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Motivated by a recent experiment of Willett et al. [Phys. Rev. Lett. 78, 4478 (1997)], we employ
semiclassical composite-fermion theory to study the effect of a periodic density modulation on
a quantum Hall system near Landau level filling factor n 苷 1兾2. We show that even a weak
density modulation leads to dramatic changes in surface-acoustic-wave (SAW) propagation, and
propose an explanation for several key features of the experimental observations. We predict that
properly arranged dc transport measurements would show a structure similar to that seen in SAW
measurements. [S0031-9007(98)06095-5]
PACS numbers: 71.10.Pm, 73.20.Dx, 73.40.Hm

Experiments on surface acoustic waves (SAW) propagation above a two-dimensional electron gas (2DEG) [1,2]
provided strong support for the composite-fermion approach to the compressible quantum Hall state near filling
factor n 苷 1兾2 [3,4]. Measurements of both absorption
and velocity shift of SAW’s probe the conductivity of
the 2DEG at finite wave vector and frequency [1]. In
this way, Willett et al. [2] observed that the absorption
(velocity shift) of the SAW as a function of filling factor exhibits a maximum (minimum) at n 苷 1兾2, implying a maximum in the conductivity. Exactly at n 苷 1兾2,
the conductivity is found to be linear in the wave vector
for wavelengths smaller than the composite-fermion mean
free path, in agreement with composite-fermion theory.
Recently, Willett et al. observed a striking effect in
SAW measurements near n 苷 1兾2 on samples whose
electronic density n共r兲 苷 n̄ 1 dn共x兲 is periodically
modulated in one direction, say x̂ [5]. When the SAW
propagates in the ŷ direction, a rather weak density modulation (dn兾n # 0.05) turns the minimum in the velocity
shift at n 苷 1兾2 into a surprisingly robust maximum:
Unlike the former, the magnitude and width of the latter
are almost independent of the SAW wave vector q and
the modulation period a (for sufficiently small a). In
contrast, the modulation has no significant effect when
the SAW propagates in the x̂ direction.
In this Letter, we analyze dc transport, SAW velocity
shift, and SAW absorption in modulated systems near n 苷
1兾2. We employ semiclassical composite-fermion theory
[3,6], which allows one to derive a Boltzmann equation
for composite fermions (CF’s). Within this theory, one
attaches two Chern-Simons flux quanta to each electron.
The resulting quasiparticles—CF’s—experience an effectively reduced magnetic field, B 共r兲 苷 B 2 共2h兾e兲n共r兲 so
that a density modulation leads to a modulated magnetic
field B共r兲. Thus, experiments on modulated structures test
a fundamental aspect of the theory.
We first consider dc transport in modulated systems with
very large modulation period a. For such systems the cur-

rent J共r兲 is related to the electric field E共r兲 by a local resistivity tensor r共x兲. The measurable quantity, however,
is the macroscopic resistivity r mac , relating the spatially
averaged current and field. We now show that the modulation makes r mac anisotropic although locally rxx 苷 ryy .
The local resistivity is a function of the local density n共x兲
and can be written as r共x兲 ⬅ r̄ 1 dr共x兲, where dr has
zero spatial average. (Here and below, bars denote quantities in the unmodulated system.) We assume a strong
magnetic field so that rxy ¿ rxx , ryy , and neglect the diagonal elements of dr. Since the density depends only
on x, the current, electric field, and r are all independent
of y. Conservation of current then implies that Jx is uniform in space. From Maxwell’s equations, we have = 3
E 苷 0, which implies dryx Jx 1 ryy dJy 苷 0. Here, dJy
is the modulated part of the current in the y direction,
mac
whose spatial average is zero. Thus [7], while ryy
苷 r̄yy ,
2
2
2
mac
(1)
rxx 苷 r̄xx 共1 1 b dnrms 兾n̄ 兲 ,
where dnrms is the root-mean-square value of dn, the
deviation of the local electron density from its mean value
n̄, and we have defined b by
(2)
drxy ⬅ brxx dn兾n̄ .
In a naive Drude picture b 苷 rxy 兾rxx ¿ 1. In the
quantum Hall regime, empirical observations [8] that rxx
is proportional to the derivative of rxy with respect to the
logarithm of the magnetic field (“resistivity law”), together
with the observation that rxy is primarily determined by the
filling factor n, suggest that the coefficient b is in fact a
constant, independent of the applied magnetic field, and
weakly temperature dependent, of order 20 or more for
high-mobility samples. Thus, a weak density modulation,
mac
mac
, strongly enhances rxx
.
while having no effect on ryy
An SAW transmitted above a 2DEG gives rise to
SAW
, parallel to q, due to the
a “bare” electric field Eq,v
piezoelectric effect in GaAs. In unmodulated systems,
the screening response of the 2DEG leads to an absorption
and a velocity shift of the SAW, proportional to the imaginary and real parts, respectively, of 共1 1 isaa 兾sm 兲21 ,
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where s is the electronic conductivity at wave vector q
and frequency v 苷 ys q (ys being the sound velocity),
a is the direction of q, and sm 苷 eys 兾2p, with e
the appropriate background dielectric constant [1,9]. As
customary, the velocity shift is given relative to its value
for saa 苷 `. One may naively conjecture that in a
modulated system s should be replaced by s mac . Since
mac
mac
艐 rxx
兾共r̄xy 兲2 , such a conjecture (to be partially
syy
verified below) predicts a modulation-induced suppression
of velocity shift when q k ŷ, and no effect when q k x̂.
In strong magnetic fields sm is large compared to saa ,
so that a decrease in the velocity shift corresponds to an
increase in the absorption and vice versa.
The local approximation obviously applies when the
modulation period a is much larger than the composite fermion scattering length ᐉtr . Even when this condition does not hold the resistivity r is still local far from
n 苷 1兾2, where the composite fermion cyclotron radius is
much smaller than a. Thus, away from n 苷 1兾2 we still
expect the modulation to enhance the dc resistivity following Eq. (1) and similarly to enhance SAW absorption
and suppress the velocity shift. Near n 苷 1兾2, however,
we expect these effects to be greatly reduced if a , ᐉtr ,
leading to a local minimum in the resistivity and SAW absorption (as a function of magnetic field), and a maximum
in the SAW velocity shift [10]. The detailed analysis we
present below confirms these general expectations.
We now proceed to study SAW propagation without
assuming a local resistivity tensor. The electric field ESAW
q,v
induces electronic currents and densities in the 2DEG.
In linear response, the current J is related to the SAW
field by ESAW 苷 rSAW J. The matrix rSAW differs from the
electronic resistivity, r, which relates the current to the
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total electric field ESAW 1 Eind acting on the electrons.
The field Eind due to the induced electronic charge density
can be linearly related to the current by Eind 苷 UJ
(with U given below). Clearly, rSAW 苷 r 2 U . In
modulated systems, both r and rSAW are nondiagonal in
momentum: an electric field of wave vector q induces
currents and densities of wave vectors q 1 lp, where
l is an integer and p 苷 2p x̂兾a. We use the notation
kl
共 rSAW 共q兲兲兲ab
for the ratio of the field EaSAW of wave vector
q 1 kp to an applied current Jb of wave vector q 1 lp.
The v dependence is left implicit since all quantities
are diagonal in v. Without modulation, r, rSAW , and
their inverses are diagonal in the modulation indices j, l.
jl
By Coulomb’s law and the continuity equation, Uab 苷
共q 1lp 兲 共q 1lp 兲
2p
2idjl a a v b b ejq1lpj .
The rate of energy absorption by the electrons, P, is
00
jE SAW j2 (3)
P 苷 Re关Jⴱ ? 共ESAW 1 Eind 兲兴 苷 Re共sSAW 兲aa

21 . The SAW velocity shift is proporwith sSAW 苷 rSAW
00
tional to Im共sSAW 兲aa
1 sm [2,9]. A related formalism
was independently developed in Ref. [11].
Our starting point for calculating sSAW is a Boltzmann
equation describing the semiclassical dynamics of CF’s in
a modulated potential [6]. This equation incorporates the
coupling of the CF’s to the Chern-Simons fields describing the interactions of the charges with the attached flux
quanta. It is valid close to n 苷 1兾2 where the quantum
mechanics of CF’s can be neglected. (All relevant length
scales are assumed large compared to 1兾kF .) The Boltzmann equation is an equation for dnp 共r, t兲, the deviation
of the composite-fermion phase-space distribution function
from its equilibrium value. Within linear response,
"
#
X
sc
共0兲
兵≠t 1 vp ? =r 2 共=r V 兲 ? =p 1 e关vp 3 ẑB 兴 ? =p 其dnp 1 eE ? =p np 2 I dnp 2
dnp 0 苷 0 .
(4)
p0

Here V sc 共x兲 is the self-consistent equilibrium electrostatic
potential creating the modulation, vp is the velocity of a
composite fermion of momentum p, and I is the impurity
scattering collision integral. The equilibrium value of the
phase-space distribution function is the Fermi-Dirac dis共0兲
tribution np 共r兲 苷 fm 共 p 2 兾2m 1 V sc 共x兲兲兲 with a chemical potential m. The composite fermions are subject
to a spatially modulated effective magnetic field B 共x兲.
The effective electric field E 苷 ESAW 1 Eind 1 ECS is
composed of the physical field ESAW 1 Eind , and the
Chern-Simons electric field ECS 苷 共2h兾e2 兲J 3 ẑ. The
modulation enters Eq. (4) through V sc 共x兲, B 共x兲, and the
Fermi velocity.
The electronic current induced by E is
P
J共r, t兲 苷 p vp dn共p, r, t兲. We emphasize that while we
use composite-fermion theory, we present here only measurable electronic response functions.
The essential physics is captured by a perturbative
calculation of sSAW to second order in the density modulation dn. In this calculation we consider long SAW

wavelengths qᐉtr ø 1, weak disorder kF ᐉtr ¿ 1, and
p ¿ q. We first consider the SAW wave vector to be
q 苷 qŷ, i.e., perpendicular to the modulation wave vector.
We write rSAW 苷 r̄SAW 1 dr and sSAW 苷 s̄SAW 1 ds.
Since the Boltzmann equation is a convenient tool for
calculating dr in powers of dn, we write
00
⯝ 关s̄SAW 共2dr 1 drs̄SAW dr兲s̄SAW 兴00
共dsSAW 兲yy
yy .

(5)

Since s̄ is diagonal in its superscripts, both the rightmost
and leftmost matrices are 共s̄SAW 兲00 . We find 共s̄SAW 兲00 using
s̄SAW 苷 共r̄ 2 U兲21 . The xx element does not contribute
to (5). The off-diagonal elements are larger than the yy
s̄ 共q兲
element by a factor of kF ᐉtr , and are given by 6 11i s̄xyyy 兾sm .
Since qᐉtr ø 1, we may approximate s̄xy 共q兲 by its q 苷 0
value. The biggest contribution to the first term in (5),
00 , which is precisely what
then, is proportional to drxx
is measured in Weiss-oscillation measurements [7]. Its
contribution here is smaller by a factor of kF ᐉtr than that
of the second term in (5).
4495
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For the second term of (5) we use the Boltzmann
equation (4) to calculate dr to first order in dn. We find
that as long as kF a ¿ 1 (a condition well satisfied by the
experimental system), the Hall components of drl0 are
dnl
l0
l0
(6)
苷 2dryx
苷 r̄xy
drxy
n
Ra
with dnl 苷 共1兾a兲 0 dx dn共x兲 exp共i2plx兾a兲. The diagl0 , dr l0 are smaller by a factor of
onal components drxx
yy
0l
l0
共B兲 苷 rba
共2B兲
kF ᐉtr . By the Onsager symmetry, rab
[12]. These expressions, which are obvious in the local
limit a ¿ ᐉtr , hold irrespective of the ratio of a to ᐉtr .
00 suggest
Equations (5) and (6) and the expression for s̄xy
that the second term in (5) can be approximated by
X
00
00
0l
ll
l0
00
⯝
共s̄SAW 兲yx
drxy
共s̄SAW 兲yy
共dsSAW 兲yy
dryx
共s̄SAW 兲xy
.
lfi0

(7)
This is indeed the case, since we now show that 共s̄SAW 兲ll is
dominated by its yy element.
The response function 共s̄SAW 兲ll relates an externally
applied electric field of wave vector q 1 lp to a current
of the same wave vector in an unmodulated system. With
the expression for U , one finds for the inverse of 共s̄SAW 兲ll ,
2
3
lp
i
共lp兲
1
i
r̄
共lp兲
1
r̄
xx
xy
qs
s
m
m
5 . (8)
共r̄SAW 兲ll 苷 4
i
q
r̄yx 共lp兲 1 sm
r̄yy 共lp兲 1 i lpsm
Here we approximated q 1 lp ⯝ lp. Since p ¿ q and
sm ø e2 兾h, the biggest element in 共r̄SAW 兲ll is the xx
component, and, consequently, its inverse is dominated
by the yy component. If q is small enough such that
共4h兾e2 兲sm ø p 2 兾qkF and 共pys 兲兾共qyF 兲 ¿ 1 (with yF
ll 艐
the composite fermion Fermi velocity), then 共s̄SAW 兲yy
2
2
1兾r̄yy 共lp兲 艐 共e 兾2h兲 兾s̄xx 共lp兲. The largeness of the yy
ll
, which plays an important role in our
element, 共s̄SAW 兲yy
calculation, is in marked contrast to the conductivity
matrix s̄ ll , whose largest elements are the off-diagonal
ones, due to the strong magnetic field. This contrast
reflects the fact that in the modulated system, the SAW
field ESAW in the ŷ direction is accompanied by a large
induced field in the x̂ direction. The current is almost
perpendicular to the total electric field and hence has a
sizable component in the ŷ direction.
Finally, using (7)√and (8), we find
!2
X dnl
e2 兾2h
1
00
. (9)
共dsSAW 兲yy ⯝
n 1 1 i s̄yy 兾sm s̄xx 共lp兲
lfi0
This is the central result of our analytical calculation. In
the local limit, p ø 1兾ᐉtr , this expression can be obtained
from the analysis described above Eq. (1). An analogous
calculation shows that the effect for SAW propagation
parallel to the modulation direction, q 苷 qx̂, is smaller
by a factor of order 共kF ᐉtr 兲2 ⬃ 103 104 . Experimentally,
indeed, the modulation has no observable effect in this
case. The modulation contribution to the macroscopic
conductivity is given by (9) with sm 苷 `.
We now show that the predictions of Eq. (9) are in
qualitative agreement with key experimental results. The
4496
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influence of the modulation is essentially determined by
s̄xx 共lp兲. This quantity is known, both from previous experiments [2] and from theory [3,4], to exhibit a maximum as a function of magnetic field at n 苷 1兾2 when
ljpj ¿ 1兾ᐉtr . Thus Eq. (9) predicts that the modulationdependent contribution to the absorption (velocity shift)
has a minimum (maximum) around n 苷 1兾2, once the
modulation period a is smaller than ᐉtr . The trends
00
, around
of the modulation-independent contribution, s̄yy
n 苷 1兾2 are just the opposite. For strong enough modulation, it is the modulation-dependent contribution which
determines the type of extremum points at n 苷 1兾2, in
agreement with the new effect observed by Willett et al.
The analytical results are well supported by our numerical solutions of the Boltzmann equation, which are not restricted to weak modulation or to the regime q ø p, ᐉ21
tr .
Numerically, we directly compute the response to the applied SAW field. We restrict ourselves to a modulated
magnetic field with a single Fourier component, and employ the isotropic relaxation-time approximation [13] to
account for impurity scattering. Representative results
for the SAW velocity shift as a function of filling factor
around n 苷 1兾2 are shown in Fig. 1. At zero modulation,
the velocity shift exhibits the usual minimum at n 苷 1兾2.
As the modulation is increased, the minimum disappears
and a maximum develops in accord with the analytical
conclusions above. The effect of the modulation gets
stronger as one gets farther from n 苷 1兾2. As seen
in Fig. 1, the modulation-induced peak in the velocity
shift is more pronounced than the minimum observed at
zero modulation, in agreement with the experiment. We

FIG. 1. SAW velocity shift vs filling factor for different
modulation strengths. The SAW wave vector is qᐉtr 苷 1.2
and the modulation wave vector pᐉtr 苷 6. With increasing
modulation, the minimum in velocity shift changes into a
maximum, consistent with the experimental results of Ref. [5].
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emphasize that we found similar behavior over a wide
range of the parameters q and p.
Experimentally, the modulation-induced peak in velocity shift was strikingly insensitive to the SAW wave vector q and the modulation wave vector p. Figure 2 shows
our results for that peak for realistic values of q and p.
Clearly, the width and magnitude of the peak are rather
stable over a substantial parameter range—a factor of 2 in
modulation period and a factor of 3 in SAW wavelength,
in good qualitative agreement with the experiment.
There is a point of disagreement between our theory
and the experiment. Theoretically, the maximum in the
velocity shift is primarily due to a decrease in the velocity
shift away from n 苷 1兾2, rather than to an increase in
its value at n 苷 1兾2. Experimentally, there seems also
00 at n 苷 1兾2. This may be
to be a sharp increase in syy
caused by unknown physical effects that were omitted from
our model. However, another conceivable explanation for
this difference within our model might be that the material
parameter sm increases with the voltage applying the
modulation, leading to an absolute increase in the velocity
shift at n 苷 1兾2.
In fact, the values of sm which were used to relate SAW
propagation to s in unmodulated samples have been much
larger than the theoretical values, for reasons which are not
understood [3]. Thus a dependence on the gate voltage,
and perhaps on the direction of SAW propagation, is not
inconceivable. An increase in the mean free path ᐉtr for
increasing gate voltage in the modulated samples would
also give qualitatively similar effects.

FIG. 2. Modulation-induced maximum in the SAW velocity
shift vs filling factor for different SAW and modulation wave
vectors q and p. The parameters (qᐉtr , pᐉtr , dn兾n) are for
the full line (0.6, 6, 0.06), short-dotted line (0.6, 10, 0.07),
short-dashed line (1.2, 6, 0.07), wide-dotted line (1.2, 10, 0.08),
long-dashed line (2, 6, 0.08), and dash-dotted line (2, 10, 0.11).
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Our calculation for dc transport, whose result was stated
below Eq. (9), predicts anisotropies in the macroscopic dc
conductivity and resistivity tensors. Specifically, we find
mac
mac
and syy
exhibit minima near n 苷 1兾2 (with
that both rxx
the modulation in the x direction), observable in Hall-bar
and Corbino geometry, respectively. Transport experiments reported in Ref. [5] have not shown these effects.
However, it is not clear what are the actual current paths in
this experiment. Very recent experimental results of Smet
et al. [14] are in qualitative agreement with our theory.
In conclusion, we find within a semiclassical compositefermion approach that a weak density modulation can
dramatically affect both dc transport properties and SAW
propagation near n 苷 1兾2. Our results are in agreement
with many key features of the experimental results. Details
of the calculation will be published elsewhere.
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