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We consider plasmon-assisted electron tunneling in a quantum twisting microscope (QTM). The dependence
of the differential conductance on the two control parameters of the QTM—the twist angle and bias—reveals
the plasmon spectrum as well as the strength of plasmon-electron interactions in the sample. We perform
microscopic calculations for twisted bilayer graphene (TBG) to predict the plasmon features in the tunneling
spectra of TBG close to the magic angle for different screening environments. Our work establishes a general
framework for inelastic tunneling spectroscopy of collective electronic excitations using the quantum twisting

microscope.
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I. INTRODUCTION

The introduction of the quantum twisting microscope
(QTM) opened up new ways of studying two-dimensional van
der Waals materials [1]. QTM measurements probe the dif-
ferential conductance G(V, 6) between twisted van der Waals
materials as a function of bias voltage V and twist angle 9,
providing information about momentum-resolved spectra of
excitations as well as their interactions. Initial experiments
at room temperature already exemplified the effectiveness
of the QTM in resolving the electron spectra of monolayer
and twisted bilayer graphene (TBG) [1,2]. Subsequently, the
analysis of weaker features in G(V,#) at cryogenic tem-
peratures revealed the phonon dispersions and the strength
of electron-phonon coupling in these materials [3,4]. These
measurements raise the question whether other collective ex-
citations and their coupling to the electrons can be efficiently
resolved by means of the QTM [5-7].

Collective oscillations of charge, known as plasmons, are
natural candidates for a QTM study. The isolated flat bands of
twisted bilayer graphene are predicted to allow for plasmon
modes unaffected by Landau damping over a wide range of
momenta. These undamped plasmon excitations are expected
to have frequencies within the spectral range between the
particle-hole continuum associated with the flat bands and
the dispersive bands, where there are no low-order decay
processes [8,9]. Interest in the plasmon excitations is further
enhanced by suggestions that they are potential candidates
for providing the pairing glue in the superconducting state
of magic-angle twisted bilayer graphene (MATBG) [10-13].
Despite their fundamental importance, there has been a lack
of experimental studies of plasmons hosted by moiré flat
bands. Scattering-type near field optical spectroscopy [14]
and other infrared spectroscopy experiments [15] reported
only high-energy interband plasmons generated by particle-
hole transitions between the flat bands and dispersive remote
bands or between the remote conduction and valence bands of
MATBG.
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In this work, we propose to use inelastic-tunneling spec-
troscopy with a QTM to explore the plasmon dispersion of
moiré materials. Tunneling between a graphene monolayer
placed on the tip of a QTM and a moiré graphene sample
conserves momentum. Apart from strong elastic tunneling
features that map out the band structure of the sample [1,16],
weaker features associated with inelastic tunneling reveal the
plasmon dispersion. The spectroscopic resolution of plasmons
is enabled by the mismatch between the energy and momen-
tum of the tunneling electron on the one hand, and of the
quasiparticle states in the sample on the other. This mismatch
is lifted by the emission or absorption of a plasmon. Thus the
inelastic contributions to the tunneling conductance encode
information about the momentum-resolved plasmon disper-
sion and the electron-plasmon coupling strength.

According to the current theory of the plasmon spectra
of MATBG [8,11,17], the plasmon frequency first exhibits a
rapid increase with wave vector, which is followed by a flat
part stretching to the Brillouin zone boundary. [We measure
plasmon wave vectors from the p point of the moiré Brillouin
zone (mBZ)]. We find that plasmon-assisted tunneling into the
central MATBG bands reveals the flat part of the plasmon
spectrum, while tunneling into higher electron bands allows
one to trace its momentum dependence.

It is interesting to compare QTM-based plasmon spec-
troscopy to the previously studied phonon spectroscopy in
twisted graphene-graphene junctions [3,4]. The mechanical
coupling between van der Waals layers modifies the phonon
dispersions only weakly, so that the experimentally observed
phonon spectra are adequately described within the original
graphene Brillouin zone. In contrast, one expects that the
interlayer coupling strongly affects the low-energy collective
electronic excitations, which should thus be described within
the moiré Brillouin zone. In particular, the interlayer coupling
strongly affects the plasmon dispersions [18]. This makes
plasmon spectroscopy a more generic case study of collective-
mode spectroscopy of twisted van der Waals materials.
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The stronger interlayer coupling also introduces additional
challenges. In particular, one has to ensure that tip effects on
the plasmons of the sample can be neglected. Even in the limit
of weak tip-sample tunneling, the tip interacts with the sample
through the long-range Coulomb interaction. We will show
that this coupling has a weak effect on the sample’s plasmons
provided that the Fermi energy of the tip is sufficiently close
to the charge-neutrality point.

The paper is organized as follows. In Sec. II, we give a
simplified presentation that dispenses with the details of the
single-particle spectrum of twisted bilayer graphene. After
introducing the necessary notation for the continuum model
of interacting TBG in Sec. III, we describe the formalism for
inelastic tunneling spectroscopy of collective excitations in
Sec. IV, as applicable to generic multi-band moiré systems. In
Sec. V, we present numerical results for the spectral function
and the tunneling spectra of interacting TBG, both at a twist
angle slightly away from the magic angle and at the magic an-
gle. The limitations and potential extensions of our approach
are discussed in Sec. VI.

II. QUALITATIVE DERIVATION OF THE MAIN RESULTS

In this section, we illustrate the effect of inelastic electron
tunneling assisted by scattering off the collective excitations,
on the differential conductance measured by a quantum twist-
ing microscope (QTM). To simplify considerations, we focus
on tunneling processes involving a single band in the sample
with fourfold spin-valley degeneracy Ny =4 and drop the
band indices of the sample. More general expressions and the
details of the derivations are presented in Sec. IV.

The differential conductance, dI/dV, for momentum- and
energy-resolved tunneling in QTM can be expressed in terms
of the spectral functions of the tip and sample,

dl _ 2me’N A
= T S S K TI A S) PAT (004 k. V),
kK

ey

where the in-plane wave vectors k' and k are summed over
the Brillouin zone of the tip and sample, respectively. The
interlayer tunneling Hy, conserves the wave vector up to
reciprocal lattice vectors of the tip and sample. The energy € in
the spectral functions ATS (k, €) of the tip/sample is measured
relative to the respective Fermi levels.

We model the tip as a noninteracting electron gas with
Fermi wave vector kr and spectral function AT(k', €) = 8(e —
é,;r,). The spectral function of the sample reflects interac-
tions of the electrons with the collective excitations, AS =
—Im[e — & — Z(k, €)' /n, where X denotes the retarded
self-energy. In the weak-coupling limit, the spectral function
AS exhibits quasiparticle peaks at energy around & which
is responsible for elastic tunneling. We are interested in the
tunneling current §/ generated by tip electrons of wave vector
k and energy € (relative to the Fermi level of the sample)
which are off-resonant with the quasiparticles in the sample,
le — &| > |X(k, &)|. These tunneling processes are enabled
by inelastic scattering. In this (k, €) domain,

S ~ _l 1 "
Ak, e)~ 7_[—(6 _ék)ZE (k, €). 2)

To compute the dissipative part X" of the self-energy, we
model the collective excitations of the sample as bosonic
modes with spectrum w,. The Hamiltonian of the sample
reads

Hs = Z Excpcr + Z hwqulbq + Hep, 3)
k q
1 .
Hep = —= Zg(k, q)C,LCqubq +H.c,, “)
VN =

where g(k, q) denotes the interaction matrix element between
the electrons and the bosonic mode in the sample, and N is
the number of moiré unit cells, each of area A;,. The matrix
element of the electron-plasmon interaction is governed by the
potential ¢, associated with the plasmon zero-point motion,

h
g(k,q>=%<uk|ukq>, ¢q=,/%. )

Here, |u) denotes the periodic factor of an electron Bloch
state. Note that in the long wavelength limit ¢, is related to
the electron-electron interaction v, and the plasmon frequency
wq [19,20], as on average half of the plasmon energy must be
stored as electric potential energy, % x hwy /2 = ¢§ /2v,.
One can use the optical theorem to compute X" to second
order in the electron-boson coupling. At zero temperature,

k€)= = 2 3 lgtk PO )8(€ — Fiog — Eiy)
q

+ O(—&k—g)d(€ + hwg — §x—g)]. (6)

The first (second) term in the bracket contributes to the elec-
tron (hole) scattering rate with emission of a plasmon at wave
vector g (—¢q). Here, we used wy; = w_g and ¢g = ¢*, in the
time-reversal invariant system. Plugging Eq. (6) into Egs. (2)
and (1) yields the inelastic contribution to the differential con-
ductance. This general form can be simplified, as the Fermi
wave vector in the tip ki — 0 (i.e., k' is close to a Dirac point
K, in the tip),

dsl ¢ —
v = 2 MK, P10k, -)8(eV = éx,—g — hioy)
q
+ O(—&k,—¢)8(eV — £k,—q + o). (7)
Here, we defined
2w’ QurN,
r— TWw - VT b’ ®)

with tunneling strength w, junction area 2 = NA,,, and total
density of states vr at the Fermi level of the tip; N, = 3 ac-
counts for the three Bragg scattering processes in the graphene
superlattice [3]. I' represents the rate of elastic tip-sample
tunneling in the absence of momentum conservation; we will
use it as a convenient scale for the electron tunneling rate.
Equation (7) contains the normalized rate of inelastic tunnel-
ing,

2
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eV — %_Kg
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FIG. 1. Plasmon-assisted inelastic tunneling processes between
the tip and dispersive (higher-energy) bands of the sample. The Fermi
level of the sample, shown as the red dashed line, is parked in a flat
band. The precise position of the Fermi level within the flat band
is inconsequential. The Fermi level of the tip is represented by the
blue dashed line and is close to the Dirac (charge neutrality) point,
kr < |Q|. [(a) and (b)] Two processes for an electron to tunnel from
the Fermi level of the tip to the edge of an unoccupied dispersive
band of the sample at the threshold bias eV = &, + liwg. Each of
the processes involves momentum-conserving tunneling (solid line)
followed by plasmon emission (dashed line). [(c) and (d)] Two com-
plementary processes for an electron to tunnel from the edge of an
occupied dispersive band of the sample to the Fermi level of the tip
at the threshold bias eV = &,,, — hiwg. Processes (b) and (d) involve
interband scattering. They are not discussed in Sec. II but will be
included in later sections.

where |T (K )|? is obtained by averaging the squared tunnel-
ing matrix elements |(kT|H,|kS)|? over the wave vectors k
along the small Fermi line of the tip.

The first (second) term in the square bracket in Eq. (7)
corresponds to a two-step tunneling process from the tip (sam-
ple) to the sample (tip) when the tip-sample bias is positive
(negative) and large enough to emit the bosonic mode, see
Figs. 1(a) and 1(c) for illustration.

The plasmon-assisted tunneling may add an electron (or a
hole) to the flat or dispersive band. To resolve the plasmon
spectrum, one can exploit the singularity of the density of
states associated with the edge of the dispersive band, or
the narrow width of the flat bands. In the following, we as-
sume that the Fermi level in the sample is parked within the
flat-band manifold, providing a narrow peak in the energy-
resolved density of states. Under this condition, the bias |eV |
needed for tunneling into the dispersive bands has to exceed

FIG. 2. Plasmon-assisted tunneling processes between the tip
and flat bands of the sample. The Fermi level of the sample is parked
in the flat bands. (a) A process for electrons to tunnel from the tip
to an empty flat band whose bandwidth is considered to be much
smaller than the average plasmon energy. (b) A process for electrons
to tunnel from an occupied flat band to the tip. Each process occurs
in two steps (not shown), similar to Fig. 1.

the energy distance &, (or |&,,,|, see Fig. 1) between the flat-
band manifold and the edge of the dispersive band. Similar
to the case of phonon spectroscopy [3,4], the spectroscopic
sensitivity of the differential conductance in Eq. (7) requires
the electron velocity to be much higher than the plasmon
velocity. Given the predicted plasmon spectrum [8,11,18], we
then expect the differential conductance to reveal the nearly
flat part of the plasmon spectrum. In contrast, inelastic tunnel-
ing into the flat-band manifold is hardly momentum selective
because of the low electron velocity. That allows us to re-
late the differential conductance to the momentum-unresolved
plasmon density of states.

We start by analyzing Eq. (7) in the limit of tunneling
into a dispersive band and a “flat” plasmon, wg ~ wg,. The
momentum separation @ between a Dirac point in the tip and
an extremum in the sample band can be adjusted by the twist
angle 6 between the tip and sample. For electron tunneling
into an empty band with density of states v.(e) and band
minimum &, > 0 [Fig. 2(a)], we find

asi )
qv e CIM (Ko, Qg)I"Anve(eV — & — harg, ). (10)

Similarly, for tunneling of a hole into a fully occupied valence
band, with density of states v, (¢) and band maximum &,,, < 0
[Fig. 2(c)], Eq. (7) yields

dsi )
qv ~e LM (Ko, Qg)I"Anvy(eV — &y + hg,).  (11)

m*

For 2D parabolic bands, v./,(€) = o ®(=%e€) are discontin-
uous across the band edges, leading to steps in dI/dV. The
twist-angle dependence of the characteristic bias for these
dIl/dV steps can trace the energy dispersion of the slow
bosonic mode (dgwg K /fiwg/m*). We now turn to the
case of lower bias voltages, where electron/hole tunneling
occurs into the flat-band manifold (see Fig. 2). We assume, for
simplicity, that the electron-boson coupling is isotropic and
depends only on the energy of the bosonic mode. That allows
us to make the replacement g(k, ¢) — g(fiwg). In addition, we
dispense with the width of the “flat” bands, compared to the
plasmon energy /iwg; this amounts to taking the limit § — 0.
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After these simplifications, we find for |eV| > max[|&|] that

d(SI
av w?

V 2
g('ev D aunaev.  (12)

Here, we use D(w) to denote the density of states of the
bosonic mode. In this limit, the twist angle affects only the
overall magnitude of dI/dV via the tunneling matrix ele-
ments, but not the line shape of the d1/dV curve.

We comment that due to Eq. (2), Egs. (7) and (9)
are valid only when the bias eV is off-resonant with
the single-particle energy £g,, i.e., in the (V,6) domain
where elastic tunneling is forbidden. Once inelastic features
in the tunneling spectra due to long-wavelength plasmons
merge into the quasiparticle peaks, they become challenging
to resolve.

We roughly estimate the magnitude of the electrostatic
potential ¢, of the plasmon and the strength of inelastic tun-
neling for ¢ comparable to the size of the mBZ. The former
can be estimated via Eq. (5) when hiwg ~ \/N¢Bv, /Ay > B,
where B stands for the width of the flat-band manifold that
hosts the plasmon. This leads to

o [(hwp)
VA | NEB (1

When electrons tunnel to the edge of a dispersive band by
emitting a less dispersive plasmon of wave vector O, and
energy fiwg, K |eV — &g, | ~ thg /2m*, then

(hwg, )3
hzgo 2°
NB(5E)
When the electrons, instead, tunnel into a flat band, they can

emit plasmons that carry energy fiwg ~ |eV — &g,|. We then
find

IM(Kg, Qy)I* ~ (14)

MK, g2 ~ 1 (15)
Haq NB

Equations (10)—(15) show that inelastic tunneling into the
dispersive bands generally produces weaker features in the
tunneling spectrum than tunneling into the flat-band manifold,
due to the smaller normalized inelastic tunneling rate |M|> and
the smaller density of states of the dispersive bands. At the
same time, tunneling into a dispersive band displays a higher
sensitivity to the momentum dependence of the plasmon
dispersion.

III. CONTINUUM MODEL OF TBG

We define the electron operator fp, in twisted bilayer
graphene (TBG), where s = 1/] labels the spin index, [ =
t/b represents the layer index, and ¢ = A/B is the sublattice
index. The wave vector p is measured relative to the I point
of the graphene Brillouin zone. For a small twist angle 6rpg,
we can assign a valley index 7 = £ to the wave vector p
in the =K valleys of both graphene layers. The Bistritzer-
MacDonald (BM) Hamiltonian H, for noninteracting TBG

reads [21,22]

Hy = Z Z <Zfllslgh (‘91)0 o fpsla

p.s 0,0’

+ Z o (Ten)oor fp egshor + Hc) (16)

Here, an individual graphene layer is described by the Dirac
Hamiltonian

hy(61) = hvp(OO)p — 1K) - (to™, 0”), 7)

with 6;/, = £61Bc/2 and the rotation matrix

cos sin 6
00) = (— i cosQ)'

sin 6
Two layers are coupled by the interlayer tunneling matrix

~ e
Tep = woo® + wio¥el™ 5 7, (18)

with w; > we(>0) due to the lattice relaxation. We have
introduced the moiré reciprocal lattice vectors g, = 0 and
&= ky(£+/3/2, 3/2) with ky = 2|K| sin(frpg/2).

The Hamiltonian Eq. (16) is diagonal in the Bloch basis
labeled by the quasimomentum k restricted to one mBZ for
each valley and the energy band index A for individual valley
and spin,

= Z Zuk+gl(ff;+gsla' (19)

Here uk Selo denotes the normalized reciprocal-space Bloch
wave functlons, g represents moiré reciprocal lattice vectors,
and A labels the Bloch bands. The Hamiltonian of interacting
TBG is given by H = Hy + Hiy, with

ckkrs

HO = Z Z %"?tcz)hrsckk”’ (20)
7,5,A kemBZ
1
Hin = 9 Z vg : p(@)p(—q) : . 21
q

is measured relative to the Fermi
means normal ordering, and the

Here the band energy &}

level of the sample. ‘:...:
density operator reads

P(Q) Z Z Z k+q Ck)L”CkJrqprss (22)
s Ap kemBZ
with the form factor
(ulﬁt |u§r) = Z (ul);igla)* szgla (23)

gl.o
We use the dual-gate-screened Coulomb potential

¢®> tanh lqld,
2,60 gl

vy = , (24)

where €, is the relative permittivity of the surrounding di-
electrics and d, represents the sample-gate distance.
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IV. QUANTITATIVE THEORY OF PLASMON-ASSISTED
TUNNELING IN QTM

Here we provide a quantitative theory which was sketched
in Sec. II. We start by accounting for the proper structure of
the tunneling matrix elements and electron bands in evalu-
ating the current between the tip and sample (Sec. IV A).
Next, we relate the electron self-energy in the sample to the
particle-hole interaction vertex function (Sec. IV B). Lastly, in
Sec. IV C, we single out the plasmon contribution to the ver-
tex, provide concise results for the plasmon-assisted tunneling
current, and establish the correspondence to the qualitative
considerations of Sec. II.

A. Momentum-conserving tunneling

In this section, we derive the differential conductance of a
QTM tunnel junction between a monolayer-graphene (MLG)
tip and a TBG sample, generated by momentum-conserving
tunneling. We show that dI/dV as a function of tip-sample
bias voltage V and twist angle 6 can measure the momentum-
resolved one-particle spectral function of the sample when the
tip has a low carrier density and small Fermi wave vector
kr. As the spectral function exhibits features arising from
inelastic scattering of the electrons by collective excitations,
dl/dV can reveal information about collective excitations in
the sample.

At a small twist angle 6 between the tip and sample, in-
terlayer tunneling preserves the valley number. To simplify
the analysis, we consider the system to have spin SU(2) sym-
metry and time reversal symmetry, so that all four spin-valley
flavors (N = 4) contribute equally to the current /. Within the
tunneling Hamiltonian formalism [20],

2]T€Nf
I = W de(np(e —eV) —np(€))
x Y Y tlHuwAS(k, HuA (K € — eV, (25)
k' kemBZ

where nr () = [exp(B¢) + 1]7! denotes the Fermi-Dirac dis-
tribution function. The sum over k” extends over wave vectors
in the T = + valley and the trace is over the energy bands of
a single spin and valley flavor (say s =1, t = +).

We model the MLG tip as a noninteracting system with
a Dirac-delta spectral function in both the conductance and
valence bands,

AT(K €)= "8(e — &)™ KT KX,
—

but allow the spectral function of the sample to be a positive
semidefinite matrix in the Bloch basis,

ASk,e) = _A3,(k, )lkrS) (kpS| =

Ap

— % , (26)
T

where G” = i(G" — G)/2 and the retarded Green’s function G
of the sample obeys the Dyson equation

A

o0
G=06" Z(i@“)n. (27)
n=0

The noninteracting Green’s function is diagonal in the Bloch
basis,

0 o [kS) kS|
G(k,e)_;—e_i_in_ék, (28)

whereas the self-energy 3 and thus the Green’s function G can
in general have off-diagonal matrix elements due to interband
scattering.

The Hamiltonian Hiy, describing momentum-conserving
tunneling between tip and sample takes the same form as in
Eq. (16):

3
ﬁtun = Z Z d;ST‘tnfp-i—rSG,,sz + H~C~a (29)

p,s n=lI

where d;s = (d;s A d;s ) creates an electron on sublattice A/B
of the tip with spin s =71 / | and wave vector pinthe Tt = +
valley. We defined 8G,, = G/, — G,,.. Here, G; = 0,and G, 3 =
V3IK|(v/3/2, £1/2)" represent two primitive reciprocal lat-
tice vectors of the top graphene layer of TBG. The reciprocal
lattice vectors of the tip MLG are twisted clockwise by angle
0, 1i.e., G; = 0(0)G,. Therefore §G| = 0, and 8G, 3 are two
primitive reciprocal lattice vectors of the moiré superlattice
formed by the tip and the top layer of the sample.

We neglect lattice relaxation and corrugation at the inter-
face of the tip and sample so that the tunneling matrix Eq. (18)
contains a single parameter wy = w; = w. We then write the
tunneling Hamiltonian in the single-particle Bloch basis in K
valley,

3
(AT Hunlk2S) = Y Tk +G) Y ks krgec, -

n=1 4
(30)
Let us focus on the n = 1 tunneling matrix elements
1 e*l'gk/
Ty, (k) = w(— + —)A &), 3D
o 2tz )n
Ay (k') = 1y, + u, e (32)

where 6, denotes the angle between k' — Ky and Kj, and
Ky = O(9)(|K|, 0)" represents the tip Dirac point. Note that
at generic noncommensurate twist angles between the tip and
sample, the three tunneling processes do not interfere because
the three Kronecker-deltas in Eq. (30) cannot be satisfied si-
multaneously, and their contributions to the tunneling current
I are identical in C3,—invariant systems. Therefore we skip
the expressions for Ty, (k' + G 3) here [16].

In general, the applied bias V leads to a relative energy shift
of the Dirac points of tip and sample. Here, we consider the
specific limiting case, in which the density of states associated
with the flat-band manifold of the sample is high and the
density of states of the tip layer in the vicinity of the Dirac
point is negligibly small. In this case, the applied bias V barely
changes the electron density in the sample, so that its Dirac
point does not shift with respect to the Fermi level. In contrast,
screening does not counteract the shift of chemical potential
and the associated change of electron density in the tip. As
a result, the chemical potential in the tip follows the bias
voltage V, while the chemical potential in the sample does
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not move with respect to its Dirac point. Thus the energies
of the single-particle states in the tip remain unchanged rel-
ative to the sample’s Fermi level, B(EkT,”v +eV)/oV = 0. To
compute dI/dV from Eq. (25), we only need to differentiate
the first Fermi-Dirac distribution function with respect to the
bias. This leads to a simple expression for dI/dV at zero
temperature,

dl  2me*N,N NV A
= 2 ilAwANK . V) HuAT K 0)]

%

e’T d6y ) / /
I~ Zyg z—jTip(k )T (kA3 (K, eV)
Ao

~ ¢’ Z A, (Kg)* Ay (Kg)AS (K, €V). (33)
Ap

In the second line of Eq. (33), the wave vector k' is integrated
along the Fermi line of the tip, and A’ = +1 indicates whether
the tip Fermi level lies in the conduction (4) or valence
bands (—) of the Dirac cone. To arrive at the final expression,
we use Egs. (31) and (32), and assume that the tip Fermi
momentum is small compared to the momentum uncertainty
of the electrons in the sample generated by finite junction
size, disorder scattering, or other interaction effects, so that
the spectral function AS(k’, €) of the sample is approximately
constant along the tip Fermi line centered at the Dirac point
K.

Equation (33) is the main result of this section. It reduces
to Eq. (1), when restricted to a single band of the sample.
It indicates that the differential conductance of the QTM
tunnel junction directly measures the momentum-resolved
one-particle spectral function of the sample along the trajec-
tory Ky of the tip Dirac point. The spectral function exhibits
not only quasiparticle peaks at energy &, which are responsi-
ble for elastic tunneling, but also features of inelastic electron
scattering off collective excitations at electron energy € away
from the quasiparticle peaks. At |e€ — EM2| > 1Sk, e,
by truncating the Dyson equation [Eq. (27)] to first order in
3, the spectral function takes the form

15, ke
T8

Compared to Eq. (2), we allow here for the interband scatter-
ing illustrated in Figs. 1(b) and 1(d), so that the self-energy
is in general a matrix in band space. In the next section, we
will derive f)”, and show that it encodes information about
the collective excitations.

AS  (k e) ~ — (34)

B. Off-shell self-energy of electrons

We calculate the self-energy Sk, €) at energies €, which
are off-resonant with the Bloch band energies 51?- We assume
that the electron-electron interaction is much smaller than
either the widths of the Bloch bands or the energy separa-
tion from the narrow bands in cases where narrow bands are
present, i.e.,

€ — &1 Tg/Au. VA

e

FIG. 3. The Feynman diagrams for (a) the electron self-energy 3
and (b) the dynamical screening potential W. The solid straight line
represents G and the single curly line stands for the bare Coulomb
interaction vy.

Here, the overline stands for averaging over the wave vec-
tors in the first mBZ. Therefore we consider only Feynman
diagrams that contain a single particle-hole interaction vertex
Wi prdarap (@3 Tt — T2), see Fig. 3(a). The notation means
that a particle-hole pair (|k;A;) and |k; — gps)) with total
wave vector ¢ at imaginary time 1, is scattered to another
particle-hole pair (Jk; 1) and |k; — gp;)) at time 7,. Note that
we neglect the first-order Hartree and Fock diagrams, which
merely generate a Hermitian self-energy. This renormalizes
the quasiparticle band structures but does not contribute to 3.”.
The self-energy at the Matsubara frequencies can be expressed
as

2)»1)»2 (k’ iwn) -

Z Z Zkakm(q,lQ)

i2, gemBZ A\

x GY, (k — q, iw, — iQ). (35)

The particle-hole vertex admits a spectral representation

Wiq, iQ,) = _/OO d_“w, (36)

oo T I2, — v

where W’ (q, v) is a Hermitian matrix, and iW” is the anti-
Hermitian part of W (g, v) = W(q, v 4 i0T). After plugging
Eq. (36) into Eq. (35), it is straightforward to sum over the
Matsubara frequencies and obtain the retarded self-energy via
the analytic continuation iw, — € + in,

Sk, €)= Z Z/ —Winonr (@ )

@ Gz
ng(v) +np(—§_,)

X
v+ E,"Lq

—, (37)
—€—in

Here, np is the Bose-Einstein distribution function. The anti-
Hermitian part i X" of the self-energy obeys

Z;»/l/\z(k’ 6) - Z Z k)qk ko q? ‘i:li:q)
qemBZ A
X [ng(e — é,?,q) + np (—E,i‘fq)]. (38)
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C. Charge fluctuations and inelastic tunneling

‘We have not yet specified the collective excitations. Below
we restrict the particle-hole vertex to the screening poten-
tial generated by charge fluctuations, as illustrated by the
Feynman diagram in Fig. 3(b). In this case, it is simpler to
calculate W” in reciprocal space first and then transform back
to the Bloch basis through the relation

Z <MI};l |ulf—q—g, >Wg/1,,gz (q’ v)<ullc)—q—g2 |ul};2>'

81,82

Wk/;»m,klzp(q’ v) =
(39)

0o owre . .
Here, 'ng,gz = t.(Wghg2 We,.,)/2 is determined from the
screening potential,

We 6, (@, V) = Vgug, Tlg, ¢, (@, V) Vg1, . (40)

with the retarded density-density response function

Mg, g,(q,v) = —%/0 di([p(q +g131), p(—q — 8 0))e 7,
(41

where (...) stands for the thermal average. One can show
from Egs. (40) and (41) that

Wy, g, (—g. —v)". (42)

This equation allows us to focus on positive frequencies.

The poles of W(g, v) at hawg on the positive real frequency
axis correspond to undamped collective excitations, plasmons.
For v ~ liwy, > 0,

ng .8 (q, V) =

Wg/l/,gz (4, v) = =7 dgug, ¢;+g25(‘) — hawg). (43)

Inserting Eq. (43) into Eq. (36) yields an interaction mediated
by plasmons that couple to electrons through a local electric
potential ¢p(r, 1) = )", ¢g1g€"?™® "' The same screening
potential W can be deduced from the fermion-boson model,

Eq. (4), to the second order in the electron-plasmon coupling
Hamiltonian

Hep = f 0 D gk q)c) e gobg + He.,  (44)
q,kemBZ ip
with

2ok, q) = Z

g

i”k —g-g ¢q+g (45)

Equation (45) provides a microscopic expression for the
electron-plasmon coupling, where ¢, is determined from
the screening potential (or the density-density response func-
tion) using Eq. (43). It generalizes Eq. (5) to multiband
cases and also includes the local field effects in the moiré
superlattice, which become important at large wave vectors
q~ kM.

In the presence of undamped plasmon excitations, we can
use the simplified expression Eq. (43) for W”. Combining
it with Egs. (34), (38), and (39), and plugging the obtained
spectral function into Eq. (33), we obtain the zero-temperature
differential conductance contributed by the electron-plasmon

scattering,

dr_ e 3, (Ko )
dV

qemBZ A
x{ Ok, )8V — &g, — hwy)
+O(—&, )8V — &k, + Ty},  (46)
where we defined the normalized inelastic tunneling rate

Z A, (Ko)gpi (Ko, q)
ev — é‘;{’g ’

This expression along with Eq. (32) generalizes Eq. (7) to
cases with multiple intermediate states |KypS) in the sample.
In Appendix A, we show that the same inelastic tunnel-
ing current can be derived from the Fermi’s golden rule as
well. The diagrammatic approach has the advantage that it
remains applicable when plasmons have a finite decay rate.
There Eqgs. (43) and (46) can be generalized by replacing the
Dirac-delta with the spectral weight of the plasmons.

Note that we have not yet considered the Coulomb inter-
actions experienced by the tip electrons. Those interactions,
especially the interlayer interactions between the tip and sam-
ple, could lead to several effects. First, the tip can screen
the Coulomb interactions and potentially damp the charge
fluctuations in the sample. This effect can be minimized
by maintaining a low doping level in the tip. Second, the
interlayer Coulomb interaction renormalizes the tunneling
Hamiltonian Ay, [23] and also introduces an additional chan-
nel for the inelastic tunneling through the scattering of the
tip electrons by the plasmons in the sample. Although these
effects can yield corrections to Eq. (25) for tunneling current
and Eq. (33) for dI/dV, we expect the corrections to be
quantitatively small thanks to the steep electron dispersion of
the tip MLG (see Appendix B for more details).

Finally, the formalism discussed in this section could also
be applied to the inelastic tunneling arising from other col-
lective bosonic excitations in the electronic system, each
associated with different particle-hole vertices W (g, ).

M; (Ko, q) = (47)

o

V. TUNNELING SPECTRUM OF INTERACTING TBG

In this section, we study the spectral properties of charge-
neutral TBG described by the interacting BM model, Egs. (20)
and (21), at small twist angles, and illustrate how to ex-
tract information about the plasmons in TBG from the QTM
tunneling spectra. We discuss different signatures associated
with inelastic tunneling into the central flat bands and into
the remote dispersive bands, making connections with the
qualitative descriptions in Sec. II.

Our results are based on the random phase approximation
(RPA) for the plasmons and the one-shot GW approxima-
tion for the spectral function of TBG. These perturbation
theories are most reliable if the Coulomb interaction scale
is not larger than the bandwidth of the central flat bands.
For this reason, we consider two moderately interacting sce-
narios: 1.20°-TBG away from the magic angle in Sec. V A;
and 1.07°-TBG subject to strong gate/dielectric screening in
Sec. V B. Throughout the entire section, we fix the model
parameters vp = 10°ms~!, wy = 117 meV, wy = 0.7w;, and
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FIG. 4. The noninteracting band structures of 1.20°-TBG.
(a) The energy dispersion of TBG along the trajectory of the Dirac
point of the tip, see the inset in (b). 6 denotes the twist angle
between the tip and the top layer of TBG. The color encodes the
absolute value of the normalized tunneling matrix elements given
by Eq. (32). (b) The tunneling density of states of the noninter-
acting TBG at charge neutrality, —Im ), Tr(G°(k, €))/7 2, with a
Lorentzian broadening parameter = 0.4 meV.

relative permittivity €, = 10. Additional details of the numer-
ical calculations can be found in Appendix C.

A. TBG away from the magic angle

For the given parameters, the noninteracting band structure
and density of states of a charge-neutral 1.20°-TBG are de-
picted in Figs. 4(a) and 4(b), respectively.

We compute the screening potential and the plasmons by
using the random phase approximation (RPA), as shown in
Fig. 5(a) [24]. Within RPA, the density-density response func-
tion of the sample in Eq. (41) reduces to

Mg g,(g, 0) = [2%(q ) =Vl 48

where Vg, . () = Vg14,84,.g, denotes the bare Coulomb inter-
action, and {° is the single-particle density-density response
function,

S np(ET) — nr (§k+q)
Xg 0, (@, @
e ;&k;z AX,O: o+ i+~ 5,
X ( |Mk+q+g1 ><M1[c)-rkq+g2 |Ml);r> (49)

The response function is block diagonal in reciprocal space
because of Umklapp processes. The factor of 2 accounts for
the spin degeneracy. Here, we restore the valley index 7. The
two valleys are related by time-reversal symmetry, &k“' =&
(o

The RPA screening potential W can be obtained by insert-
ing the RPA response function, Eq. (41), into Eq. (40). We
compute its anti-Hermitian part iW"” and plot —Tr(W” (g9, w))
in Fig. 5(b). Sharp peaks of W” can be observed at energy
about 40 meV as g approaches the mBZ boundary, see the
inset of (c). These peaks correspond to the plasmon poles
of W. Here, the plasmon is a collective interband particle-
hole excitation because the intraband excitation vanishes at
charge neutrality. Note that the plasmon energy is smaller than

A
and =

ARRNRNNRNP  —

AL (D

(c) 301 TY
251 K™Y
S K’ m

D 204
S
s 15 :
<
=10
S

5.

0 T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0
q/km

q/km

FIG. 5. Plasmons in charge neutral 1.20°-TBG within the ran-
dom phase approximation. (a) Feynman diagrams of the RPA
screening potential W. (b) The dissipative part of the screening
potential, —Tr(W” (g, »)), as a function of wave vector ¢ = ¢9 and
energy w. The bright curve at energy about 40 meV traces the plas-
mon dispersion fiw,. The broadening of the plasmon spectrum at
lower energies (seen at ¢ — 0 and ¢ — 3kj,) comes from the plas-
mon decay into particle-hole pairs. The white dotted line delineates
the boundary of the particle-hole continuum. (c) The electrostatic
potential ¢, associated with the zero-point motion of plasmons is
plotted along a high-symmetry line in the extended mBZ, see the
inset. (The black dot corresponds to the origin). In this plot, we
exclude the region of ¢ where plasmons enter the particle-hole con-
tinuum. The dotted line, /%iw,v,/2 with the bare Coulomb potential
v,, provides a rough estimate of ¢, cf. Eq. (5).

the bandwidth of the central-band manifold (~50meV), and
therefore the particle-hole pair near the y point can damp the
plasmons, leading to broad peaks at small g.

Near the zone boundary where the plasmons are un-
damped, we can determine the electrostatic potential ¢,
generated by plasmons according to Eq. (43). The results are
plotted in Fig. 5(c). Overall, ¢, drops rapidly as g increases
because, microscopically, these plasmons are charge oscil-
lations within the flat bands and the Bloch wave functions
up +g Of the flat bands are concentrated in one mBZ. For
comparison, the dotted line depicts an estimation of ¢, based
on Eq. (5) for long-wavelength plasmons. The deviations of
the estimate from the full numerical result (solid lines) can
be attributed to at least two reasons. First, the expression
¢g = \/hiwgvg/2 is derived under the assumption that the plas-
mon energy is well above the particle-hole continuum at the
same ¢, i.e., |$,§+q — S,fl/ha)q <« 1 for the flat bands A, p. This
condition is invalid here. Furthermore, Eq. (5) does not con-
sider the local field effects in moiré superlattices and therefore
cannot capture the rapid decay of ¢, at large g.

To calculate the tunneling conductance, we first use the
above RPA screening potential W and Egs. (37) and (39) to
calculate the self-energy $(k, €). By plugging this approxi-
mated 3 (k, €) into the Dyson series, Eq. (27), we obtain the
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FIG. 6. Tunneling spectrum of charge-neutral 1.20°-TBG. (a)
dl/dV map as a function of the twist angle 8 and the bias volt-
age. Sharp lines at low bias represent elastic tunneling into the
central bands. Nonlinear conductance at higher bias comes from
inelastic tunneling facilitated by emission of damped plasmons and
particle-hole excitations. The higher value of d1/dV ateV ~ 50 meV
corresponds to the emission of plasmons with nearly flat spectrum,
see Fig. 5(b). (b) Line cuts of (a) at two different twist angles corre-
sponding to when the tip Dirac point passes the ¥’ and m points in
the mBZ. There are two plasmon satellites, each separated from the
strong quasiparticle peaks of the two central bands by approximately
the average plasmon energy.

GW approximation for the Green’s function
Gk, ) =16k, )™ = Bk, )17 (50)

We then express the spectral function via Eq. (26) and cal-
culate the tunneling conductance via Eq. (33). Figure 6(a)
depicts the tunneling conductance between the tip and the
charge neutral TBG as a function of the twist angle 8 and
bias eV between the tip and sample. Besides the quasiparticle
peaks which map out the band structures of TBG, cf. Fig. 4(a),
we find satellite peaks at biases eV ~ =50 meV, which are
nearly twist-angle independent except near the y point. The
two satellites arise from inelastic scattering of an electron
and a hole off one plasmon, respectively. The energy of the
satellite peak on the positive bias side is approximately given
by the plasmon energy ~40meV plus the electron energy
corresponding to the Van Hove singularity ~6meV of the
central conduction band, cf. Fig. 4(b). This peak in dI/dV
comes from the convolution of the plasmon density of states
D(w) and the density of states of the central-conduction-band
electrons. Compared to the simplified case considered in Sec-
tion II, the latter peaks at the energy &y of the Van Hove
singularity, rather than at £ = 0. That shifts eV — eV — &y
in Eq. (12). The line cuts at ¥’ (9 = 0) and m (6 = —0.6°)
plotted in Fig. 6(b) indicate that the plasmon satellites are
much weaker than the quasiparticle peaks at low bias.

The signatures of plasmons can also be found at suffi-
ciently high bias where electrons (holes) have enough energy
to tunnel into the remote bands by emitting a plasmon si-
multaneously. Figure 7(a) plots a map of d*I/dV?* vs. 6
and eV. Apart from the strong elastic tunneling features near
the y point, we find weak d*I/dV? peaks at bias eV*(6) ~
105 meV, marked by the arrow. We have confirmed that V*(0)
traces the dispersion of the plasmons, eV*(0) ~ &, + liwg,
where the band minimum of the upper remote bands is at

eV (meV)
100 110

0 1 2 50 100
6 (deg) eV (meV)

FIG. 7. Signatures of plasmons in the tunneling spectrum of
charge-neutral 1.20°-TBG. (a) d*I/dV?* map as a function of the
twist angle 6 and the bias eV. The broad horizontal feature cor-
responds to the onset bias allowing the plasmon-assisted tunneling
into the remote bands. It traces out the dispersion of the plasmon
shown in Fig. 5. Bright almost-vertical lines arise from the elastic
tunneling associated with the remote bands of TBG. (b) dI/dV when
the tip Dirac point is twisted to the k' and m points. The onset of
plasmon-assisted tunneling leads to a kink in d1/dV pointed by the
arrow. This kink corresponds to a peak in d*I/dV?, see the inset.
The size of the kink is orders-of-magnitude weaker than that of the
plasmon satellites at lower bias and the quasiparticle peaks of the
nearest remote bands at higher bias (see, e.g., the orange line). At &/,
however, the quasiparticle peak of the lowest remote conduction band
vanishes due to the suppression of the tunneling matrix elements for
this band.

energy &, ~ 70 meV, cf. Fig. 4(b), and the wave vector of the
emitted plasmon Qy = Ky — Ky,,,,. According to Eq. (10) and
the discussions in Sec. II, these d*I/dV? peaks indicate the
onset of the inelastic tunneling into the remote bands assisted
by less dispersive bosons (plasmons).

To gain insight into the intensity of the d*I/dV? peaks, we
consider an inelastic tunneling process illustrated in Fig. 1(b)
at 6 = 0. The emitted plasmon carries wave vector Q, =
ky9. We plug the electron-plasmon coupling |g. ¢ (¥, Q)| ~
$0,/v/Au ~ 6meV [cf. Fig. 5(b)], and eV* ~ 100 meV into
Eq. (47), and estimate the normalized inelastic tunneling
rate from the tip to the two lowest remote conduc-
tion bands, [M.(Kg, @p)> ~ Igc.r (¥, @p)/eV*> ~ 4 x 1072,
where ¢ and f label the two lowest remote conduction bands
and the flat bands, respectively. Based on Eq. (10), we esti-
mate that the plasmon-assisted inelastic tunneling increases
the differential conductance by A(d1/dV) ~ 4 x 1073 Gincohs
where [25]

Gincoh = €’ TAyv,(0). (51)

Figure 7(b) plots the numerical simulation of d//dV when the
tip Dirac point is twisted to m and k" in the mBZ. The arrow
points to kinks in d1/dV associated with the plasmon-assisted
inelastic tunneling. The size of the kink roughly matches our
estimate, indicating that near 6 = 0, the inelastic tunneling
primarily occurs through the virtual electronic states in the
flat bands of TBG, see Fig. 1(b).

We caution that the kinks in dI/dV are relatively weak
features in the tunneling spectrum. As shown in Fig. 7(b),
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these features are about two orders of magnitude weaker than
the plasmon satellites generated by inelastic tunneling into the
central bands at low bias. The difference can be attributed to
two factors: the smaller density of states in the remote bands
compared to the central bands, and the large energy separation
between the remote and central bands. The latter reduces the
inelastic tunneling rate, Eq. (47).

The plasmon-induced kinks in d1/dV are generally much
weaker than the quasiparticle peaks associated with the elas-
tic tunneling. The orange curve in Fig. 7(b) shows that the
quasiparticle peaks of the remote bands at higher bias can be
three orders of magnitude stronger than the kinks in dI/dV .
However, interestingly, the quasiparticle peaks are strongly
suppressed near &’ [blue curve in Fig. 7(b)] due to the sup-
pression of the tunneling matrix elements A,(Ky—g) of the
lowest remote conduction band, cf. Fig. 4(a). The origin of
the suppression is a strong polarization of the electron states
at k' towards the bottom layer of TBG, remote from the tip.
Consequently, the plasmon-induced inelastic tunneling fea-
tures exhibit better contrast against the background near «’ in
Fig. 7.

B. MATBG under strong gate/dielectric screening

In this section, we study possible signatures of the plas-
mons hosted by the flat bands of MATBG in the QTM
tunneling spectrum. To avoid complications arising from band
reconstructions in strongly correlated MATBG, one can re-
duce the Coulomb interaction using metallic gates or high-«
dielectrics [26] (see also Refs. [27,28]) that are vertically
separated from MATBG by a small distance d, < ay, where
ay is the moiré lattice constant. In the following, we use the
dual-gate-screened Coulomb potential, Eq. (24), with d, =
Inm. The gate screening makes the Coulomb interaction
short-ranged. For a 1.07°-TBG, we estimate the bare on-site
Coulomb interaction U to be comparable to the bandwidth of
the two flat bands B~ U ~ 10meV [29].

As gate screening becomes less effective at large wave vec-
tors g = d, ! 2 0.3ky, there remain well-defined plasmons
close to the mBZ boundary, as shown in Fig. 8. In real space,
the electric fields generated by these plasmons away from
the y point are concentrated in the AA stacking region over
a length scale of a few nanometers [17], where most of the
flat-band electrons are localized.

Next, we compute the GW self-energy 3 and spectral
function AS(k, €) of MATBG. The spectral function plotted
in Fig. 9(a) is qualitatively the same as that of TBG at larger
twist angles: we find quasiparticle peaks near the Fermi level
as well as almost dispersionless plasmon satellites for both
signs of the energy. In Fig. 9(b), the solid line represents
the imaginary part X" of the electron self-energy at the &’
point of MATBG. (The flat conduction and valence bands
are degenerate and have the same self-energy at «’.) The red
dashed line plots exhibit the rescaled tunneling conductance
(eV)*dI/dV at 6 = 0 where the tip Dirac point passes «’. In
the limit of weak electron-plasmon coupling where Eq. (2)
holds, (eV)?dI/dV should match with X" (k’, V), and ac-
cording to Eq. (12) they should correlate with the density of

w (MmeV)

20 40

0
-Tr(W”) (meV Ay)
0 1 2 3
q/km

0
0.0 05 1.0 1.5 2.0 2.5 3.0
qlkm

FIG. 8. Plasmons of charge neutral 1.07°-TBG situated in the
middle of two metallic gates with a sample-gate distance d, = 1 nm.
(a) The wave vector and energy dependence of the trace of the
dissipative part of the RPA screening potential, —Tr(W” (g9, )). The
bright curve traces the plasmon dispersion /iw,. The white dots mark
the boundary of the particle-hole continuum. (b) The same quantities
as plotted in Fig. 5(c). The solid line represents the electrostatic
potential ¢, associated with the zero-point motion of plasmons, and
the dotted line, /hw,v,/2, provides an order-of-magnitude estimate
of ¢.

states of the undamped plasmon (dotted line),

. L 2wy
D(w) = -5 Z Im(w i G (52)

gemBZ

The numerical results show that the three lines exhibit similar
line shapes and peak at nearly the same energies, in qualitative
agreement with the above expectations. The quantitative dis-
crepancy between Eq. (12) and our microscopic calculations
of dI/dV based on the GW approximation can be understood
as follows. First, the finite bandwidth of the flat bands broad-
ens %" and AS compared to D. Second, Landau damping of
the plasmons makes Eqgs. (12) and (52) inapplicable at low
energy eV < 8meV. Furthermore, neither Eq. (12) nor GW
describes the plasmon satellites in the spectrum accurately
when the electron-plasmon coupling (or the self-energy) is not
much smaller than the average plasmon energy. It is known
that the GW approximation often overestimates the energies
and intensities of the plasmon satellites [30,31].

Interestingly, the intensity of the satellites drops rapidly
near the y point. As shown in Fig. 9(c), the tunneling con-
ductance dI/dV exhibits prominent satellite peaks at x’ but
only small kinks at y. We further elaborate on this trend by
plotting X" (k, eV) for k in the vicinity of y in Fig. 9(d).
The peak in &7 at eV &~ wy becomes lower as k — y. We
mention a similar self-energy behavior in the nonmagic-angle
TBG discussed in Sec. V A. A common cause of the suppres-
sion of the electron-plasmon scattering for y electrons in flat
bands is a small overlap between the Bloch wave functions
at the y point and in other parts of the mBZ [32]. A more
drastic effect seen here in Fig. 9 is due to the screening of the
Coulomb potential by gates. The gate screening confines the
plasmons more strongly within the AA-stacking region of the
moiré unit cell and further reduces their coupling with the y
electrons in the flat bands, which vanishes at the AA-stacking
high-symmetry point.
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FIG. 9. (a) Spectral function AS(k, €) of the spin-valley sym-
metric phase in charge neutral 1.07°-TBG, evaluated in one-shot
GW approximation and plotted along a high-symmetry line of mBZ
traversed by the Dirac point of the MLG tip. In addition to the strong
quasiparticle peaks, AS exhibits two almost dispersionless plasmon
satellites centered at energies € ~ =10meV. The intensities of the
satellites drastically decrease close to the y point. (b) The solid
line represents the imaginary part of the self-energy X7 , of the
flat conduction band at k" at energies away from the quasiparticle
energy 515 = 0. The dotted line plots the density of states D (a.u.)
of the undamped plasmons shifted horizontally by the Van Hove
singularity &yg = 1.2meV of the flat conduction band. It indicates
a Van Hove singularity of the plasmon dispersion at wy ~ 10 meV.
The red dashed line plots the rescaled tunneling conductance d//dV,
which follows the trend of E}/’, ¢ and D. (c) The simulated tunneling
conductance dI/dV as a function of bias eV when the tip Dirac point
K, is twisted to the /(6 = 0) and y(0 = 6rpg) points, respectively.
In agreement with the color plot of the spectral function in panel
(a), the dI/dV curves show two satellites at energies higher than
the quasiparticle peaks, but the satellites nearly vanish at p. (d) The
imaginary part X }’ ’ (k, eV) of the self-energy at three different values
of wave vector k. As k — y, £} , rapidly decreases at energy eV ~
wp + Evu, indicating a suppression of the electron-plasmon coupling
for electrons near p.

We next analyze the tunneling spectrum in the large-bias
regime where electrons (holes) in the tip can tunnel into the
upper (lower) remote bands. Figure 10(a) depicts a map of
d*1(6,eV)/dV? at bias voltages close to the minimum of the
remote conduction bands, &,,. As the tip Dirac point is twisted
away from the y point, the features of elastic tunneling into
the remote bands can be avoided, and at a fixed twist angle,
d*I/dV? exhibits at least two peaks as the bias increases.
They correspond to two steplike increments of dI/dV atop
a smooth background, as shown in Fig. 10(b), and mark the
onset of inelastic scattering off two different types of particle-
hole excitations.

K
(b)
x /
plasmon
—-45
(d)
A—SO- ................................................
>
[}
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>
v F o\
_60_
-1 0 1 2 2 4

6 (deq) g—\l//Gincoh x1072

FIG. 10. (a) d*I/dV? map as a function of the twist angle # and
the bias voltage. We choose a bias window allowing the onset of
elastic tunneling into the remote dispersive bands and the plasmon
satellites. The broader horizontal feature to the left of the y point
corresponds to inelastic tunneling into the remote band accompanied
by creation of a particle-hole excitation in the flat band (the width
of this feature is comparable to the flat bands width). A narrower
feature above it comes from the plasmon-assisted tunneling into
the edge of the remote band. There is a weaker counterpart of that
feature to the right of y point. (b) d1/dV at two different twist angles
corresponding to the line cuts of the d*I/dV? color plot, panel (a),
at k' and m. Each line shows an increase of dI/dV associated with
creating a particle-hole excitation at biases above the elastic tunnel-
ing threshold. Arrows point to the plasmon feature. (c) d*I/dV?* map
in the bias range close to the maximum of the lower remote bands.
As in (a), the plasmon dispersion can be revealed from dI/dV? dips
on the two sides of the strong elastic tunneling feature around p.
(d) The same as (b) except at negative bias. The dashed lines in
(b) and (d) mark &, and &,,, respectively, and indicate the elastic
tunneling thresholds.

The dI/dV step at larger bias pointed at by the arrow
is associated with the emission of plasmons. Figure 10(a)
show that the bias, eV*(@), of the d*I/dV? peak traces out
the momentum-resolved energy dispersion of the plasmon, cf.
Fig. 8(a). This is again qualitatively consistent with Eq. (10)
for plasmon-assisted inelastic tunneling into the dispersive
bands.

The rapid increase of dI/dV at biases close to the edge of
the remote bands [edge is marked by dashed line in Fig. 10(b)]
can be attributed to inelastic tunneling into the flat bands when
the tip electrons have sufficient energy to scatter a quasipar-
ticle from the flat/remote valence band to the remote/flat
conduction band. Due to the narrow bandwidth of the flat
bands, these interband scattering can lead to stronger d*1 /dV?
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peaks than the plasmon-induced signals, as shown in panel
(a). Both types of inelastic tunneling involve virtual electronic
states primarily in the flat bands. Therefore, as 6 decreases
and the tip Dirac point is twisted towards the bottom-layer
Dirac point (k) of the sample, the intensities of the d*I/dV?>
peaks drop rapidly with the tunneling matrix elements of the
flat bands [16].

Similar phenomena are found in the negative-bias regime
in Figs. 10(c) and 10(d). When the Fermi level of the tip
is below the edge of the lower remote bands, electrons in
the remote bands can tunnel into the tip by scattering off
plasmons; cf. Figs. 1(c) and 1(d), leading to a dip of d*I/dV?
at bias V*(0) which traces out the momentum-resolved energy
dispersion of plasmons.

VI. DISCUSSION

In this work, we develop a theory for the inelastic
momentum-conserving tunneling spectroscopy with the quan-
tum twisting microscope (QTM), and propose methods to
access the dispersion of a bosonic collective mode, the plas-
mon. We specifically study the lowest band of moiré plasmons
in twisted bilayer graphene (TBG) with a twist angle close
to its magic value. By calculating the spectral function of
the interacting Bistritzer-MacDonald model of TBG within
the GW approximation, we predict two types of signatures
associated with plasmons in the electron tunneling spectrum.

The first signature consists of nearly dispersionless plas-
mon satellites in dI/dV at low bias. These satellite peaks
arise from inelastic tunneling into the central bands of TBG.
Peaks in d1/dV originate from the prominent maximum in the
plasmon density of states, cf. Fig. 9(b), coming from the Van
Hove singularities at the Brillouin zone boundaries [10,17].

The other signature of plasmons is a peak in d*I1(V, §)/dV?
at high bias due to the onset of inelastic tunneling into the
dispersive bands. It shows much lower intensities, but the
dependence of the peak bias V on the twist angle 6 between
the tip and sample can trace out the momentum-resolved
plasmon dispersion. This method is suitable to measure the
flat part of the plasmon dispersion at wave vectors away
from the y point. For the fast-dispersing modes at small
wave vectors and energies, the induced inelastic tunneling
conductance can be overwhelmed by the elastic signals. This
makes the QTM-based plasmon spectroscopy a complemen-
tary tool to the near field optical spectroscopy [14,33,34]
that probes long-wavelength plasmons within a small fraction
of the moiré Brillouin zone (mBZ) of magic-angle twisted
bilayer graphene (MATBG).

Unlike previous theories of the inelastic tunneling spec-
troscopy with the QTM [4-6], which assumed finite Fermi
surfaces on both sides of the tunnel junction, we focus on
charge neutral TBG. In our case, the inelastic tunneling fea-
tures are induced by singularities in the density of states of the
sample. The advantage of using singular points in reciprocal
space is that it enables a sharp selection of electron momenta
and removes the Fermi-surface averaging of the transferred
momenta. Such averaging is inconsequential for studying the
phonon spectra at wave vectors comparable to the reciprocal
lattice period of monolayer graphene, but would be detrimen-
tal in studying the plasmon spectrum varying within the mBZ.

Doping of TBG would also generate a Hartree potential
that increases the bandwidth of the flat bands [35]. This effect
broadens the particle-hole continuum and enhances Landau
damping of the plasmons near the mBZ boundary [11]. On the
other hand, the Fermi surface in doped TBG ensures conven-
tional plasmons with /g dispersion in the long wavelength
limit (for an unscreened Coulomb potential) [18,36]. These
significant changes in the band structure and the characteris-
tics of the plasmons might lead to a nontrivial evolution of the
QTM tunneling spectra with varying doping levels, which we
leave for future study.

We comment on the domain of validity and limitations of
our theory. Firstly, the random phase approximation of the
screened Coulomb potential is formally exact in the large fla-
vor limit, Ny — o0, v, — 0 with Nyv, fixed. In this limit, the
system can host well-defined plasmons outside the particle-
hole continuum while being weakly interacting. In TBG,
Ny =4 is given, and our calculations suggest that there exist
undamped plasmons near the mBZ boundary even when the
Coulomb interaction is suppressed by metallic gates as close
to the sample as 1 nm. Based on the RPA, the GW approx-
imation perturbatively accounts for dynamical screening of
the long-range Coulomb interactions. It was previously ap-
plied to investigate the thermodynamic properties, e.g., the
filling dependence of the ground-state energy and chemical
potential [37,38] of MATBG, but has not been used for the
spectral properties of TBG until now. There have been alter-
native approaches to study the spectral function of TBG in
the strong coupling regime, such as quantum Monte Carlo
[39,40], DMFT [41-46], and approximate analytical solutions
[32,47,48]. These nonperturbative methods consistently pre-
dict that the flat bands of MATBG split into Hubbard bands
well above the ordering temperature of the spin and pseu-
dospin and that the Hubbard bands become dispersive near
the y point due to the nontrivial topology of the TBG flat
bands [32,49]. The GW approximation fails to describe these
Mott states and Hubbard bands. Nevertheless, the Mott states
with finite-width Hubbard bands could, in principle, support
plasmon excitations [50]. Inelastic tunneling of the electrons
(holes) into the upper (lower) Hubbard band by emitting a
plasmon would give rise to satellites in the tunneling spectrum
at biases above the elastic tunneling peaks that correspond to
the Hubbard bands.

Finally, the formalism in Sec. IV can be applied to other
collective modes. The phonon modes in the graphene tip,
the TBG sample [11], and the hyperbolic dielectric tunneling
barrier [51] may show up in the QTM measurements. One
natural extension of this work would be to incorporate the
hybridization between the plasmons and phonons in the cal-
culations. Another interesting direction for future work is to
investigate signatures of the Goldstone modes in the tunnel-
ing spectra of various symmetry-broken phases in MATBG
[23,52-57]. More broadly, our study establishes a theoretical
framework for probing collective electronic excitations in cor-
related moiré materials with the QTM.
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APPENDIX A: DERIVATION OF THE INELASTIC
CONTRIBUTION TO DIFFERENTIAL CONDUCTANCE
USING FERMI'S GOLDEN RULE

In this section, we show that when the sample can be de-
scribed by an interacting electron-boson model [e.g., Eq. (4)],
the inelastic tunneling current derived from Fermi’s golden
rule is consistent with Eq. (25) in the main text, to the leading
order in the electron-boson coupling strength.

Consider the inelastic tunneling of electrons (or holes)
from the sample to the tip. This process involves the emis-
sion or absorption of a plasmon in the sample, followed by
momentum-conserving interlayer tunneling. The 7 -matrix el-
ements from an initial state of a single electron [p — gAS) and
a plasmon |g) at wave vector ¢ in the sample to a final state
|[pA'T) in the tip,

(PA'T|T|p — q1S;q) = (p)‘/T|HtunﬁHe—pl lp — q2S; q)
Z T/\’p(p)gpk(p q) (A1)
eV + EI, EI,

In the energy denominator, € = eV + S; *" denotes the energy
of the tunneling electron relative to the Fermi level of the
sample. We also defined Z =), , CZAC“'

Likewise, we can write down the 7 -matrix elements from
an initial state of a single hole |p — gAS) and a plasmon | — ¢q)

in the sample to a final hole state |pA'T) in the tip,
(PA'TIT|p — q2S; —q)
(pA'T|Huyn

>

p

He—pl |P - q)\S; _q>

1
€l — HQ
T7,(P)gpn(p — 4, —q)
ev+E”t —&

= (PA'TIT|p — q1S;q)". (A2)
In the last line, we used time-reversal (7) symmetry,
Gpre = g Gok—q.—@) =g,k q).  (A3)

Using the Fermi’s golden rule, it is straightforward to write
down the tunneling current at finite temperature

27 NpNye ,
51~ h—gf S SN 1A T Talp — 42S:9) 1

gqemBZ p,)' X

x8(eV +& — )

p q
xA[1 = e (&) Jnr (&g nn(heog) = e (6,°7)
[1 — nF(S )][1 + nB(ha)q)]} — (wg = —wy0A4)
The Dirac-delta enforces the energy conservation. In the last
line, we used wy; = w_,;.

Alternatively, we can derive the inelastic contribution to the
tunneling current from the linear response theory, see Eq. (25).
We write down the dissipative part of the screening potential
mediated by the plasmon, according to Egs. (39), (42), and
(43),

Wik ok @ V) = — 781, (k, )8}, (k. )8 (v — Ticwg)

+ 78,k —q, —q)80,,(k —q, —q)
X 8(v + hw_y). (AS)
By simplifying the above expression using the 7 symme-

try, see Eq. (A3), we obtain the following self-energy from
Eq. (38),

ko)=Y gk q)g,, k. q)

qgemBZ p
X (8(6 — slf_q — ha)q) -
x [}’ZB(E - slf—q) + nF( - gl:to—q)]

Inserting the self-energy into Eq. (34) yields the spectral func-
tion AS(k, €) at energy € away from the quasiparticle peaks.
We then plug AS and AT (k, €) = 8(e — g,}”) into Eq. (25),
and simplify the results by using the following identity:

[nr(€) — np(ENnp(e — &) + np(—£)]
= [1 — np(EN)Inp(E)npe — &)
— npEDIL — np @)L + np(e — £)].

8(e — &0, + i)
(A6)

(AT)

After some algebra, one can reproduce Eq. (A4).
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APPENDIX B: EFFECTS OF INTERLAYER COULOMB
INTERACTIONS BETWEEN THE TIP AND SAMPLE ON
INELASTIC TUNNELING

In this work, we focus on the charge fluctuations in the
sample to illustrate the inelastic tunneling spectroscopy for
collective excitations with QTM. However, in contrast to other
types of collective excitations, the charge fluctuations are
coupled with electrons not only in the sample but also in the
tip via the long-range Coulomb interactions. Therefore, when
applied to charge fluctuations, the formalism in Sec. IV can be
improved by including two missing factors: (1) the dynamical
screening effects of the tip on the plasmon excitations in TBG,
and (2) inelastic scattering between the electrons and plasmon
on different sides of the tunnel junction. We will analyze
these two effects separately in the following two subsections,
and argue that they do not lead to qualitative changes on the
tunneling spectrum of the MLG-TBG tunnel junctions studied
in the main text.

1. Dynamical screening from the tip

For simplicity, we neglect the finite thickness of TBG
by assuming that its charges reside in the center of two
graphene layers due to strong layer hybridization of the flat-
band wave functions. These charges are separated from the
monolayer graphene tip by a vertical distance dr. It will
be convenient to introduce a layer index / =0, 1 to label
the TBG and MLG, respectively. Electrons in one layer can
interact with electrons in the same or different layers. The
bare Coulomb interaction vertex is diagonal in the layer
subspace but the intra-and inter-layer interactions can have
different strength. We denote the interaction between the layer
[ and I’ as v‘ll’l/. Provided that the layer separation is much
smaller than the distance from the graphene layers to gates,
dr < d,,

LU~ —|l=1||q|d
vy A vge [1=L"ligldr (B1)

Let us first write down the noninteracting response function
of the full system, which is a diagonal matrix in the layer

subspace:
S
s (X 0
where S represent the noninteracting density-density re-

sponse functions of the tip and sample, respectively. The RPA
density-density response function is also a 2 x 2 matrix in the
layer space,
R Wo.0 gyl
Wgq, w)= (WLO Wi
q,0

i_ \70’0}(5 _VO,I)A(T -1 Yoo ol
= _‘71,025 i —ypLlgpT plLo  pll \
P00 ol
- <‘71,o put) o (B3)
q
with the bare interaction matrix V/ g],/ (q) = U(]]'_{_,g(sg_g. Note that

in our convention, we have subtracted the first-order Coulomb
interactions from the screening potential.

Combining Egs. (B1)—-(B3) and using the following for-
mula for bockwise inversion:

A B\'_((A-BD'C)! 0
c D) ~— 0 (D—-CA'B)~!

_pp-1
T

we find that the expression for the screened interactions be-
tween two electrons in the sample is analogous to Eq. (40),

Wo(q, w) = e(q, w) 'V (g, w) —V*O(q),  (BS)

(g, 0)=1-V"q, 0)2°(q, »), (B6)

with the bare Coulomb interaction V(q) in Eq. (40) replaced
by a frequency-dependent effective interaction that takes into
account the tip screening,

Veil(g, w) = V) + VO (@) (RT(q, @) =V ()™
x V10(q) (B7)

~(1-V@i"(q ) V). (BS)

The last equation assumes the tip-sample distance dr << g/,

and Vil ~ V.

For a monolayer graphene tip, we may neglect the band
structure renormalization induced by the periodic Hartree-
potential generated by the TBG and approximate ' by
its value in a decoupled MLG [58] at zero temperature,

Xg ¢, (@ @) ~ x°(1q + gl, @)3g, g, and

N F(q, )
G FHUT q
, W) = —
(g, ) 21 h*v}, v}
2 2UT —
< |G(ZTE2) (=) | (Bo)
hvpg hvpg
with
N h2v2q2
F(g,0) = —= L

167 /w2 _ hzvng
Gx)=xvx2—1—In(x++vx2—1).

Here, ~/x2 — 1 has a branch cut on the interval (—1, 1) and
the frequency w approaches the real axis from above. For
charge neutral MLG with four spin-valley flavors (Ny = 4),
the chemical potential ur =0, and Eq. (B9) reduces to

x6(q, w) = —ig?/4,/ @* — F*v}q>. For ¢ > w/hvp,

(B10)

G q
, N ——, B11
x(q, ®) Thop (B11)
€%(q, w) = l—vqu(q,w)%l—l—%oé—G, (B12)

with the fine structure constant of MLG, o = €2 /4meghvp ~
2.2. These two equations hold for finite ur = hvpkp as long
as q > ZkF

Equation (B12) indicates that MLG screens the short-
wavelength charge potential perturbation as if it were a
conventional dielectric, with a relative permittivity of (1 +
mag/2). By plugging Eq. (B12) into Eq. (B8), we find that
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FIG. 11. Comparison between the dissipative part of the in-layer RPA screening potential —Tr(W%%(g$, w)") of TBG without (a) and
with (b) dynamical screening from the tip. We consider a charge neutral 1.20°-TBG and an electron-doped MLG tip with chemical potential
wr = 20meV, separated vertically by a distance dy = 5 A. (a) The nearly dispersionless peaks at energy o ~ 40 meV arise from the plasmons
in the sample. At small g, the plasmon is damped by the interband particle-hole transitions and leads to a broad peak of the screening potential.
(b) In addition to the features in (a), there are fast dispersing peaks on the left and right of the map induced by the plasmon of the MLG tip.
(c) The dashed lines are line cuts of (a) at ¢ = 0.1ky, (black) and 1.5k, (blue), while the solid lines are line cuts of (b) at the same wave
vectors. The differences between the two blue lines indicate that the tip screening reduces the plasmon energy and the interaction mediated by
the plasmons in the sample. The screening effect of tip becomes more significant at small g, as shown by the black lines. The tip also gives
rise to a sharp peak in the black solid line, which can be understood as the interaction mediated by the plasmons in the tip. The inset depicts a
high-symmetry line used in (a) and (b). For these plots, we take the relative permittivity €, = 6.6 and broadening parameter n = 0.8 meV for

both the tip and sample. Other parameters are given in Appendix C.

the tip renormalize relative permittivity of the dielectric envi-
ronment,

€ — € +mag/2. (B13)

Because the plasmon energy in the flat bands of TBG is
much smaller than hvpky, ~ 200 meV, the plasmons near the
zone boundary readily satisfy the condition g > wy/hvp, kr.
As a result, these modes are largely insensitive to screen-
ing effects from the tip. We have verified this conclusion
by numerically computing the in-layer screening potential,
Eq. (BS), with a tip chemical potential ur = 20 meV (Fermi
wave vector kr ~ 0.1ky,) and relative permittivity €, = 6.6,
see Fig. 11(a). Compared to the case without the tip screen-
ing in panel (b), we see that away from the y point the
plasmon peaks are qualitatively unchanged. Screening from
the tip becomes more pronounced at smaller g, as illustrated
by the difference between the dashed and solid black lines
in panel (c), which represent line cuts of panels (a) and
(b) at g = 0.1ky, respectively. Additionally, in the regime
q < 2kp, the plasmon mode in the doped MLG tip medi-
ates electron-electron interactions in TBG via the interlayer
Coulomb interaction, giving rise to the plasmon peak in the
solid black line. However, this mode contributes only a weak
and smooth background to the differential conductance due
to its low density of states when kr << kys. This background
can be further suppressed experimentally by minimizing tip
doping and vanishes completely in the put = 0O limit. Conse-
quently, we neglect the plasmon mode of the MLG tip in the
main text.

2. Interlayer electron-plasmon scattering

The plasmons in the sample generate an electric field that
extends out of the sample plane (z = 0) and interact with the
electrons in the tip. In this section, we compute the corrections
to the inelastic tunneling conductance due to the interlayer
electron-plasmon coupling. The full electron-plasmon cou-
pling Hamiltonian can be expressed in the real space as
follows:

Hep = f d’r ¢(r;z = 0)p(r) + d(r;z = dr)pr(r), (B14)

where p1(r) = Zp, g Y d;w dp+gs0€"" is the density opera-
tor on the tip. We assume that the sample-gate distance d,, is
much larger than the sample-to-tip distance dr (dg > dr). The
electric potential ¢ (r; z) generated by the plasmon reads

b= 3 by [ 3 gyrgeareliivier
4

gemBZ

+ He, |zl K d,. (B15)
Note that the first term in Eq. (B14) is equivalent to Eq. (44)
in the main text.

For the electron Hamiltonian, the noninteracting Bistritzer-
MacDonald model of the TBG sample is denoted as Hy [see
Eq. (20)], while the tip Dirac Hamiltonian is given by [see
Eq. (17)]

Hr =Y d} hy© +6156/2dy,,  (BI6)
kK K
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where 6 denotes the twist angle between the tip and the top
layer of the TBG. The electrons in the tip have the band
dispersion 7" =* = A hivp |k’ — Kg| — pr.

We compute the 7 matrix of the inelastic tunneling from
the sample to the tip by absorbing a plasmon. The electrons
in the sample can either abosrb a plasmon before tunneling
into the tip or tunnel into the tip first and then absorb a
plasmon. The 7 matrix should therefore include a coherent
superposition of these two processes:

(' X'T|Tinlk' — gAS; q)
= (K'A'T; q|Hyn
X ;He—pl + Hep :
€I — Hy (€ +ur —eV)Z — Hr
X Hunlk' — gAS; q)

Z Top(K)g o (K, q)
eV +E" —E
ek, g+ )Tk —q—g)

W'
+ Z Z ET,A’ _ %_T,p’
o8 I3 !

—q-8

o

(B17)

Here,e = eV + §I;F,’N denotes the energy of the tunneling elec-
tron relative to the Fermi level of the sample. We defined the

J

1 d*’
w2vr J (2m)?

M, (Ko, Q)I* =

~ % Zi Z A, (Ko)gpr(Kg, Qg) +

)
p eV — ‘§K9

Here, 0 = & correspond to the A and B sublattices of
graphene. The notations g* represent the x and y components
of the vector g, respectively. Note that we can recover Eq. (47)
when the second term on the right-hand side of Eq. (B19) is
negligible. In TBG, because the two lowest remote conduction
bands c;, are degenerate at the y point, we define the root
mean square of the normalized inelastic tunneling rates of
these two bands, [M| = [(|M,, |* + |M.,|*)/2]>. Physically,
IM(Ky, Qy)|? is proportional to the increase in dI/dV at
the onset of plasmon-assisted inelastic tunneling into remote
bands of TBG.

We compute |M|> numerically for the two examples in the
main text: (a) 1.07°-TBG subject to strong gate screening
(dg = 1nm); (b) 1.20°-TBG with d; = 40nm. In the calcu-
lation, we assume negligible tip Fermi energy, ur = 0, and a
small tip-sample distance dr = 0.5 nm. The results are plotted
as the orange lines in Fig. 12. Comparing them to the blue
lines obtained from Eq. (47) in the main text, we observe
noticeable corrections generated by the interlayer electron-
plasmon coupling, but the corrections are overall smaller than
the in-layer contributions to [M|?. The corrections are more
pronounced for TBG at larger twist angle because there the
onset feature occurs at higher bias.

interlayer electron-boson coupling strength

gk, p) = (K'X'Tigpe P eIk’ — pp'T).  (BI8)

As shown in Sec. IV, the zero-temperature dI/dV is de-
termined by the tunneling electrons on the Fermi level of
the tip, é,}’v = 0. As we assume the Fermi wave vector kg
of the tip to be negligible throughout this work, we can
make the approximation kK’ ~ Ky in the energy denominator of
Eq. (B17). The steep energy dispersion of the MLG tip then
ensures that for most of ¢ in the mBZ, |§I€’£q| = hvplq| 2

min, {|eV — EI’;H |}. It suppresses the second term in Eq. (B17),
thereby reducing the effects of the interlayer electron-plasmon
coupling.

This is particularly the case for the dispersionless plas-
mon satellites observed at |eV| ~ fiw, < hvplq|. The effects
of the interlayer electron-plasmon coupling on the tun-
neling conductance can be neglected at such a small
bias.

For inelastic tunneling into remote bands at relatively high
bias, let us consider that electrons on the Fermi level of the
tip are scattered to the p point by a plasmon with wave
vector ¢ = Ky — Kg,, = Q,, where Ky is the tip Dirac point,
which coincides with the y point at the twist angle 8 = 6pg.
We average the absolute square of the 7 -matrix elements in
Eq. (B17) over the tip Fermi line. The results normalized by
the tunneling strength squared, w?, read

(A TI Tl — Qp1S: Q)8 (67)

—1Qo+gldr A (K _
Z ¢Q9+ge )L( O1BG g) (B19)

g HT — th[KgTBG - gX —io (KgTBG - gv)]

The analysis in this section reveals one limitation of the
formalism in the main text. According to linear response the-
ory, the tunneling current is given by [20]

2e o0 ievi 3 /
I(V):?Im{—i/ dt e <[sz;+racnsr(f)
0

p,s n=1

3
X ’fr-‘;tdps (t/), Z Z d;; (O)Tn1fp+r56nsz (0)] >} .

p.s n=1
(B20)

This leads to Eq. (25) in the main text if and only if the
electrons in the tip and sample are uncorrelated in the absence
of interlayer tunneling [59]. Figure 12(c) depicts the Feynman
diagrams for the response function in Eq. (B20) that contain a
single interaction vertex W . The first and second diagrams are
associated with the correlations between the electrons in the
same layer and, in principle, can be included in Eq. (25) by
using the spectral functions A™S of the interacting electrons. In
contrast, the last diagram arises from the interlayer Coulomb
interactions and is neglected in Eq. (25). This diagram corre-
sponds to the crossing terms in Eq. (B19), which constitute
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FIG. 12. The absolute square of the normalized rate of inelastic tunneling between the tip Fermi line and the y point of the lowest remote
conduction bands, [M(K,, @,)[?, as a function of the twist angle § between the tip and sample. The sample is (a) a 1.07°-TBG at charge
neutrality with the sample-gate distance d, = 1 nm; (b) 1.20°-TBG at charge neutrality with d, = 40 nm. The orange lines take into account
both in-layer and interlayer electron-plasmon interactions, while the blue lines are computed from Eq. (47) in the main text, which include
only the electron-plasmon scattering in the TBG. The twist-angle regime between the two dashed lines is excluded. In this regime, the tip Dirac
point K, is twisted close to the y point, and the small-Q, plasmons required for inelastic tunneling are damped by the particle-hole continuum.
For these plots, we use the tip-sample distance dr = 0.5 nm. (c) Examples of Feynman diagrams that contribute to the tunneling current. The
dashed and solid lines represent the noninteracting electron propagators in the tip and sample, respectively. The curly line corresponds to
the screening potential W. The left and right vertices stand for the bare tunneling Hamiltonian, H,,,. The last diagram exemplifies the vertex
correction due to the interlayer Coulomb interactions, which is not included in Eq. (25), and accounts for the main differences between the

orange and blue lines in both (a) and (b).

the primary corrections distinguishing the orange curves from
the blue ones in Figs. 12(a) and 12(b).

Nonetheless, at least within the second-order perturbation
theory and at low bias, the scattering between the tip elec-
trons and the TBG plasmons gives rise to quantitatively small
corrections to the 7 -matrix elements, and does not intro-
duce new inelastic tunneling features in the spectrum. This,
together with the analysis in the previous section, justifies
neglecting the interlayer electron-plasmon coupling in the
main text.

APPENDIX C: NUMERICAL DETAILS

In this section, we present the details of the numerical
calculations. Let us consider the following Hamiltonian

H = Hy + Hy, + H,., (C1)

where the single-particle Bistritzer-MacDonald (BM) Hamil-
tonian Hy and the Coulomb interaction Hj, are given by
Egs. (20) and (21), respectively. In addition, a counterterm H,
is added to regularize the divergent single-particle self-energy
contributed by the Dirac sea. However, the choice of the
counterterm is not unique [56,57,60,61]. We follow Ref. [60]
to use

H, = —H}5°, (C2)

where HI_“H?O is the Hartree-Fock mean field potential gener-
ated by the ground state of noninteracting Hamiltonian H, at
charge neutrality. In the following one-shot GW calculations,
Eq. (C2) automatically cancels with the first-order Hartree-
Fock self-energy.

Assuming that the band structure of the noninteracting
BM Hamiltonian Hy provides a good approximation of the
quasiparticle spectrum of H, we use the unperturbed Green’s
function G(k, €) in Eq. (28) as a starting point for the pertur-
bative calculation.

We first calculate the RPA screening potential W via
Egs. (40) and (48). To numerically compute the nonin-
teracting density-density response function X!?] @, o) of
TBG, Eq. (49), we included the 10 Bloch bands closest
to the charge-neutrality points. We kept the 19 short-
est reciprocal lattice vectors g;,’s and used a grid of
wave vectors with 120 x 120 points in one moiré Bril-
louin zone, ¢ = ﬁ'qu + 1%(}33 (i,jeZ,0<i,j<N,),where

& 3 = ku(£+/3/2,3/2)" and N, = 120. For 1.07°-TBG, we
used a regular mesh of 1300 real-axis frequency points in
the interval [—130, 130)meV. For 1.20°-TBG, we used a
regular mesh of 1200 real-axis frequency points in the in-
terval [—150, 150) meV. Unless otherwise mentioned, we
chose a broadening parameter n = 0.4meV and smear-
ing temperature 7 = 1 K. The calculations can be sim-
plified by taking advantage of C,, and T symmetries
of TBG,

o G N
2@ 0) = 2°(q. ~0)" = 2°(q. w), (C3)
as well as the C3, symmetry,
Xg,6,@ @) = Xrg, o, (Crds @), (€4

The self-energy X, ,,,(k, €) is computed using Eq. (37),
with the frequency integral evaluated via the fast Fourier trans-
form. Although, strictly speaking, Eq. (37) is derived only for
n = 0%, we used a finite broadening parameter n = 0.4 meV
to smooth the numerical results. We then construct the GW
Green’s function via Eq. (50) and the spectral function AS =
—G" /. The Hermitian part of the self-energy renormalizes
quasiparticle energies. However, because it is at least second
order in the Coulomb interaction, we find this correction gen-
erally weak in our results, especially for the dispersive remote
bands. For instance, it shifts the band edges of the lowest
remote bands on the order of 1 meV, which has no important
effects on our conclusions.
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Finally, we obtain the tunneling conductance from the
spectral function Afl 5, (K, €) of the sample according to the ap-
proximate formula, Eq. (33). To reach the convergency of the
weak d1/dV features in Figs. 7 and 10, we kept the 16 lowest
Bloch bands 1 , when calculating the self-energy and spectral
function. Note that the small-kr assumption in Eq. (33) greatly

simplifies the calculation by allowing us to compute AS only
along the trajectory of the tip Dirac point Ky, see the dashed
line in the inset of Fig. 4(b). In practice, we evaluate AS along
the vertical line passing through the high-symmetry points
marked in Fig. 4(b), which closely approximates the trajectory
of Ky for small € and 6rpg.
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