepest Shiba level are
marked by dashed lines at ejVj ¼ �ðΔ� ϵ0Þ.
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Theoretical analysis.—It is often assumed [1] that the
peak heights at positive and negative biases measure the
electron and hole components u and v of the Shiba wave
function. The observed inversion of peak heights implies
that this cannot hold, in general. To gain further insight, we
calculate the subgap current theoretically by a standard
Keldysh calculation [36–38] (see the Supplemental
Material for details [28]). Here, we focus on the physics
underlying the results. Our calculation includes single-
electron and Andreev processes involving the Shiba state as
well as phenomenological rates Γ1 and Γ2 for relaxation
processes between the Shiba state and the quasiparticle
continuum. We neglect the nonresonant Andreev reflec-
tions at the superconducting tip (and thus multiple Andreev
reflections [39]), which is justified except in the regime of
very strong tunneling. With this approximation, the tunnel-
ing current becomes a sum of single-particle and Andreev
currents, I ¼ Is þ Ia, with

Is¼e
Z

dω
2πℏ

�
Γ1½ΓenFðω−Þ−ΓhnFðωþÞ�

ðω−ϵ0Þ2þðΓ=2Þ2

−
Γ2fΓe½1−nFðω−Þ�−Γh½1−nFðωþÞ�g

ðω−ϵ0Þ2þðΓ=2Þ2
�
; ð1Þ

Ia ¼ 2e
Z

dω
2πℏ

ΓhΓe½nFðω−Þ − nFðωþÞ�
ðω − ϵ0Þ2 þ ðΓ=2Þ2 : ð2Þ

Here, the Fermi functions nF are evaluated at ω� ¼ ω�
eV and Γ ¼ Γe þ Γh þ Γ1 þ Γ2.
The expressions for Is and Ia can be understood in terms

of the basic processes discussed above. The Andreev
current Ia involves tunneling of an electron, described
by ΓeðωÞ ¼ 2πu2ρðω − eVÞt2, and a hole, described by
ΓhðωÞ ¼ 2πv2ρðωþ eVÞt2. Here, t is the amplitude for
tunneling between tip and substrate. The rates Γe and Γh are

strongly ω dependent through the tip’s BCS density of
states ρðωÞ. The denominator in Eq. (2) reflects the
intermediate virtual occupation of the Shiba state. It
includes the rates Γ1 for depopulating the Shiba state by
excitation to the continuum and Γ2 for occupying the
Shiba state by a thermally excited quasiparticle. The latter
processes are assumed to be ω independent. The four
contributions to the single-particle current Is directly
correspond to the peaks αþ [term ∝ Γ1Γe; see Fig. 2(a)],
α− (term ∝ Γ1Γh), β− [term ∝ Γ2Γe; see Fig. 2(c)], and βþ
(term ∝ Γ2Γh).
Equations (1) and (2) provide the following basic picture

consistent with the data in Fig. 3(a): At weak tunneling, the
relaxation rates Γ1 and Γ2 are faster than the tip-substrate
tunneling. Once an electron tunnels into the Shiba state
from the tip, it is rapidly excited to the quasiparticle
continuum. In this regime, the tunnel current is dominated
by the single-electron current Is which is proportional to t2,
and thus to the normal-state conductance. The Andreev
current Ia is a small correction scaling as t4. This explains
the wide linear regime in Fig. 3(a). At stronger tunneling,
the tunneling rates become comparable to and eventually
larger than the relaxation rates Γ1 and Γ2. Here, the t
dependence of the broadening Γ leads to a sublinear or
even a decreasing dependence of the peak heights on the
normal-state conductance. As the relaxation processes are
thermally activated, the crossover point between the linear
and the sublinear regime is strongly temperature dependent,
moving to lower normal-state conductances for lower
temperatures. This is consistent with a comparison between
the two panels of Fig. 3(a).
Linear regime.—This picture is substantiated by quanti-

tatively analyzing the linear regime. At weak tunneling,
the broadening is dominated by quasiparticle relaxation,
Γ≃ Γ1 (for Γ1 ≫ Γ2, i.e., ϵ0 ≫ T). Then, Eq. (1)
yields

FIG. 3 (color online). (a) Peak heights α� and β� of the four resonances associated with the deepest Shiba level (marked by dashed
lines in Fig. 1) as a function of normal-state conductance at T ¼ 1.2 K (left panel) and T ¼ 4.8 K (right panel). The full (dashed) lines
are fits to Eqs. (1) and (2) for the main (thermal) peaks. The crossover points between single-electron and Andreev contributions to α�
are indicated by arrows. (b) Experimental dI=dV traces of the Shiba peak near eV ¼ −ðΔþ ϵ0Þ≃ −1.57 meV at different junction
conductances (solid lines). The spectra are normalized to the peak maximum. The dashed lines are theoretical fits of the Shiba peaks
excluding multiple Andreev reflections.
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αþ ∼
2e2

h
γe

ffiffiffiffi
Δ

p

ðΓ1Þ3=2
; β− ¼ αþ

Γ2

Γ1

ð3Þ

for the peak heights [28]. Here, we introduced the
normal-state electron (hole) tunneling rate γe ¼ 2πt2ν0u2

(γh ¼ 2πt2ν0v2), where ν0 is the normal-state density of
states of the tip. The expressions for α− and βþ simply
differ by the substitution u↔v (or γe↔γh). Thus, in this
regime, the peak height is indeed a measure of the Shiba
wave function at the tip position. From the data in Fig. 3(a),
we extract αþ=α− ¼ ðu=vÞ2 ≈ 0.13.
All four peaks are related by the relation αþβþ ¼ α−β−.

This is readily checked against the data in Fig. 3(a) and
indeed, we find that this identity is well satisfied in the
linear regime [28]. Moreover, the thermal and main peaks
in Eq. (3) differ only by a ratio of relaxation rates,
αþ=β− ¼ Γ1=Γ2 ¼ expðϵ0=TÞ. Here, the last equality fol-
lows from detailed balance. This is in excellent agreement
for the data at T ¼ 4.8 K. At T ¼ 1.2 K, we extract a
slightly higher temperature of T ¼ 1.6 K from the ratio of
peak heights. Still, these considerations point to a relax-
ation process involving thermal activation rather than the
quasiparticle bath suggested in Ref. [18].
Regime of strong tunneling.—At stronger tunneling, the

broadening is dominated by tunneling, Γ≃ Γe þ Γh.
Because of this broadening, the single-particle conductance
reaches a maximum and eventually decreases with tunnel-
ing strength. As a result, the thermal peaks β� should
exhibit a maximum vs normal-state conductance. The
situation is different for the main peaks α� with their
additional Andreev contribution, which keeps increasing
and eventually dominates the peak magnitude. Sufficiently
far into this regime, Eqs. (1) and (2) yield

αþ ∼ ð2e2=hÞ½γh
ffiffiffiffiffiffiffiffiffiffi
Δ=ϵ0

p
=ðγe

ffiffiffiffi
Δ

p
Þ2=3�; ð4Þ

β− ∼ ð2e2=hÞ½Γ2=ðγe
ffiffiffiffi
Δ

p
Þ2=3�; ð5Þ

as well as α− and βþ, which differ again by u↔v. The main
peaks α� keep increasing with tunneling γe;h, albeit with a
sublinear dependence. The strong voltage dependence
of the tunneling-induced broadening leads to a change in
the line shape at strong tunneling. Indeed, we observe a
vanishing of the negative differential conductance dip [see
Fig. 3(b)] signaling the transition to the strong-tunneling
regime [28].
Unlike for normal-metal tips [18,28], the Andreev

contribution to the main peaks α� is asymmetric for a
superconducting tip, but with the asymmetry reversed
relative to single-electron tunneling. While we have
αþ=α− ¼ ðu=vÞ2 in the linear regime, Eq. (4) predicts
αþ=α− ¼ ðv=uÞ10=3 in the Andreev-dominated regime.
Indeed, an inversion of the peak heights α� is seen in
Fig. 3(a), as pointed out above.

Equation (5) predicts that the thermal peaks also invert,
from β−=βþ ¼ ðu=vÞ2 in the linear regime to β−=βþ ¼
ðv=uÞ4=3 in the sublinear regime. This inversion is con-
sistent with the data in Fig. 3(a). In addition, theory predicts
that the thermal peaks will assume a maximum as a
function of normal-state conductance. We observe such a
maximum only for βþ. For β−, the peak is expected to occur
only at rather large normal-state conductance where our
approximations of neglecting multiple Andreev reflections
and a peak width smaller than ϵ0 break down.
To further substantiate our analysis, we have used

Eqs. (1) and (2) to fit all four peaks α� and β� over the
entire range of tunneling strengths; see Fig. 3(a) in the
Supplemental Material [28]. There is excellent agreement
between theory and experiment. We attribute the deviations
for β− at large normal-state conductance to additional
contributions from multiple Andreev reflections. We can
also extract the normal-state conductance at which the
Andreev and single-particle contributions to the main
peaks become comparable; see the arrows in Fig. 3(a).
(Note that this is distinct from the crossover between
linear and sublinear dependence.) For αþ, this happens
when 2Γhð2ϵ0Þ ∼ Γ1, and for α−, when 2Γeð2ϵ0Þ ∼ Γ1. As
v2 > u2, the Andreev contribution sets in considerably
earlier for αþ than for α−.
Relaxation rates.—At T ¼ 4.8 K, the relaxation rate can

be extracted directly from the peak width, yielding
Γ1 ≃ 6 ps. In contrast, the linewidth is resolution limited
at T ¼ 1.2 K, masking the broadening due to quasiparticle
relaxation. We can still extract the relaxation rate by relying
on the current. In the sublinear regime, the thermal peak βþ
contributes a current I ∼ eΓ2=ℏ [28]. Moreover, Eq. (3)
predicts Γ1 ¼ ðαþ=β−ÞΓ2 in the linear regime. Thus, we
can extract both relaxation rates directly from the exper-
imental data. This yields (to about a factor of 2) ℏ=Γ1 ≃
0.2 ns and ℏ=Γ2 ≃ 0.6 ns.
For magnetic impurities binding a single Shiba state,

relaxation relies on quasiparticle excitation to the con-
tinuum. This yields a ratio of relaxation rates at the two
experimental temperatures of order ∼104. We can account
for the apparent discrepancy with our observations by
including the second Shiba state at energy ϵ1≃
0.77 meV. Then, relaxation can occur via the formation
of Cooper pairs from quasiparticles in the first two Shiba
states. This process is limited by the thermal occupation of
the second Shiba state and thus involves a much smaller
activation energy. Such processes are allowed even for
Shiba states with equal spin due to the strong spin-orbit
coupling of Pb. An analysis in terms of rate equations is
quantitatively consistent with our observations [28].
Conclusions.—We show that STM experiments on sub-

gap states in superconductors probe both single-electron
and Andreev tunneling. We emphasize that such experi-
ments are particularly fruitful when performed with super-
conducting tips. In this case, thermal smearing can be
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neglected and the temperature dependence of the current
arises entirely from activated quasiparticle relaxation proc-
esses. Moreover, the additional thermal peaks facilitate the
analysis and provide access to the relaxation rates. We find
that at weak tip-substrate tunneling, the current is domi-
nated by single-electron tunneling and is linear in the
normal-state conductance. This regime can be used to map
out the bound-state wave function. At stronger tip-substrate
tunneling, the dependence on the normal-state conductance
becomes sublinear. While the dependence on the Shiba
wave function becomes more involved, this regime pro-
vides access to pertinent quasiparticle relaxation rates
involving the subgap states. Specifically, we can extract
the rates for quasiparticle relaxation into and out of the
bound state. The present experiment was restricted to two
different temperatures. To further probe the microscopic
nature of the relaxation processes, it would be rewarding to
perform more systematic experiments as a function of
temperature.
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