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Transport through quantum dots in the Kondo regime obeys an effective low-temperature theory in
terms of weakly interacting quasiparticles. Despite the weakness of the interaction, we find that the
backscattering current and hence the shot noise are dominated by two-quasiparticle scattering. We show
that the simultaneous presence of one- and two-quasiparticle scattering results in a universal average
charge 5/3e as measured by shot-noise experiments. An experimental verification of our prediction would
constitute a most stringent test of the low-energy theory of the Kondo effect.
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Introduction.—Shot-noise measurements in mesoscopic
devices provide a direct measurement of the effective
charge e of the current-carrying particles. Prominent
examples in which this charge differs from the elec-
tron charge e include the observation of the fractional
charge ¢* = ¢/3 in the fractional quantum Hall re-
gime [1], as well as the detection of the Cooper-pair
charge e¢* = 2e in normal metal-superconductor junc-
tions [2]. In this Letter we study shot noise in quantum
dots in the Kondo limit. Despite the Fermi-liquid (FL)
nature of the low-energy fixed point of the Kondo effect,
we find that the effective backscattering charge is a uni-
versal quantity satisfying e* > e. Unlike in quantum Hall
systems and superconductors, this enhancement relative to
the noninteracting value is not related to the funda-
mental quasiparticle charge. Instead, it is a direct conse-
quence of interactions between quasiparticles of charge e,
which lead to simultaneous backscattering of two
quasiparticles.

The Kondo effect occurs in quantum dots [3] when the
dot carries an effective spin, and charge fluctuations are
frozen out by the strong Coulomb repulsion. Virtual tun-
neling of electrons into and out of the dot induces an
antiferromagnetic coupling of the dot spin with the elec-
trons in the leads. In this Letter, we focus on the regime of
temperatures 7 well below the Kondo temperature Tk,
where the dot spin is locked into a singlet state with the
lead electrons. Then, for two leads coupled symmetrically
to the dot, the linear-response conductance is enhanced to
the maximal unitary value g, = 2e2/h [4], corresponding
to the conductance of a fully transparent channel with
transmission probability T'(e) = 1.

Shot noise in the Kondo effect was recently addressed
theoretically for a wide range of temperatures and voltages
V [5,6]. For energies well above T, shot noise exhibits the
typical enhancement « log=2(eV/Tk), then it develops a
peak around T, and is finally suppressed at low energies.
The low-temperature suppression can be understood from
the expression for the shot noise S in noninteracting sys-
tems [7]
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§=2g, ] deT()[1 - T(]6(V/2— &) — 68(—V/2— )],
(1)

which vanishes in the unitary limit 7(e) — 1. Here
0(V/2 — €) and 8(—V/2 — €) are the zero temperature
Fermi distribution functions of the source and drain, re-
spectively. Intuitively, while the incident fermionic carrier
flow is fluctuationless at zero temperature, the transmitted
and reflected carrier flows generally exhibit probabilisti-
cally generated noise. However, if T(€) = 1 or 0, no noise
is generated by the scatterer.

The starting point of the present Letter is the observation
that close to the limit of perfect transmission, it is natural to
extract the charge of the backscattered particles from the
ratio

e = S/Zlb, (2)

where [, denotes the backscattering current of reflected
carriers. Indeed, this definition was used to extract the
quasiparticle charge in the fractional quantum Hall effect
[1]. In the noninteracting case, I, = 2¢ [de[l — T(e)] X
[6(V/2 =€) — 8(—V/2 — €)], and using Egs. (1) and (2)
we have ¢* = ¢ when T(e) — 1 for energies € close to the
Fermi energy. In contrast, it is the central result of this
Letter that e* = 3 e in the Kondo regime. We show below
that this is a universal property of the Kondo effect, which
is independent of the Kondo temperature 7.

Near the unitary limit, it is most convenient to describe
the system in the language of right movers (R movers)
propagating from source (with chemical potential w,) to
drain (with chemical potential u,) and left movers (L
movers) propagating from drain to source. Deviations
from the unitary limit will allow R movers to backscatter
into L. movers and vice versa, as indicated schematically by
a wavy line in Fig. 1(a). We now turn to a discussion of the
various relevant backscattering processes which are dic-
tated by the low-energy fixed point of the Kondo effect and
summarized pictorially in Figs. 1(b)—1(d).

In a naive picture, the Kondo effect is thought of as the
formation of a single-quasiparticle resonance of width T,
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FIG. 1. Transport processes near the unitary limit. (a) In the

unitary limit an electron incident from the source is almost
totally transmitted into the drain, a process describing the free
motion of a R mover. Weak backscattering between R movers
and L movers is denoted by the wavy line. (b) Elastic backscat-
tering of 1 R mover with energy e relative to Ep =
(pg + pg)/2. The energy dependence of this amplitude o
a€/Ty corresponds to scattering off a resonant level of width
o« Tx/a, centered at Ep. (c) Inelastic backscattering of 1 R
mover accompanied by creation of a particle-hole pair within
one reservoir. (d) Inelastic backscattering of 2 R movers with
opposite spins o and . The amplitudes of processes (c), (d) are
proportional to 3, see Eq. (3).

centered exactly at the Fermi energy Er. Then, individual
quasiparticles are backscattered as energies € away from
the Fermi energy become relevant due to finite temperature
or voltage [see Fig. 1(b)]. The rate for this process grows
quadratically in max{T/Tk, V/Tx}. However, as T or V
increase, an additional inelastic channel opens for scatter-
ing between the R movers and L movers, in which the
backscattering event is accompanied by the simultaneous
creation of a particle-hole pair. In this case, the correspond-
ing rates are again quadratic in max{T/Tk, V/Tx} due to
phase-space restrictions for particle-hole-pair creation. If
the particle-hole pair is created within the drain or within
the source [see Fig. 1(c)], the process effectively back-
scatters a single mover. However, when particle and hole
are created in drain and source, respectively [see Fig. 1(d)],
we encounter an event in which rwo R movers backscatter
simultaneously [8]. These are the processes that lead to an
effective backscattering charge e < ¢* < 2e as measured
by shot noise.

The universality of e* is a consequence of the fact that
the Kondo resonance is tied to the Fermi level. This fixes
the ratio between the amplitudes a for elastic scattering
and S for the interactions which generate inelastic scatter-
ing. It is a central result in Nozieres’ FL theory of the
Kondo effect [9] that o = B. Thus, the fixed-point
Hamiltonian Eq. (3) describes the low-energy properties
by a single parameter T. It is interesting to note that the
Wilson ratio, i.e., the ratio between the relative changes in
the susceptibility and the specific heat due to the local
spin, W = (8 x/x)/(6C,/C,) = 1 + B/a = 2, is another

quantity which acquires a universal value due to the same
reason. However, the universality of W is actually re-
stricted to situations where the g factors of localized spin
and conduction electrons are equal [10]. We emphasize
that the universality of e* is not subject to this restriction.

The large value of the effective charge is surprising since
there are six possible processes in which one mover is
backscattered [two elastic and four inelastic processes,
see Figs. 1(b) and 1(c)] compared to only a single process
of two-particle backscattering [Fig. 1(d)]. However, the
phase space for the two-particle process is significantly
enhanced by the fact that the applied voltage acts on both
particles scattered from source to drain. Indeed, we find for
eV > T that 2/3 of the backscattering current is carried by
two-particle processes.

Calculation.—We describe a quantum dot with symmet-
ric dot-lead couplings near the unitary limit in the basis of
L and R movers with energy &, = vgk, spin o, as well as
creation operators LZ(I and R,IU, respectively. The distribu-
tion of incoming R movers (L movers) is dictated by the
chemical potential of the source (drain). Because of the LR
symmetry, the low-energy Hamiltonian H[] can be writ-
ten entirely in terms of the symmetric combination ¢, =

ﬁ (Lk(r + Rk(r)'

In view of the Fermi-liquid nature of the Kondo fixed
point, the low-energy physics can be completely described
by the scattering phase shift suffered by an incoming
quasiparticle (i), combined with the quasiparticle dis-
tribution n, [9]. Following Nozicres, the low-energy ex-

pansion of this phase shift is 6, Z‘;—;—f—;‘;, where
0 = —o and v is the density of states. Notice that the

phase shift of the electrons differs by 77/2 from that of the
Y particles [11]. Combining this expansion with the
floating of the Kondo resonance, i.e., 8(8¢, n = vde) =
S6(e = 0,n = 0), one obtains the important FL relation
a = 3 mentioned above.

Equivalently, the low-temperature physics can be de-
scribed in terms of the Hamiltonian [3,11]

H =5 tbloo = 3o 3+ &l s

K ilo
B + +
Z Yot Y 3)

2
T Tk ky ko, ks, ky

o
2y

+

whose ¢ matrix ¢, = 51— (1 — ¢%%) = —§, /7v reprodu-

ces the desired phase shift.

The term « « in Eq. (3), which yields the energy de-
pendence of the phase shift, is consistent with the picture of
a resonant level of width T centered at Er. Since the
phase shift grows by 7 across the resonance, this picture
implies a ~ 1. The term o B describes the quasiparticle
interactions. While the corresponding contribution to the
phase shift follows from this interaction at the Hartree
level, a treatment beyond Hartree involves inelastic pro-
cesses in which quasiparticle scattering is accompanied by
the creation of particle-hole pairs.
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The current / transmitted from source to drain contains a
dominant (maximal) unitary contribution [, = Z%V as
well as the backscattering current, I = I, — I,. The back-
scattering contribution [, describing deviations from per-
fect transmission, follows from the Hamiltonian Eq. (3) by
evaluating the increase in the numbers of L movers rela-
tive to R movers, I, = £ < (N, — Ng), where N,_; z =
Z,ma;[aa ko The zero-frequency current fluctuations (noise
power) are defined as S = [ dr{{61(0), 51(1)}), where 61 =
I — (I). At zero temperature, only I, contributes to shot
noise.

We calculate current and noise through the biased quan-
tum dot by the Keldysh technique, which allows one to
couple the L and R movers perturbatively in 1/T. T
leading order, we obtain after lengthy but straightforward
calculations [12]

2¢2 2+5B% V2
1=1, -1, =251 -V,
h 12 Tx
4e® a’ +9B% (V2
S=—Vv—FT—(—). >
h 12 <TK> >
J
2w 2
o =27 > KLiRE Ly RY HR)P8(Ex, + €x, —
ky ko ks kg

Here we used >, = Vfdfk, (Li,Lt po) = O a1 —
0(=V/2 — &)1, and (Rf Ry,) = 6kk’8(nr’9(v/2 &)
€ denotes the energy transfer from the spin-up to the
spin-down particle, and the factors V — e and V + € origi-
nate from the integrations over the initial energies of the
spin-up and spin-down R movers, respectlvely Performing
the € integration, we obtain I, = ¢ 2(X)2V 2.

In a similar manner, one finds that lneﬁlStIC backscatter-
ing processes of a single R mover give a contribution to /,,
which is of the form /g = 4T'g1e = ——( )2VB2 The
factor of 4 reflects spin as well as the fact that the
particle-hole pair can be created either in the source or in
the drain [see Fig. 1(c)]. I'g is obtained by replacing
RJr — Lk N in Eq. (6) for I'g,. Note that the ratio of the

phase space factors for inelastic backscattering of two
movers versus a single mover is I'g, /', = 8.

The backscattering current due to elastic processes [see
Fig. 1(b)] follows from the elastic term in the Hamilton-
ian Eq. (3), which takes the form H, = — 47TﬁTK X
ZZ:i,jL’R(fk + cfkr)a,:rgbk/g in terms of L;, and R;,. This
contains processes in which at most one mover is back-
scattered. The corresponding elastic contribution to [}, is
given by /,, ’

=2ye =51+ )ZVa where the factor of 2
originates from spin.

Since the scattering events have rates « (T—‘;)2 <« 1 and
are thus rare, they are uncorrelated. For this reason, the
total shot noise S = 2e(l, + Ig + 21g,) contains inde-
pendent contributions from each process. Using Eq. (2)
and a = B, we recover the effective charge

Substituting these expressions into Eq. (2), and using a@ =
B, we indeed find e* = %e

Interpretation.—We can gain physical understanding of
this result by rewriting the Hamiltonian Eq. (3) in terms of
the operators of left and right movers. This allows us to
unravel the nature of the backscattering of R movers into L
movers and to obtain the rates of the various backscattering
processes from the relevant amplitudes combined with the
voltage-dependent phase space.

Substituting ¢, = %(L,m + Ry, ), the inelastic term o

B in the Hamiltonian Eq. (3) takes the form Hg =
.b,c,d=L,R . .
ﬁ D hokoks a,tlTkaTc,leku. Clearly, it contains pro-
cesses in which 0, 1, or 2 particles are backscattered. An
interesting process without net backscattering is
LZITszTR;;iLk ,l» which contributes to the spin current
[13] but not to the charge current considered here.
Backscattering of two R movers arises from the terms
o« 3 LI Ry L] Ry, in Hg [see Fig. 1(d)]. Their contribu-
tion Ig, = I'g, - 2e to the backscattering current I, is
determined by the rate

27 B2 eV
£, =60 = T [ de(V -V +e. (6)
[
2
e_*=? f+28 s ™
e 01_ :B_ iz 3
6 6

So far, we have derived this universal value of e¢* for
systems which reach the maximal unitary limit as 7 — O.
A necessary condition for this to happen is that the system
respects the following symmetries: (i) SU(2) spin symme-
try, requiring zero magnetic field 6, = guzH/Tx = 0;
(i1) particle-hole symmetry leading to the absence of po-
tential scattering, 6, = 0; (iii) LR symmetry, requiring
dot-lead tunneling f; p and capacitive couplings which
are equal for left and right lead. Deviations from #; = #z
imply &y #0, where &, =20—7/2 with 0=
arctan|zg/t;|, 0 <6 =< 7/2. Asymmetric capacitances
may shift the position of the resonance level further. We
quantify this shift by a parameter y satisfying Ep =
W +Vy.

Some theoretical approaches artificially break these
symmetries in order to arrive at solvable models. E.g.,
the Schiller-Hershfield version of the Toulouse solution
[5] breaks SU(2) spin symmetry as well as the LR sym-
metry and indeed, we find that it would predict e¢* = 2e.
Slave-boson mean field theory neglects two-particle scat-
tering and breaks particle-hole symmetry [14]. Since it
leads to a self-consistent single-electron description in
terms of a resonance-level model, one necessarily has
e'/e=1.

Realistic quantum dots.—The maximal unitary limit is
also not easily accessible in experiment due to residual
symmetry-breaking perturbations [4]. Such perturbations
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FIG. 2. Effective charge e* vs voltage for broken LR tunneling
symmetry 8 = 8y = 1/20. The crossover from e*/e =1 to
e*/e = 5/3 occurs when V/Tx exceeds .

lead to a backscattering current linear in V, which domi-
nates at low voltages and implies e* = e. However, the
previously discussed (« and ) processes grow as V> and
will thus dominate at sufficiently high voltages, leading to
a crossover of e* to a value close to the universal value % e.
To quantify this scenario, we note that the backscattering
current « V, I, = 2% V[1 — sin®(20) 15 ,— . sin®*6¢] [3],
is determined by the LR asymmetry &, and by the elec-
tronic phase shift 8¢ = 7/2 — 8, — 08,,. The latter dif-
fers by 77/2 from the i particles phase shift, =8, — od,,.
This phase shift can be included by adding to the
Hamiltonian a local term, H,, = Zkk%%c//z{,w,{/g.
(A global magnetic field has a similar contribution to the
phase shift through a Hartree treatment of the interaction.)
If the dot is close to unitarity, dg4, &5, 6, << 1, we have the
expansion [, = 2¢ V&%, where 8% = 83 + 87 + 2. Thus,
this contribution to backscattering becomes negligible
once

V* = Tx max{8y, 8;, 6,} KV < Tk, (8)
and the detailed crossover of e¢* takes the form

e _ 82V +3(V3/2T%) ©
e 8V + (V3/212%)”

(with @« = B = 1), as shown in Fig. 2.

It may be useful to note for experimental tests of our
predictions that for voltages V >> V*, it should be possible
to subtract explicitly the identical contributions « V in the
noise S/2e and in the backscattering current, cf. Eq. (10)
below. In this way, one isolates the terms V3 and recov-
ers the universal value 5/3 even in the presence of
symmetry-breaking perturbations.

We remark that strictly speaking, symmetry-breaking
perturbations also affect the terms « V3. These corrections
appear at yet higher order [e.g. O(3%62)]. Evaluating these
corrections within the Keldysh approach for weak symme-
try breaking, we obtain

S/2e — 6%,V 5
S 2 2= Y 87+ oyt + 0(8%), (10
Ib_52gOV 3 i=r,h,0c i Cy'y ( ) ( )

where ¢,, ¢j, ¢, and c,, are numbers of O(1) [15].

At finite temperature the noise S(V, T) depends on both
voltage and temperature. But, in the shot-noise limit, 7 <
V, the excess thermal noise S(V,T) — 4dl/dV(V, T)T —
S(V, 0) is negligible compared to S(V, 0) [1]. It is therefore
possible to conduct an accurate measurement of the Fano
factor at finite temperatures.

Conclusion.—At low temperatures, the Kondo effect is
described by an effective Fermi-liquid theory of weakly
interacting quasiparticles, succinctly captured by the fixed-
point Hamiltonian Eq. (3). In view of the weakness of
the interactions, it is remarkable that two-quasiparticle
rather than single-quasiparticle scattering dominates the
backscattering current and hence the shot noise. As a
result, we find a universal fractional Fano factor of 5/3.
Our prediction persists even in the presence of weak
symmetry-breaking perturbations and is independent of
the Kondo temperature. This makes it ideal for a most
stringent experimental test of the low-energy theory of
the Kondo effect.
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