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The ongoing discoveries of graphene-based superconductors underscore the quest to understand the structure
of new superconducting orders. We develop a theory that facilitates the use of the quantum twisting microscope
(QTM) for that purpose. This work investigates momentum-conserving tunneling across a planar junction formed
by a normal monolayer graphene tip and a superconducting graphene sample within the QTM setting. We
show that the bias dependence of the zero-temperature tunneling conductance exhibits singularities that provide
momentum-resolved information about the Bogoliubov quasiparticle spectra, including the superconducting gap.
Using a model of superconducting twisted bilayer graphene (TBG), we illustrate that simultaneously tuning the
tip doping level and the tip-sample twist angle allows for measuring the momentum-resolved superconducting
gap in TBG. Our results indicate that momentum-conserving tunneling spectroscopy with the QTM is a
promising method for exploring superconductivity in two-dimensional van der Waals materials.
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I. INTRODUCTION

Tunneling spectroscopy is a powerful experimental tool
for characterizing the superconducting state [1]. It has been
widely applied to determine the energy gap of supercon-
ductors [2,3], to probe their pairing symmetry [4–6], and to
confirm phonon-mediated pairing in conventional supercon-
ductors by precisely reconstructing the Eliashberg function
from tunneling data [7,8].

Determining the structure of the superconducting order
parameter is a pivotal problem in the study of graphene-based
superconductivity [9–19]. For superconducting magic-angle
twisted bilayer and trilayer graphene, the observation of a
“V”-shaped tunneling gap provides compelling evidence for
their unconventional, non-s-wave nature [20–23]. However,
significant uncertainties remain, including whether the super-
conducting gap is strongly anisotropic but fully open [24],
or intrinsically nodal [25], and whether the order parameter
exhibits nematicity [26]. Definitive progress will require mea-
surements of quasiparticle excitation spectra across a wide
range of momenta in the moiré Brillouin zone (mBZ).

The development of the quantum twisting microscope
(QTM) [27] enables momentum-resolved tunneling spec-
troscopy of two-dimensional van der Waals materials by
forming a twistable planar tunnel junction between the
van der Waals tip and sample. Coherent tunneling in a
QTM conserves energy and in-plane momentum, allowing
momentum-resolved measurements of energy dispersions by
probing the tunneling conductance as a function of bias
voltage and twist angle [28–32]. Recent cryogenic QTM mea-
surements with a monolayer graphene (MLG) tip have imaged
the electron spectral function of magic-angle twisted bilayer
graphene (MATBG), unveiling strong renormalization effects
driven by interactions [33]. This breakthrough suggests that a
low-temperature QTM holds considerable promise for prob-
ing superconductivity in MATBG.

QTM tunneling reveals the dispersion of electronic excita-
tions in the sample most directly if the tip has tiny Fermi pock-
ets (centered around the Dirac momenta in the case of a MLG
tip). Under this condition, the (zero-temperature) differential
tunneling conductance dI/dV measures the single-particle
spectral function of the sample at the momenta of the pointlike
Fermi pockets [34,35]. As a function of twist angle between
tip and sample, these pockets probe the Brillouin zone (BZ)
of the sample along an arc in reciprocal space.

A dual-gated design equips the QTM with independent
control over the doping levels of tip and sample [27]. This
allows one to continuously “inflate” the Fermi pockets of the
tip, thereby extending the accessible momentum range; see
Fig. 1 for illustration. Given the small size of the sample
mBZ, varying the Fermi wave vector of the tip can scan the
momentum states over a substantial portion of mBZ. At the
same time, a finite extent of the tip’s Fermi pocket intro-
duces ambiguity in identifying the momenta of the measured
quasiparticle states [32]. This makes it desirable to develop
protocols capable of directly acquiring momentum-resolved
quasiparticle spectra from tunneling data, thereby minimizing
the need for fitting to numerical simulations based on model
Hamiltonians.

Motivated by these opportunities and challenges, we the-
oretically investigate elastic momentum-conserving tunneling
across tunnel junctions between a normal-state MLG and su-
perconducting MATBG in the QTM geometry. We analyze the
bias-dependent singularities in the differential conductance
dI/dV and their evolution with tip doping level. We propose
that the momentum-resolved superconducting gap along the
Fermi line of the sample can be extracted by tracing the
singularities in dI/dV as a function of the twist angle and tip
doping. Our results show that QTM tunneling spectroscopy
can, in principle, determine whether a moiré superconduc-
tor is nodal and, if so, locate the node(s) within the mBZ.
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FIG. 1. (a) Schematic of the band alignment of the MLG tip
(Dirac cone) and a TBG sample (cut through flat-band dispersion)
for an applied bias voltage V . The Fermi levels of the tip (blue) and
sample (orange) are indicated by dashed lines. (b),(c) Momentum-
space diagrams illustrating the mBZ (gray dotted) and equal-energy
contours of the sample (black) as well as the Fermi circles of the
MLG tip at different carrier densities (blue). The blue dot represents
a Dirac point of the MLG tip, moving along the dashed green arc
as the tip is twisted relative to the sample. (b) Zero-bias energy- and
momentum-conserving tunneling between two normal states occurs
at intersection points of the Fermi lines of the tip and sample. As the
doping level of the tip increases, the onset of tunneling is marked by
the smallest blue circle, signaled by a singularity in the zero-bias tun-
neling conductance dI (0)/dV [36], whereas dI (0)/dV vanishes for a
sufficiently large tip Fermi circle, such as the largest blue circle. (c) A
superconducting gap suppresses the zero-bias tunneling. When the
tip Fermi circle intersects the Fermi line of the sample (black dotted)
at momenta p∗, the tunneling conductance sharply increases when
the bias reaches the superconducting gap, −eV = ±|�p∗ |. Adjusting
the size of the tip Fermi circle can scan the gap along the Fermi
line of the sample. At larger biases V ∗, the equal-energy contours of
Bogoliubov quasiparticles split into two concentric lines (black solid)
and, if either of them is in tangency with the tip Fermi circle (e.g.,
the smallest and biggest blue circles), dI (V ∗)/dV becomes singular;
cf. Eq. (15) and Fig. 2(a).

We focus on normal-state–superconductor tunneling, which is
suitable for spectroscopic analysis. Another approach to probe
the order parameter symmetry was suggested in an earlier
work on Josephson coupling in twistable superconductor-
superconductor junctions [37].

The paper is organized as follows. In Sec. II, we present
the formalism for elastic momentum-conserving tunneling
in a normal-metal–superconductor junction. Section III an-
alyzes the singularity in dI/dV and its connection to the
momentum-resolved energy dispersion of superconducting
quasiparticles, followed by a discussion of the effects of quasi-
particle broadening in Sec. IV. We demonstrate the formalism
first on a toy model (Sec. V) and then on a continuum model
of twisted bilayer graphene (TBG) sufficient for capturing

superconductivity at the BCS level (Sec. VI). In that sec-
tion, we identify signatures of various superconducting gap
structures. Finally, limitations of our theory are discussed in
Sec. VII.

II. FORMALISM OF ELASTIC
MOMENTUM-CONSERVING TUNNELING

In this section, we study elastic momentum-conserving
tunneling between a normal-metal tip and a superconduct-
ing sample. We describe elastic interlayer tunneling using a
tunneling Hamiltonian Htun that preserves spin and in-plane
momentum. The tunneling current can be derived using linear
response theory [38],

I = 2πe

h̄

∑
σ

∑
kλ

∑
k′λ′

|〈k′λ′σ |Htun|kλσ 〉|2

×
∫

dω ( fω − fω+eV )AT
λ′σ (k′, ω + eV )AS

λσ (k, ω). (1)

Here, |kλσ 〉 represents a Bloch state in the sample with quasi-
momentum k, band index λ, and spin σ . Primed variables
refer to the corresponding quantities in the tip. fω denotes the
Fermi-Dirac distribution and AT/S denote the spectral func-
tions of the tip and sample, respectively. The spectral function
of the superconductor, AS

λσ (k, ω) = −ImGR
λσ (k, ω)/π , can be

determined from the retarded Green’s function,

GR
λσ (k, ω) = −i

∫ ∞

0
dt 〈{ckλσ (t ), c†

kλσ
(0)}〉eiωt , (2)

where ckλσ annihilates the sample’s Bloch state |kλσ 〉.
The spin and orbital structure of Cooper pairs in graphene-

based superconductors remain controversial. We restrict our
analysis to BCS pairing between time-reversed states in a
single Bloch band. The band index λ is suppressed henceforth
to shorten the notation. The mean-field Hamiltonian of the
superconductor reads

Ĥλ =
∑

k

(c†
k↑, c−k↓)

(
ξk↑ �k

�∗
k −ξ−k↓

)(
ck↑

c†
−k↓

)
, (3)

where ξkσ denotes normal-state energy dispersion relative to
the Fermi level of the sample, and �k represents the gap
function. The Green’s function obeys

GR
↑(k, ω)−1 = ω + iη − ξk↑ − |�k|2

ω + iη + ξ−k↓
. (4)

The spectral function,

AS
↑(k, ω) = |uk|2δ(ω − εS

k↑) + |vk|2δ
(
ω + εS

−k↓
)
, (5)

consists of two Bogoliubov quasiparticle peaks at energies εS
k↑

and −εS
−k↓ with weights given by the coherence factors |uk|2

and |vk|2 = 1 − |uk|2, respectively. Due to the time-reversal
symmetry of the normal state, ξk↑ = ξ−k↓, we have

εS
k↑ = εS

−k↓ =
√

ξ 2
k↑ + |�k|2, (6)

|uk|2 = 1

2

(
1 + ξk↑√

ξ 2
k↑ + |�k|2

)
. (7)
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The corresponding calculation for the spin-down component
yields AS

↓(−k, ω) = AS
↑(k, ω). For superconductors with a

time-reversal symmetric normal state and intraband pairing
only, we thus find that the two time-reversed flavors (↑, ↓)
contribute equally to the tunneling current. This holds re-
gardless of whether the superconductor spontaneously breaks
time-reversal symmetry. We can then focus on a single spin
component and omit the spin indices in the following.

In evaluating the differential conductance dI/dV , we make
the simplifying assumption of negligible screening in the tip
electrode. Then, the bias voltage V controls the Fermi energy
μT of the tip electrons, while the electrostatic band energy
offset φ is independent of V . Consequently, we only need to
differentiate the Fermi-Dirac function in Eq. (1) with respect
to V to obtain the differential conductance. Pulling together
all of these considerations, we obtain the zero-temperature
tunneling conductance,

dI

dV
= 2πe2Nf

h̄

∑
k

∑
k′λ′

|〈k′λ′|Htun|kλ〉|2AT
λ′ (k′, 0)AS (k,−eV ),

(8)

where Nf = 2 denotes the flavor degeneracy. A few comments
are in order: (i) In graphene-based superconductors with well-
defined valley quantum numbers, the two time-reversed Bloch
states occupy opposite valleys. If each valley has twofold spin
degeneracy such as in intervalley spin-singlet superconduc-
tors, Eq. (8) can be further simplified by restricting k to a
single valley and using Nf = 4. (ii) While the above analysis
considers pairing between opposite spins, Eq. (8) also holds
for equal-spin pairing between two Bloch states related by
orbital time reversal, if we identify σ as the valley pseudospin
and restrict k to a single valley in the derivations. This type
of pairing has been conjectured for certain graphene-based
superconductors [18,39–42]. (iii) The simplification of the
electrostatics made in our derivation is not essential for the
dI/dV singularity discussed in later sections. For instance,
Ref. [32] found the same type of singularity in a different
limit, where φ varies with V but μT is fixed.

III. FERMI EDGE SINGULARITIES

In this section, we study the singularity in tunneling con-
ductance arising from the nonanalytic bias dependence of the
phase space for tunneling and the discontinuity of the Fermi-
Dirac function across the Fermi level.

Figure 2(a) shows a representative band alignment con-
figuration that yields a tunneling-conductance singularity at
bias −eV above the isotropic superconducting gap �. In this
plot, the tip’s Fermi line and the quasiparticle dispersion touch
at the wave vector p∗, marked by a red dot. Adjusting the
tip’s Fermi wave vector can cause the point of tangency p∗
to scan the quasiparticle dispersion (orange curve), reveal-
ing it through the bias at which the tunneling conductance
singularity occurs. Compared to the normal state, the super-
conducting order opens a gap along the Fermi line of the
sample, yielding a singularity at −eV = � if the Fermi lines
of the tip and sample cross; see Fig. 2(b). This singularity
is particularly useful for measuring the superconducting gap
along the Fermi line of the sample. Figures 2(a) and 2(b)

-eV

-eV

FIG. 2. Schematics of the energy band alignment of the normal
metallic tip (blue) and superconducting sample (orange). On the left,
the dashed blue and orange lines represent the Fermi levels of the
tip and sample, respectively. The bias −eV controls the tip’s Fermi
wave vector, while kF denotes the Fermi wave vector at zero bias.
The intersections of the tip’s Fermi line and the Bogoliubov bands
marked by the red dots generate a finite differential conductance due
to the elastic momentum-conserving tunneling. The color scale of the
Bogoliubov quasiparticles represents the coherence factor |uk(ε)|2;
see Eq. (10). On the right, the three-dimensional (3D) plots illustrate
the tangency between the tip energy bands and the upper Bogoliubov
band at p∗. An isotropic superconducting gap � is assumed. (a) For
−eV > �, the Fermi velocity vp∗ (orange arrow) of the supercon-
ductor is parallel to vT

p∗ (blue arrow). (b) For −eV = �, the p∗ lies
on the Fermi line of the superconductor’s normal state, and the Fermi
velocities vp∗ and vT

p∗ are not necessarily in parallel.

can both be interpreted as instances of tangency between the
tip Fermi line and the quasiparticle dispersion surface in the
three-dimensional energy-momentum space, so the resulting
singularities of the tunneling conductance can be analyzed in
a unified framework, which is detailed below.

We model the tip as a free-electron system. Assuming that
the Fermi level resides within a single band λ′ with energy
dispersion ξT

k′ relative to the Fermi level, the spectral function
takes the form AT

λ′ (k′, ω) = δ(ω − ξT
k′ ). The spectral function

of the superconductor is given in Eq. (5) with εS
k↑ = εS

−k↓ ≡
εS

k . Neglecting Umklapp processes, the tunneling matrix el-
ement can be written as 〈k′λ′|Htun|kλ〉 = T (k)δk′,k and the
differential conductance given by Eq. (8) reduces to

dI

dV
= 2πe2Nf �

h̄

∑
s=±

∫
d2k

(2π )2
|T (k)|2∣∣uk

(
sεS

k

)∣∣2

× δ
(
ξT

k

)
δ
(
ξT

k − sεS
k − eV

)
. (9)

Here, � stands for the junction area, and the notation

|uk(ε)|2 =
{|uk|2, ε � 0
|vk|2, ε < 0

(10)
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is introduced for compactness. The tunneling conductance
originates from intersections of the tip’s Fermi line ξT

k = 0
and the contour lines ±εS

k = −eV of the sample’s quasi-
particle dispersion. At characteristic bias voltage(s) V ∗,
intersections coalesce into a point of tangency. Notice that
this happens in both Figs. 2(a) and 2(b). At the corresponding
wave vector p∗, the quasiparticles of the tip and sample have
parallel group velocities, vT

p∗ ‖ vS
p∗ = ∂p∗εS

p∗/h̄. This condition
includes the case vS

p∗ = 0 at the gap edge of an isotropic
superconductor, as shown in Fig. 2(b).

Assuming that the singular bias dependence of dI/dV at
bias V ∗ is completely contributed by wave vectors k = p∗ +
q in the vicinity of a single p∗, we adopt local coordinates
q = q‖v̂T + q⊥ẑ × v̂T defined by the tip dispersion. Here, the
unit vector v̂T points along the direction of vT

p∗ . Near p∗, the
normal-state dispersions of the tip and sample read

ξT
p∗+q ≈ ξT

p∗ + h̄vT
p∗q‖ + h̄2q2

⊥
2mT

p∗
, (11)

ξp∗+q ≈ ξp∗ + h̄vp∗,‖q‖ + h̄vp∗,⊥q⊥ + h̄2q2
⊥

2mp∗
. (12)

Here, mT
p∗ denotes the effective mass of the tip’s electron in the

direction transverse to its Fermi velocity, while mp∗ denotes
the effective mass in the normal state of the sample along the
same direction. We eliminate the first Dirac delta in Eq. (9)
by integrating over q‖. This restricts the tunneling electrons to
the tip’s Fermi line p∗ + q(q⊥), with

q(q⊥) ≈ − h̄2q2
⊥

2mT
p∗vT

p∗
v̂T + q⊥ẑ × v̂T . (13)

We can then expand the quasiparticle dispersion of the sample
along p∗ + q(q⊥) to quadratic order in q⊥,∣∣εS

p∗+q(q⊥ )

∣∣2 = ∣∣εS
p∗

∣∣2 + βp∗ h̄2v2
p∗q2

⊥ + O(q3
⊥). (14)

Note that unlike in Eq. (12), the first-order term in q⊥ vanishes
due to the tangency condition vT

p∗ ‖ vS
p∗ . Inserting Eq. (14) into

the second Dirac delta in Eq. (9), we arrive at the asymptotic
expression

dI

dV
V →V ∗−−−→ e2

h

Nf �|T (p∗)|2
h̄2

∣∣vT
p∗vp∗

∣∣ |up∗ (−eV ∗)|2

×
√

2V ∗

βp∗ (V − V ∗)
�

(
βp∗ (V − V ∗)

V ∗

)
, (15)

for the differential conductance. We conclude that the tan-
gency between the tip’s Fermi line and the contour line of
the quasiparticle dispersion generically leads to an inverse-
square-root singularity in dI/dV . We emphasize that this
result applies to the situations depicted in Fig. 2(a) as well
as Fig. 2(b).

The sign and magnitude of βp∗ are important in character-
izing the dI/dV singularity. We express βp∗ in terms of the
band structure parameters by inserting Eqs. (6) and (12) into
Eq. (14), which yields the relation

βp∗ = αp∗ξp∗

mp∗v2
p∗

+ v2
p∗,⊥
v2

p∗
− ∂‖|�p∗ |2

2mT
p∗vT

p∗v2
p∗

+ ∂2
⊥|�p∗ |2
2v2

p∗
. (16)

Here we use the shorthand notations αp∗ = 1 −
mp∗vp∗,‖/mT

p∗vT
p∗ and ∂i fp∗ ≡ ∂h̄qi fp∗+q|q=0 (i =‖,⊥). The

first two terms in Eq. (16) are not entirely independent as the
tangency condition vT

p∗ ‖ vS
p∗ requires

ξp∗vp∗,⊥ = −∂⊥|�p∗ |2. (17)

Equations (15)–(17) are the main results of this section. In the
following, we apply them to analyze the dI/dV singularities
associated with Fig. 2 in more detail.

In Fig. 2(a), the point of tangency p∗ is away from the
Fermi line of the sample, ξp∗ �= 0. Equations (16) and (17) im-
ply that βp∗ = αp∗ξp∗/mp∗vp∗ because of the constant gap and
vp∗,⊥ = 0. Interestingly, for p∗ on opposite sides of the ξk = 0
line, the opposite signs of ξp∗ and βp∗ lead to a qualitative
difference in dI/dV . If βp∗ > 0, the differential conductance
dI/dV shows an inverse-square-root divergence as |V | ap-
proaches |V ∗| from above. If βp∗ < 0, the divergence occurs
as |V | approaches |V ∗| from below [see Eq. (15)].

In Fig. 2(b), p∗ lies on the intersection between the Fermi
lines of the tip and sample, ξp∗ = 0 [43]. The right plot of
Fig. 2(b) shows that the Fermi velocities of the tip and sam-
ple at p∗ can be nonparallel, vp∗,⊥ �= 0. As a result, βp∗ =
v2

p∗,⊥/v2
p∗ > 0. Because |up∗ |2 = 1/2, the differential conduc-

tance dI/dV exhibits two “particle-hole” symmetric peaks
at biases −eV ∗ = ±�, associated with the upper and lower
Bogoliubov quasiparticle dispersion, respectively.

These two types of dI/dV singularities cross in the (kF ,V )
plane when the Fermi lines of the tip and sample become
tangent, ξp∗ = 0 and vp∗,⊥ = 0, at certain Fermi wave vectors
k0

F and biases −eV ∗ = ±�. This leads to a vanishing βp∗

and a stronger divergence of tunneling conductance. Using
Eq. (9) and the higher-order expansion of the energy dis-
persion, |εS

p∗+q(q⊥ )|2 = (αp∗ h̄2q2
⊥/2mp∗ )2 + �2, we find that as

V → V ∗,

dI (k0
F ,V )

dV
∝ |V − V ∗|− 3

4 �(|V | − |V ∗|). (18)

As shown further in Sec. V, the above consideration
aided by Fig. 2 directly carries over to superconductors with
anisotropic gaps, provided the momentum dependence of the
superconducting gap is weak,∣∣∣∣∂p∗ |�p∗ |

h̄vp∗

∣∣∣∣ � 1. (19)

In this case, Eqs. (17) and (19) imply that the tangency of
the tip’s Fermi line and Bogoliubov quasiparticle dispersion
takes the form of either Fig. 2(a) (vp∗,⊥/vp∗ � 1) or Fig. 2(b)
(ξp∗ ≈ 0). The associated dI/dV singularities occupy differ-
ent regions in the (kF ,V ) plane. The former appears over a
large range of biases (|eV | � |�p∗ |), while the latter occurs at

−eV ∗(kF ) ≈ ±|�p∗(kF )|. (20)

According to Eq. (19), it varies within an energy range much
narrower than the sample Fermi energy as kF changes. The
crossover region, where ξp∗ ≈ 0 and vp∗,⊥ ≈ 0, can feature
an enhanced strength of the dI/dV singularity due to the
smallness of βp∗ [see Eq. (16)].
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IV. EFFECTS OF QUASIPARTICLE BROADENING

Finite quasiparticle lifetime in either the tip or the sample
broadens the dI/dV singularities in elastic momentum-
conserving tunneling [44]. However, a strong mismatch
between the quasiparticle velocities in the tip and in the
narrow-band superconductor being probed can result in
markedly different broadening effects due to quasiparticle
relaxation in the two systems. Heuristically, an energy broad-
ening γT in the tip corresponds to a momentum uncertainty
γT /|vT

p∗ |. Due to in-plane momentum conservation, this mo-
mentum uncertainty maps onto an energy resolution of order
γT |vS

p∗ |/|vT
p∗ | � γT when measuring the sample’s energy

spectrum [32].
The suppression of tip-induced broadening is particularly

pronounced when p∗ lies on the Fermi line of the sample
(ξp∗ = 0), where |vS

p∗ | ∼ |∂p∗ |�p∗ ||/h̄ � |vT
p∗ |. In this sce-

nario, we can derive a simple formula for the tunneling
conductance that accounts for a finite relaxation rate η of the
Bogoliubov quasiparticles in the sample.

To this end, we define the set S (kF , θ ) as the collection of
wave vectors p∗ of the intersections between the Fermi lines
of the tip and sample (at zero bias [45] and at tip-sample twist
angle θ ). The differential conductance is given by the sum of
contributions from wave vectors around these intersections.
We linearize the normal-state dispersion as ξ

(T )
p∗+q = h̄v

(T )
p∗ · q.

Note that AT (p∗ + q, 0) changes only along v̂T and concen-
trates in a narrow range of q‖ of width ∼γT /h̄|vT

p |. Within this
narrow q‖ window, we treat AS (p∗ + q, ω) as a function of q⊥
only. The momentum integrals in Eq. (1) can then be carried
out along these two orthogonal directions separately,

dI

dV
≈

∑
p∗∈S(kF ,θ )

e2Nf �

2π h̄3 |T (p∗)|2
∫

dq‖AT (p∗ + q‖v̂T , 0)

×
∫

dq⊥ AS (p∗ + q⊥ẑ × v̂T ,−eV ). (21)

It is clear that the bias dependence of the tunneling conduc-
tance arises from the second integral and is unaffected by the
spectral function of the electrons in the tip. We model the
tip spectral function as a Lorentzian, AT (k, ω) = γT /π [(ω −
ξT

k )2 + γ 2
T ], and introduce

Gp∗ ≡ e2

h

Nf �|T (p∗)|2
h̄2|vT

p∗ × vp∗
∣∣ , (22)

which represents the zero-bias tunneling conductance of the
normal state in the sample contributed by p∗. Equation (21)
then reduces to

dI

dV
≈

∑
p∗∈S(kF ,θ )

Gp∗Re

[ −eV + iη√
(−eV + iη)2 − |�p∗ |2

]
, (23)

where the branch cut of the square root is chosen to be
[0,+∞). Equation (23) reproduces the same singularity as the
asymptotic formula, given by Eq. (15), without broadening
(η = 0+). In the presence of finite broadening, it resembles
the Dynes formula for the tunneling density of states in super-
conductors [46], but crucially retains the momentum-resolved
information about the gap function.

FIG. 3. (a) Simulated dI/dV map for a tunnel junction between
a nodal superconductor and a monolayer graphene tip with varying
bias voltage V and Fermi wave vector kF of the tip at zero bias. Close
to the Fermi energy μS of the sample, the gap function �k = � sin θk

with μS/� = 15. The insets illustrate that dI/dV exhibit peaks as the
Fermi line of the tip (blue circle) touches the equal-energy contours
of the Bogoliubov bands (black curves). (b) Vertical line cuts of
(a) for different kF of the tip. The inset shows the tunneling density
of states, ∝ ∑

k AS (k,−eV ). (c) A horizontal line cut of (a) at zero
bias. In the inset, the solid blue and dashed black lines represent
the Fermi line of the tip and sample, respectively. They intersect
at the nodes of the gap function marked by the dots, leading two
peaks in zero-bias differential conductance. For these plots, we use
broadening parameters γT = 2η = 0.1�.

V. A TOY MODEL

To illustrate our analysis in Sec. III, we consider the quasi-
particle features for superconductors with anisotropic gap
functions within a toy model. We assume constant tunneling
matrix elements, T (k) = w, and isotropic normal-state disper-
sions in both the sample and tip, ξk = h̄vS|k| − μS and ξT

k =
h̄vF (|k − �K| − kF ) + eV , respectively. We account for the
twist angle by displacing the center of the tip’s Fermi cir-
cle relative to that of the sample by �K in the direction of
(−√

3/2,−1/2)t. For the sample, we choose the Fermi ve-
locity vS = 0.1vF , Fermi wave vector μS/vS = |�K|/2, and
a p-wave nodal gap function �k = � sin θk near the Fermi
level. We numerically compute dI/dV in Eq. (8) as a function
of the bias −eV and the tip’s Fermi wave vector kF at zero
bias. The results are presented in Fig. 3.

Figure 3(a) shows a gray region depicting a nonzero tunnel-
ing conductance facilitated by the intersections of the Fermi
line of the tip with the Bogoliubov quasiparticle dispersion
of the sample. We observe that the tunneling spectrum of the
superconductor exhibits multiple lines of dI/dV peaks. While
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the peak positions are approximately symmetric about zero
bias, the intensities are, in general, asymmetric. The dI/dV
peaks arise from the tangency of the tip’s Fermi line and the
equal-energy contours of the superconductor, as shown in the
insets. The lines of the dI/dV peaks in the (kF ,V ) plane
map out the Bogoliubov dispersion along the trajectories of
different points of tangency, while their intensities contain
information on the coherence factors of the Bogliubov quasi-
particles.

At large bias, −eV � �, we observe two branches of
dI/dV peaks on either side of the gray region due to the
tangency between the tip’s Fermi line and two concentric
equal-energy contours of the superconductor; see insets (i)
and (ii) in Fig. 3(a). The dI/dV peak associated with inset
(ii) diminishes rapidly as the bias increases, as a result of
the decreasing coherence factor. The dI/dV singularities at
large bias also exhibit markedly asymmetric intensities about
zero bias because of different coherence factors of the upper
and lower Bogoliubov quasiparticle dispersion. This is exem-
plified by the brown curve in Fig. 3(b). The weaker peak is
induced by superconductivity, while the stronger one persists
even in the normal state.

At small bias, |eV | � �, the equal-energy contours of the
p-wave superconductor split into two crescent-shaped pock-
ets, as shown in the insets (iii) and (iv) of Fig. 3(a). The tip’s
Fermi line may become tangent to the top or bottom of the
crescent-shaped equal-energy contours at wave vectors p∗

1,2 at
biases −eV ≈ ±|�p∗

1,2
| [cf. Eq. (20)]. Thus, provided that the

normal-state tunneling conductance is finite, anisotropic gaps
generally give rise to multiple coherence peaks in dI (V )/dV .
The dI/dV spectrum along the red line cut is plotted as the
red curve in Fig. 3(b). It shows that the coherence peaks are
approximately symmetric about zero bias, and are separated
by a hard gap, consistent with Eq. (23) but in contrast to the
“V -shaped” tunneling density of states in the inset of Fig. 3(b).
Varying kF shifts p∗

1,2 and yields the four branches of dI/dV
peaks in the center of the gray region in Fig. 3(a), which scans
the magnitude of gap function |�p∗

1,2
| along the Fermi line of

the sample.
In this way, the two nodes of the p-wave superconductor

can be identified from the tunneling spectrum. As plotted in
Fig. 3(c), the zero-bias dI/dV exhibits two peaks when the
tip’s Fermi line crosses the two nodes [see insets (v) and
(vi)]. According to Eqs. (22) and (23), without quasiparti-
cle relaxation, the zero-bias differential conductance is zero
unless the tip’s Fermi line intersects a node, in which case
its magnitude becomes finite and depends on the angle of
intersection between the Fermi lines of the tip and sample.

VI. SUPERCONDUCTING TBG

In this section, we study the elastic momentum-conserving
tunneling between MLG and the superconducting states in
TBG. Due to significant uncertainties regarding the electronic
structures of both the superconducting and the parent states in
TBG, we are not aiming at quantitatively predicting its tun-
neling spectra. Instead, we demonstrate that Eq. (23) remains
useful for extracting the momentum-resolved superconduct-
ing gap along the Fermi line of the sample, even if the sample
has more complicated wave functions and electron spectra

than the toy model of Sec. V. Furthermore, we discuss how
to identify the location of superconducting nodes in the BZ,
without detailed knowledge of the fermiology in TBG.

For simplicity, we use the noninteracting Bistritzer-
MacDonald model of 1.05◦-TBG with Dirac velocity vF =
106 ms−1 in both graphene layers, and the intra-and in-
tersublattice tunneling parameters w0 = 77 meV and w1 =
110 meV, respectively. The momentum separation between
the Dirac points of the top and bottom layers in TBG is
denoted as kM . We focus on filling factor ν = −3, where TBG
has a single γ-centered Fermi pocket.

Suppose that the tip is twisted clockwise relative to the top
layer of TBG by a small angle θ . The K-valley Dirac point of
the tip is twisted to Kθ = O(θ )Kt , where Kt is the top-layer
Dirac point of TBG and O(θ ) denotes the rotation matrix. We
define three reciprocal lattice vectors G1,2,3 of the top-layer
graphene in TBG such that Kt + Gn = O(2π (n − 1)/3)Kt

correspond to three K-valley corners of the first BZ. They
are rotated to G′

n = O(θ )Gn in the tip. In the band basis, the
matrix elements of momentum-conserving tunneling between
the single-particle states at wave vector k in the sample and k′

in the tip read [32]

〈k′λ′T|Ĥtun|kλS〉 =
3∑

n=1

∑
g

Tλ′λ(k + g + Gn)δk′+G′
n,k+g+Gn

,

(24)

with

T±,λ(p + Gn) = w√
2

[
1 ± e

2π i(n−1)
3 −iϕp+Gn−G′

n

]
× [

ψλ
ptA + e− 2π i(n−1)

3 ψλ
ptB

]
. (25)

Here, k and k′ stay in the K valley and are referenced with
respect to the � point of graphene; k is restricted to one
mBZ. Moreover, w represents the tunneling strength, and ϕk′

stands for the angle between k′ − Kθ and Kθ , the location
of the tip Dirac point in the reference frame of the TBG
layer. ψλ

k+glσ denotes the normalized reciprocal-space Bloch
wave functions, where g sums over the moiré reciprocal lattice
vectors of TBG, l = t, b indicate the top and bottom layers of
TBG, respectively, and σ labels the sublattice.

The three Bragg scatterings within the first Brillouin zone
of graphene (n = 1, 2, 3) contribute equally to the tunneling
current in a C3z-invariant system. Spontaneous breaking of
C3z symmetry can, in principle, triple the number of singu-
larities in the tunneling spectrum [32]. This effect should
be considered in a QTM study of graphene-based nodal
superconductors, given that many theories predict [47–54]
the coexistence of nodal pairing and nematicity in these
superconductors. For instance, when the orbital part of
the superconducting order parameter involves a single irre-
ducible representation of the D6 point group of MATBG, the
Ginzburg-Landau theory [49,50] requires nematic gap func-
tions to be nodal.

Due to the distinct matrix elements associated with the
conduction and valence bands of the tip, probing with either
band may highlight different features in the tunneling spectra.
In the following, we assume the Fermi level of the tip is parked
in the conduction band (λ′ = +) at zero bias.
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FIG. 4. Simulated tunneling conductance between a MLG tip
and a 1.05◦-TBG in three different phases: (a) normal state, (b),(c)
an s-wave superconductor with a constant gap � = 0.2 meV, and
(d),(e) a chiral superconductor whose gap function is given by
Eq. (26) with � = 0.2 meV. The filling factor of TBG flat bands ν =
−3. The insets illustrate the tangency of the (black) equal-energy
contours of TBG and the (blue) Fermi lines of the tip at several
points in the (kF , −eV ) space; see the black dots in (a) and (b). We
plot gray dashed lines in one inset to indicate the boundary of mBZ.
(c) The red line is a vertical line cut marked by the red dotted line
in (b). The black line is calculated from Eq. (23). It fits well with
the symmetrized data represented by the orange line. (e) The same
as (c), except using the line cut from (d). For these plots, we use
a noninteracting band structure of the TBG and a fixed position of
the tip Dirac point at twist angle θ = 0.57◦ relative to the top layer
of TBG; see the blue dots in the insets. The broadening parameters
γT = 5� for the tip and η = �/8 for the sample.

A. Normal state of TBG

Most qualitative differences between the tunneling spec-
tra of TBG and the toy model in Sec. V are not tied to
superconductivity. Since these will not be the main focus of
our discussion, we explain these features separately using the
normal-state tunneling spectrum depicted in Fig. 4(a). We fix
the Dirac point of the tip at Kθ=0.57◦ , whose position in the

mBZ is marked by the blue dot in the insets. This position
is close to but not directly on the Fermi line of the sample.
Therefore, for sufficiently small |V | and kF , the Fermi lines
of the tip and sample do not intersect, and the differential
conductance vanishes. Increasing |V | or kF leads to an on-
set feature at a threshold bias voltage V = V ∗(kF ) when the
Fermi line of the tip comes into contact with the equal-energy
contours of the sample at energy −eV ∗. As kF increases fur-
ther, Fig. 4(a) exhibits several novel features that are absent in
the toy model in Sec. V.

First, at kF /kM � 0.4 (this value is specific for the example
we are considering), we find a narrow wedgelike region with
an enhanced dI/dV . This region is confined from two sides
by peaks in dI/dV originating from the tangency of the tip
Fermi line and the trigonally warped energy bands of TBG;
see the insets (i) and (ii) in Fig. 4(a). As the energy decreases,
the equal-energy contours of TBG shrink to the γ point and
become more isotropic. Therefore, the wedgelike region ter-
minates at a sufficiently negative bias in this figure.

Second, the tunneling conductance in the area to the right
of the wedgelike region is noticeably lower than in the area to
the left, although the tip’s Fermi line continuously intersects
the TBG bands. This contrast can be attributed to variations
in the tunneling matrix elements as the intersection points shift
along the Fermi lines.

Additionally, dI/dV shows an enhancement in the top right
corner of Fig. 4(a). This arises from the onset of Umklapp
scattering in TBG. As the tip Fermi line increases in size, it
starts to intersect the energy contours in neighboring mBZs of
the TBG; see the inset (iii).

B. Nodeless gap function

We now consider tunneling into superconducting TBG as-
suming an isotropic gap |�k| = �. Figure 4(b) shows both
types of Fermi edge singularities discussed in Sec. V. For
|eV | � �, dI/dV exhibits an onset feature on the left of
the plot, resembling the tunneling spectrum of the normal
state. The characteristic bias −eV ∗(kF )(� �) for this dI/dV
singularity traces the momentum-resolved Bogoliubov quasi-
particle dispersion along a line that crosses the Fermi line
of the sample. In addition, dI/dV shows a distinct threshold
behavior at a constant bias, −eV = ±�. It occurs when the
tip’s Fermi line intersects the edge of the Bogoliubov quasi-
particle dispersions; see the inset (iv) in Fig. 4(a). Figure 4(c)
plots a line cut of dI/dV along the red dashed line in Fig.
4(b). The differential conductance dI/dV exhibits a notice-
able particle-hole asymmetry due to the narrow band width
and strong energy dependence of the density of states of the
TBG flat bands. Nevertheless, the orange line obtained by
symmetrizing the data about V = 0 shows good agreement
with the black dashed line calculated using Eq. (23).

We have also studied a superconducting state with a C3-
invariant anisotropic gap function,

�k = �

3∑
j=1

ei 2π j
3 cos(k · δ j ), (26)

where δ1 = −aMŷ = O( 2π
3 )δ2 = O( 4π

3 )δ3. This corresponds
to a chiral superconductor with Cooper-pair angular
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FIG. 5. Simulated dI/dV spectra of a nematic and nodal d-wave superconducting state in a 1.05◦-TBG, whose gap function is given by
Eq. (27) with � = 0.3 meV. kF denotes the Fermi wave vector of the tip at zero bias. The tip is twisted clockwise relative to the top layer
of TBG by (a) θ = 0.5◦, (b) 0.8◦, and (c) 1.4◦. The tunneling gap closes at multiple values of kF , which typically leads to nearly symmetric
cone-shaped features around zero bias, with a few exceptions, e.g., kF ≈ 0.42kM in (a) and kF ≈ 0.6kM in (c); see Eq. (29) and the discussions
below. (d)–(f) The zero-bias line cuts of (a)–(c). Peaks in the zero-bias dI/dV are induced by momentum-conserving tunneling between the
superconducting nodes and the Fermi circle of the MLG tip. Those pronounced peaks are marked with colored dots, each associated with one
of the four inequivalent superconducting nodes in the insets. The insets plot three (blue) circles in the mBZ of TBG that couples to the tip’s
Fermi circle via the three Bragg scattering processes [see Eq. (24)]. In each inset, one of the circles becomes nearly tangent to the (dotted)
Fermi line of TBG at a superconducting node pn, i.e., vT

pn
× vpn

≈ 0, which enhances the corresponding dI/dV peak in (d)–(f); cf. Eq. (29).
In the insets, the gray solid lines mark the boundaries of the mBZs that cross at the top-layer Dirac point of TBG (κ′). We used broadening
parameter γT = 1 meV and η = 0.015 meV.

momentum l = 1. The resulting dI/dV map plotted in
Fig. 4(d) exhibits a clear gap at zero bias since �k is fully
gapped. The line cut in Fig. 4(e) shows a two-gap feature due
to two intersection points p∗

1,2 between the Fermi lines of the
tip and sample, as discussed for the toy model in Sec. V.
After symmetrization (orange curve), dI/dV can again be
well approximated by Eq. (23) (black dotted line).

C. Nematic nodal gap function

In this section, we discuss how to extract information about
the superconducting nodes from the tunneling spectrum by
considering the gap function

�k = �

3∑
j=1

cos
2π j

3
cos(k · δ j ). (27)

This gap function is the real part of the one in Eq. (26) and
generates a nematic nodal superconductor.

Figures 5(a)–5(c) plot dI/dV as a function of the tip’s
Fermi wave vector kF at zero bias and as a function of the bias
voltage at three different twist angles between the tip and sam-
ple. The tunneling spectra become more involved than those
in Sec. VI B because of the splitting of dI/dV singularities

induced by the C3z symmetry breaking. Although the dI/dV
singularity generally vanishes as the bias approaches zero [see
Eq. (15)], we can still recognize the closing of the tunneling
gap at multiple values of kF , which is a signature of the nodal
superconductor.

Figures 5(d)–5(f) plots the horizontal line cuts of Figs.
5(a)–5(c) at zero bias. The insets illustrate that the dI/dV
peaks occur when the (blue) Fermi circle of the tip couples
to one of the four superconducting nodes on the (dashed)
Fermi line of the sample. Notice that wave vectors of the tip
generally couple to three wave vectors in the sample via the
three Bragg scatterings in the interlayer tunneling Hamilto-
nian [32], and these three wave vectors are related to each
other by threefold rotation with respect to κ′. Therefore, in
each inset, we drew three blue circles to indicate the states in
the mBZ that couple to the tip Fermi circle.

More quantitative information on the superconducting
nodes can be obtained from the dI/dV spectra at low bias.
We neglect broadening and denote the characteristic bias
voltages of the dI/dV singularity as V ∗ = V ∗(kF ). Suppose
that the tip’s Fermi circle of radius kF = kn

F passes through
a superconducting node pn on the Fermi line of TBG, i.e.,
V ∗(kn

F ) = 0 and p∗(kn
F ) = pn. For a kF slightly deviating from

kn
F , the characteristic bias can be expressed in terms of the

064502-8



TUNNELING SPECTROSCOPY OF TWO-DIMENSIONAL … PHYSICAL REVIEW B 113, 064502 (2026)

linearized normal-state dispersion ξp∗ ≈ h̄vpn
· (p∗ − pn) and

gap function �p∗ ≈ h̄v� · (p∗ − pn),

−eV ∗(kF ) = ±h̄
√

[vpn
· (p∗ − pn)]2 + [v� · (p∗ − pn)]2.

By inserting the kF dependence of p∗ as determined by the
tangency condition given by Eq. (17) and the relation kF ≈
kn

F + v̂T · (p∗ − pn) (v̂T = vT
pn

/|vT
pn

|), we find that the bias
voltages V ∗ vary linearly with kF for kF ≈ kn

F and the slopes
obey ∣∣∣∣edV ∗(kF )

dkF

∣∣∣∣ = h̄
∣∣vpn

× v�

∣∣√∣∣v̂T × vpn

∣∣2 + |v̂T × v�|2
. (28)

This equation provides a quantitative description of the
cone-shaped features in the dI/dV map near zero bias; see
Figs. 5(a)–5(c).

The intensity of the dI/dV singularities can be analyzed
based on Eq. (15). In the limit of V/V ∗ → 1+,

dI

dV
∝ |up∗ (−eV ∗)|2√∣∣v̂T × vpn

∣∣2 + |v̂T × v�|2

√
2V

V − V ∗ . (29)

In the first term on the right-hand side, the denominator is
proportional to βq∗ of Eq. (16), simplified by using the lin-
earized dispersion and gap function. The numerator involves
the coherence factor

|up∗ (−eV ∗)|2 = 1

2
+ s

2

|v̂T × v�|√∣∣v̂T × vpn

∣∣2 + |v̂T × v�|2
. (30)

Here, s = sgn(ξp∗ )sgn(−eV ∗) ∝ sgn(kF − kn
F )sgn(V ∗). Typ-

ically, |vpn
| � |v�|, so that the second term in Eq. (30) is

negligible and the intensity of the dI/dV peaks should be
approximately symmetric about kn

F .
Notice that some dI/dV peaks near zero bias do not exhibit

clear cone-shaped features in Figs. 5(a)–5(c) (e.g., around
kn

F ≈ 0.42kM ). This occurs because the Fermi lines of the tip
and sample become approximately tangent at the node [e.g.,
the blue dot in the right inset of Fig. 5(d)]. When v̂T ‖ vpn

,
the coherence factor in Eq. (30) jumps between 0 and 1 as
kF changes across kn

F , leading to a pronounced asymmetry
in dI/dV on the two sides of kn

F . At the same time, the
slope of the characteristic bias voltage V ∗(kF ) and the inten-
sity of dI/dV peaks both increase prominently, according to
Eqs. (28) and (29). For comparison, the peak at k̃n

F ≈ 0.41kM

in Fig. 5(e) is associated with the same superconducting node,
but the Fermi lines of the tip and sample are not in tangency.
This leads to a weaker, flatter, and more symmetric cone-
shaped feature in dI/dV near zero bias in Fig. 5(b).

In the following, we discuss how to locate the supercon-
ducting nodes in the mBZ from the tunneling spectrum, even
without a priori knowledge of the sample’s fermiology. The
idea is sketched in Fig. 6(a). Suppose that a variation of the
QTM twist angle from θ1 to θ2 shifts the zero-bias dI/dV peak
from kF = kn

F (θ1) to kn
F (θ2) in the dI/dV map. A supercon-

ducting node pn should then lie at the intersections between
the tip’s Fermi circle of radius kn

F (θ1) before the twist and that
of radius kn

F (θ2) after the twist. To confirm this expectation,
we use the two blue dots in Fig. 6(b) as the data points and

FIG. 6. Locating the superconducting nodes in the mBZ using
the tunneling spectrum. (a) The black dashed line delineates the
Fermi line of the TBG and the blue dot marks a node of the gap
function given by Eq. (27). The black dots represent the Dirac point
Kθ of the tip at different twist angles, θ = θ1,2. They are connected
by an arrow indicating the direction of increasing θ . The blue circles
are tip Fermi circles of radius kn

F (θ1,2), respectively. (b) dI/dV vs
the Fermi wave vector kF of the tip and the twist angle between
the tip and the top-layer graphene of the TBG. The three horizontal
line cuts correspond to Figs. 5(d)–5(f). Each superconducting node
may generate one or multiple lines of dI/dV peaks. The kn

F (θ1,2) in
(a) denote the x coordinates of the two blue dots in (b). The inter-
sections of the two circles in (a), inferred from these two data points,
provide an estimate of the location of the associated superconducting
node.

draw the corresponding Fermi circles in Fig. 6(a). Apparently,
the node marked by the blue dot in Fig. 6(a) coincides with
one intersection point of two circles. Because the center Kθ

of the tip’s Fermi circle is precisely determined from the
twist angle, the superconducting node pn can be expressed in
terms of measurable parameters by analyzing the triangle in
Fig. 6(a),

pn = Kθ1 + kn
F (θ1)(cos α n̂ ± sin α ẑ × n̂), (31)

with n̂ = (Kθ2 − Kθ1 )/|Kθ2 − Kθ1 | and

α = arccos

∣∣Kθ2 − Kθ1

∣∣2 + kn
F (θ1)2 − kn

F (θ2)2

2kn
F (θ1)

∣∣Kθ2 − Kθ1

∣∣ . (32)

The “±” signs in Eq. (31) reflect a limitation of this “triangu-
lation” method. The fact that two circles may intersect at two
points introduces an inherent ambiguity in associating a given
intersection with the true superconducting node. It is possible
to eliminate this ambiguity by exploiting the differences in
the tunneling matrix elements at these two points and the
resulting effects on the intensity of the dI/dV peaks (see
Appendix A). Another way to resolve the ambiguity is by us-
ing a tip with stronger trigonal warping at the Fermi level, e.g.,
bilayer graphene. An additional limitation of the QTM arises
if the system lacks C3z symmetry. In these cases, rotating the
sample’s band structure by 2π/3 yields an identical tunneling
spectrum, meaning the node locations can only be determined
up to a threefold rotational ambiguity. Taken together, using
only dI/dV as a function of the twist angle θ and the Fermi
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wave vector kF , the location of a superconducting node can be
constrained to, at most, 2 × 3 = 6 possible points within the
mBZ.

Notice that there are multiple branches of dI/dV peaks in
Fig. 6(b), each associated with a superconducting node. By
tracing these lines of peaks, one can constrain the locations of
all nodes in the mBZ.

Finally, the “triangulation” method also applies to the
dI (θ, kF )/dV spectrum at finite bias −eV = |�p∗ | for a
generic point p∗ on the Fermi line of the sample (ξk = 0), pro-
vided that the gap function varies slowly with momentum [cf.
Eq. (19)]; see Appendix A for details. In this case, it enables
us to locate p∗ in the BZ and thus map out the magnitude of
the gap function along the ξk = 0 contour.

VII. CONCLUSION AND DISCUSSION

In this work, we analyzed elastic momentum-conserving
tunneling across a normal-superconductor junction in the
quantum twisting microscope (QTM) as a function of bias
voltage, Fermi wave vector of the tip, and twist angle between
tip and sample. We find that dI (V )/dV generally exhibits
inverse-square-root singularities at bias voltages −eV ∗ at
which the tip’s Fermi line becomes tangent to the probed
quasiparticle dispersions. In the cases that the Fermi lines
of the tip and sample cross, this bias directly measures the
momentum-resolved superconducting gap(s) at the crossing
point(s); see Fig. 2(b). Using a noninteracting continuum
model of twisted bilayer graphene (TBG) as an example,
we show that the simultaneous tunability of the tip’s doping
level and the twist angle enables extraction of the momentum-
resolved superconducting gap along the Fermi line of the
sample (ξk = 0). In particular, we propose a “triangulation”
method to locate the nodes in the Brillouin zone of a nodal
superconductor.

The proposed measurements require independent control
of the voltage between the top gate and the MLG in the
tip to adjust the MLG doping at a fixed tip-sample bias, a
capability not explored in reported QTM experiments. Our
results show that varying the MLG doping can substan-
tially modify the QTM tunneling spectra, enabling extraction
of momentum-resolved electronic structure not only along
the trajectory traced by the MLG Dirac point, as in earlier
work, but also over a much broader region of the Brillouin
zone.

In experiment, the finite contact area between the tip and
the sample can limit the momentum resolution of QTM,
and potentially introduces discrete Andreev bound states that
modify the tunneling spectra. A junction whose size is much
larger than the superconducting coherence length is desir-
able for accurately extracting momentum-resolved electronic
structures in the superconducting state.

To probe the superconducting gap along the entire Fermi
line of the sample, the tip’s Fermi wave vector kF should
roughly exceed the sample’s. However, in practice, the tun-
ability of kF via gating is constrained by electrostatics. When
both top and back gates are used as independent controls of
the filling of the probed band and the tip, the out-of-plane
displacement field D acting on the sample can no longer
be adjusted freely. Specifically, changing the tip’s chemical

potential by δμT , at fixed bias and electron density in the
sample, modifies D by δD = ε⊥δμT /ed . For a tunneling bar-
rier consisting of three layers of hexagonal boron nitride, with
thickness d = 1.2 nm [55] and dielectric constant ε⊥ ≈ 3.3, it
requires δD ∼ 0.4 V/nm to induce a change in the tip’s Fermi
wave vector of δkF = δμT /h̄vF ∼ 0.22 nm−1 (0.7kM for a
1.05◦-TBG). In TBG, the superconducting phase is robust
against the displacement field [56], so that the displacement
field is not included in our simulations. However, probing
superconducting phases in rhombohedral graphene which are
confined to a narrower range of displacement field [17–19,57–
59] would require a proper device modification to indepen-
dently control the doping level of the tip and the displacement
field.

We caution that for TBG at the magic angle, the nearly
vanishing width of the flat-band manifolds might challenge
our assumption of intraband pairing and weak momentum de-
pendence of the gap function compared to the band dispersion
[Eq. (19)]. Indeed, band-off-diagonal pairing has been pro-
posed in TBG [52–54,60–62]. Such superconductors can have
exotic energy spectra, such as nodes away from the Fermi line
(ξk = 0). For them, Eq. (23) no longer applies and the bias for
the dI/dV singularities might not equal the superconducting
gap, even in the low-bias regime. However, our method to lo-
cate the superconducting nodes remains valid. Furthermore, in
Appendix B, we discuss a generalization of the “triangulation”
method that enables band structure tomography in the mBZ
without any assumptions on the gap functions.

Our analysis relies on BCS mean-field theory. Strong-
coupling superconductors can have frequency-dependent gap
functions. The tunneling conductance formula, given by
Eq. (23), can be generalized accordingly; see Appendix C.
Within Eliashberg theory, there are no qualitative changes
in probing the gap structures. However, the tunneling spec-
tra now contain additional features [63,64] arising from the
inelastic scattering of Cooper pairs with the pairing glue
such as phonons. The strength of these inelastic features in-
creases with the coupling to the pairing glue. Measuring these
inelastic features could therefore shed light on the pairing
mechanisms.

In conclusion, this work establishes a theoretical frame-
work for analyzing the tunneling spectra between two-
dimensional normal metals and superconductors, with poten-
tial implications for future QTM studies of superconductivity
in graphene-based heterostructures and twisted transition-
metal dichalcogenides [65,66]. An interesting topic for future
study could be momentum-resolved tunneling spectroscopy
of finite-momentum pairing superconductors, as proposed for
many flat-band systems [67–73].

Note added. Recently, we became aware of a related work
[74].
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APPENDIX A: EXTRACTING MOMENTUM-RESOLVED
GAP FUNCTION ON THE FERMI LINE OF THE SAMPLE

In this appendix, we demonstrate that by applying the
“triangulation” method introduced in Sec. VI B to the
dI (kF , θ )/dV map at finite bias voltage V , one can locate the
wave vector(s) p∗ on the Fermi line of the sample that satisfy
|�p∗ | = |eV |. Thus, the magnitude of the momentum-resolved
gap function can be measured along the Fermi line of the
sample. We restrict the following analysis to a C3z-invariant
superconductor with an anisotropic gap function to avoid
complications in the QTM tunneling spectra caused by C3z

symmetry breaking.
Fig. 7(a) depicts the dI/dV map as a function of the

bias and twist angle θ between a MLG tip and a gapped
superconductor, whose gap function is given by Eq. (26) with
� = 0.2 meV. We identify two types of dI/dV peaks at finite
biases −eV ∗(θ ), associated with the tangency configurations
in Figs. 2(a) and 2(b), respectively:

(I) |eV ∗(θ )| changes rapidly with θ and extends to values
much larger than the superconducting gap;

(II) |eV ∗(θ )| � max{|�k|} and varies slowly with respect
to θ .

In the following, we discuss how to exploit the type-II
singularities in the tunneling spectra, such as the blue and
red dots in Fig. 7(a), to determine the gap structure along
the sample’s Fermi line. The red dot is located in a crossover
region between the type-I and type-II singularities, where the
intensity of dI/dV is enhanced (see Sec. III).

To decode the momentum-resolved gap structure informa-
tion from the tunneling conductance, we turn to dI (kF , θ )/dV
at a fixed bias, such as Fig. 7(b) for −eV = 0.3 meV. In
this plot, the dI/dV peaks trace multiple lines. The one that
connects the two blue dots is denoted as kF = kF (θ ). It arises
from the tangency between the tip’s Fermi circle, |k − Kθ | =
kF (θ ), and the equal-energy contour εS

k = −eV of the sample.
We find that the point of tangency, p∗, is almost constant
within a range of θ and lies approximately on the Fermi lines
of the sample (ξp∗ = 0); see Figs. 7(c) and 7(d) for illustration.
Therefore, we can use the “triangulation” method to locate p∗
and obtain the superconducting gap at p∗ (|�p∗ | = |eV |). The
discussion of constraining the node positions in the main text
represents the special case of V = 0.

One concern with the “triangulation” method is its twofold
ambiguity: the true point of tangency, p∗, cannot be uniquely
identified from the two intersections of the Fermi circles in
Figs. 7(c) and 7(d). Nevertheless, one could use the tunneling
matrix elements to distinguish between these two intersec-
tions. First, we note that the lines of dI/dV peaks in Fig. 7(b)
are approximately hyperbolic at small twist angles. At the ver-
tex of each hyperbola, kF (θ ) reaches a minimum and p∗ − Kθ

aligns either parallel or antiparallel to Kθ . The antiparallel
alignment, however, leads to vanishing tunneling matrix ele-
ments [ϕp∗ = π with n = 1 in Eq. (25)], causing the intensity
of the hyperbola to diminish near the vertex. In Fig. 7(b),
the hyperbola connecting the two blue dots exhibits strong
intensity near the vertex (at kF ∼ 0.4kM ), indicating that in

FIG. 7. Simulated dI/dV spectra for a nodeless superconducting state in a 1.05◦-TBG. The gap function and model parameters are the
same as those used in Fig. 4(d). (a) dI/dV vs the twist angle θ and bias −eV between the tip and sample. The Fermi level of the tip is parked in
the conduction band of MLG with kF = 0.5kM . (b) dI/dV vs the Fermi wave vector kF of the tip (at zero bias) and the twist angle θ , with bias
fixed at −eV = 0.3 meV. The horizontal red line indicates a line cut at θ = 0.57◦. The vertical orange line represents a line cut at kF = 0.5kM ,
which corresponds to the horizontal line cut in (a). (c) The two blue dots connected by the line [kF (θ ), θ ] of dI/dV peaks in (b) are used
to draw the corresponding Fermi circles (blue) centered at Kθ with radius kF (θ ). Both Fermi circles are tangent to the equal-energy contours
εS

k = 0.3 meV (black solid) of the superconductor and approximately share a common point of tangency p∗, marked by the blue point. (d) Same
as (c), but using the red dots in (b).
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FIG. 8. Reconstructing the Fermi line of the TBG normal state from the zero-bias tunneling conductance between the TBG and a MLG
tip. (a) The solid red lines depict the tip’s Fermi circles at specific Fermi wave vectors kF and twist angles θ , where the tip and sample Fermi
lines become tangent, giving rise to peaks in the zero-bias conductance dI/dV as a function of kF or θ . The envelope of these circles matches
the sample’s Fermi line. (b) Simulated dI/dV map vs the tip Fermi wave vector kF and the twist angle θ between the tip and the top layer of
TBG. A 1.05◦-TBG at filling ν = −3 is considered. (c) d2I/dV 2 map. Several local extrema kF (θ ) of d2I (kF , θ )/dV 2 are marked by lines.
(d) Colored lines reconstructed from the lines of the same color in (c) using Eq. (B2). They match well with the Fermi line of the sample (black
dashed). For these plots, we used γT = 1 meV and η = 0.5 meV.

Fig. 7(c), the intersection on the right-hand side of Kθ1,2 cor-
responds to the true point of tangency p∗.

We reiterate that to extract the gap function along the
sample’s Fermi line by the above method, we should ex-
clusively use the type-II singularities in the dI (kF , θ )/dV
spectrum. However, the same spectrum may also exhibit type-
I singularities—for example, the cone-shaped feature near
kF ≈ 0 in Fig. 7(b)—which contain additional information
about the quasiparticle spectra. Moreover, the distinction be-
tween type-I and type-II singularities becomes subtle when
the assumption of weak momentum dependence of the su-
perconducting gap, given by Eq. (19), is violated. These
limitations of the “triangulation” method motivate a more
flexible framework for extracting band structure information
from dI/dV , which will be presented in Appendix B.

APPENDIX B: BAND STRUCTURE TOMOGRAPHY

In this appendix, we propose a method to reconstruct (seg-
ments of) the equal-energy contours εk = −eV of a generic
quasiparticle dispersion in the sample from the dI (kF , θ )/dV
spectrum at bias −eV , by generalizing the “triangulation”
method in Sec. VI C of the main text and Appendix A.

Consider a map of dI/dV collected at a fixed bias voltage
and charge density of the sample while tuning the twist angle
θ and the tip Fermi wave vector kF (at zero bias). Each line
of dI/dV singularity in the (kF , θ ) plane corresponds to a
family of the tip’s Fermi lines whose centers and sizes vary
in a coordinated manner such that all Fermi lines stay tangent
to the probed band at the energy level εS

p∗ = −eV . Therefore,
as illustrated in Fig. 8, we can map out equal-energy contours
of the sample by drawing the envelope of this family of Fermi
lines.

For a MLG tip, we can formulate the above idea as follows:
Suppose that along a line of dI/dV singularities in the (kF , θ )
plane, the Fermi wave vector of the tip at bias voltage V is
described by a function kF (θ,V ). The corresponding point of
tangency, p∗(θ,V ), moves along an equal-energy contour of

the probed band, i.e., vS
p∗ · ∂θ p∗(θ,V ) = 0. Therefore,

vT
p∗ · ∂ p∗

∂θ
= 0. (B1)

Due to the isotropic band structure of the tip, vT
p∗ ∝

p∗ − Kθ for p∗ close to the K-valley Dirac point Kθ =
|K|(cos θ̄ ,− sin θ̄ )t. We define θ as the twist angle measured
clockwise relative to the top-layer Dirac point of the TBG
sample, and θ̄ = θ + θTBG/2 as the angle relative to the x axis,
which is oriented midway between the top- and bottom-layer
Dirac points of TBG. Solving the constraint given by Eq. (B1),
we obtain the following expressions:

p∗(θ,V ) = Kθ − kF (θ,V )

[
sin[θ̄ + α(θ,V )]
cos[θ̄ + α(θ,V )]

]
, (B2)

cos α(θ,V ) = − 1

|K|
∂kF (θ,V )

∂θ
. (B3)

Notice that Eq. (B3) admits two solutions for α ∈ [0, 2π ),
implying that p∗ can only be determined up to a twofold
ambiguity by this method.

Equations (B2) and (B3) form the basis for reconstructing
the equal-energy contours of the sample from the dI/dV
spectrum as a function of the twist angle and tip’s Fermi wave
vector kF . One special application is to determine the position
of the superconducting nodes in a nodal superconductor. In
this scenario, Eqs. (B2) and (B3) represent the limiting case
of Eqs. (31) and (32) as θ2 → θ1.

Another application is to measure the Fermi line of the
normal state in the sample. Figure 8(b) plots a simulated zero-
temperature zero-bias dI/dV spectrum for a normal phase
of the 1.05◦-TBG at filling factor ν = −3. The broadening
of dI/dV singularities due to finite quasiparticle relaxation
introduces uncertainties in identifying their positions in the
(kF , θ ) plane. To sharpen the singularities, we plot d2I/dV 2

in Fig. 8(c). At fixed θ , each peak in dI/dV as a function
of kF gives rise to a pair of local maximum and minimum in
d2I/dV 2. These two local extrema have different intensities,
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and the stronger one is taken as the position of the corre-
sponding dI/dV singularity. The highlighted lines in Fig. 8(c)
represent some of the most prominent dI/dV singularities. By
analyzing these lines with Eq. (32), we obtain the trajectories
of p∗ and plot them (and their images under C3z rotations)
in the mBZ in Fig. 8(d). We find that they match the dashed
Fermi line of the tip reasonably well. The minor deviations
can be attributed to the finite quasiparticle relaxation. Note
that we have discarded the other half of the solutions to
Eq. (B2), which would generate a mirror image of the correct
Fermi line about kx = 0 (the vertical line across the γ point)
in the mBZ.

Similar to the triangluation method, the band structure
tomography method described above is most effective if the
system preserves C3z symmetry. Breaking C3z symmetry intro-
duces additional threefold ambiguity in identifying the point
of tangency p∗ from a dI/dV singularity. This challenge is
common in QTM-based band structure measurements, includ-
ing the Dirac point spectroscopy of the QTM [32]. Resolving
these ambiguities (such as by applying in-plane magnetic
field, strain, or current) could be an interesting topic for future
investigation.

APPENDIX C: STRONG-COUPLING
SUPERCONDUCTORS

In this appendix, we derive a zero-temperature tunneling
conductance formula for a strong-coupling superconductor,
where Cooper pairs and quasiparticles acquire finite lifetimes
and the gap function becomes a frequency-dependent complex
quantity. We assume that the superconducting gap is much
smaller than the Fermi energy μS , as in the derivation of
Eq. (23) in the main text.

We define the retarded Green’s function in the Nambu
space of a single-band superconductor,(

GR
kσ ;t F R

kσ ;t

−F̄ R
−k σ ;t −ḠR

−kσ̄ ;t

)

≡ −i�(t )

(
〈{ckσ (t ), c†

kσ
(0)}〉 〈{ckσ (t ), c−kσ̄ (0)}〉

〈{c†
−kσ̄

(t ), c†
kσ

(0)}〉 〈{c†
−kσ̄

(t ), c−kσ̄ (0)}〉

)
.

(C1)

The equation of motion for the Green’s function in the fre-
quency domain reads(

GR
kσ ;ω F R

kσ ;ω

−F̄ R
−kσ̄ ;−ω −ḠR

−kσ̄ ;−ω

)
= [ω + iη − ξkτ3 − �̂R(k, ω)]−1,

(C2)

where the self-energy can be formally written as follows:

�R(k, ω) = [1 − Z (k, ω)]ω +
∑
i=1,2

�i(k, ω)τi + χ (k, ω)τ3.

(C3)

Here, τ1,2,3 are Pauli matrices in the Nambu space and the
identity matrix τ0 is omitted. χ represents the renormaliza-
tion of the single-particle dispersion due to interactions with
all other electrons including states far from the Fermi level.
It does not depend on the superconducting order as long
as the gap is much smaller than the Fermi energy. Thus,
χ (k, ω) ≈ χ (k, 0) for energy ω much lower than the Fermi
energy, |ω| � |μS|. We define the renormalized dispersion
ξ̃k = ξk + χ (k, 0). The Fermi line of the sample is given by
Re(ξ̃k) = 0.

Plugging Eq. (C3) into Eq. (C2), we find

GR
↑(k, ω) = Z (k, ω)ω + ξ̃k

Z (k, ω)2ω2 − ξ̃ 2
k − �(k, ω)2

, (C4)

with �2≡�2
1+�2

2. Taking the limit of |ξ̃k| � |√Z2ω2 − �2|,
we find that Im(Zω ± ξ̃k) > 0 is a necessary condition
for the positivity of the spectral function Aσ (k, ω) =
−ImGR

σ (k, ω)/π . This implies sgn[ImZ (k, ω + iη)] =
sgn(ω).

We assume that Z,� vary slowly over the scale of the
Fermi wave vector. Thus, near a momentum k0 on the Fermi
line of the sample, we can make the approximation Z (k, ω) ≈
Z (k0, ω) and �(k, ω) ≈ �(k0, ω). The momentum depen-
dence of Green’s function is then mainly attributed to ξ̃k,
i.e., GR

σ (k, ω) = G̃R
σ (k0, ξ̃k, ω). Furthermore, GR

↓(−k, ω) =
GR

↑(k, ω) for time-reversal-invariant superconductors. Thus,
we can define an (angle-resolved) tunneling density of states,

NT (k0, ω) = −Nk0

π
Im

∫
d ξ̃k GR

↑(k, ω), (C5)

NT (k0, ω)

Nk0

= Re

{
|ω|√

ω2 − �(k0, ω)2

}
, (C6)

where Nk ≡ Nf /4π2|∂kξ̃k| represents the tunneling den-
sity of states of the normal state at k, and �(k, ω) ≡
�(k, ω)/Z (k, ω) denotes the gap function. The branch cut
of the square-root functions is chosen as the positive real
axis. To arrive at the second line, we used

√
Z (k, ω + iη)2 =

sgn(ω)Z (k, ω + iη) and Im
√

Z2ω2 − �2 > 0. In the normal
state � = 0, the tunneling density of states, NT (k, ω), reduces
to the single-particle density of state along the Fermi line.
The tunneling density of states, given by Eq. (C6), exhibits a
peak at energy ω = |Re�(k0, ω)|, which can be defined as the
superconducting gap at Fermi wave vector k0 of the sample.

When the Fermi lines of the tip and sample intersect at the
set of wave vectors S (kF , θ ), the low-bias tunneling conduc-
tance in Eq. (21) simplifies to

dI

dV
=

∑
p∗∈S(kF ,θ )

Gp∗
NT (p∗,−eV )

Np∗
. (C7)

By substituting �(k, ω) = ω|�k|/(ω + iη) and Eq. (C6) into
Eq. (C7), we can recover Eq. (23) in the main text.
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